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PREFACE 


The enthusiastic reception of the first edition, and the sustained demand 
for it over a period of nearly two decades, have encouraged the preparation 
of this new edition* Since the first appearance of Electromagnetic Waves 
and Radiating Systems , the field has seen many significant advances and 
new developments which naturally have influenced the choice of material to 
be included in the revision. Although these advances are reflected in changes 
throughout the book, the authors (remembering that the student’s time is 
not unlimited) have resisted the strong temptation to include a detailed 
account of all the new developments. Fortunately fundamentals do not 
change, so that except for some necessary updating of symbols and termi¬ 
nology, the early chapters are little affected. The significant changes are 
noted below: 

1. Because the Dirac-delta and Green’s-function methods of problem 
solution are now commonplace in more advanced texts, these approaches 
have been introduced, but in such a manner that they may be utilized or 
not, as circumstances dictate. The availability of these alternatives may 
facilitate using the book for both honors and regular sections. 

2. A chapter has been added on the interaction of fields and matter. In¬ 
creasingly, the electrical engineer is finding that advances in his technology 
are directly related to development of new materials, and a basic understand¬ 
ing of why materials behave as they do is now essential for the engineer. 

3. The first part of the book is designed for undergraduates. By bringing 
together in chapters 10 and 11 most of the practical information on radia¬ 
tion and antennas, the undergraduate is provided with sufficient working 
knowledge to solve some real problems of the physical world. 

4. New developments in satellite communications, radio astronomy and 
holography are reflected in additions and changes of treatment in chapters 
11, 12 and 13. Unquestionably the major recent advance in the antenna 
field has been the discovery of frequency-independent and log-periodic struc¬ 
tures; this topic is covered in a new chapter 15. 

5. The increasingly close interweaving of science and engineering requires 
of the engineer a deeper understanding of the physics of his problems. The 
relationship between Maxwell’s electromagnetic theory and special relativity 
theory deserves particular attention. There may come a time when electro¬ 
magnetic theory is introduced to the electrical engineer using Coulomb’s law 
and special relativity as a starting point. Meanwhile an awareness of the 
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interrelationships between special relativity and electromagnetic theory leads 
to an enhanced understanding of both. This is the subject of a new chapter 
18 . 

It is a pleasure to acknowledge the helpful comments of professors 
and former students who have used the first edition. The authors are 
indebted to many colleagues for suggestions and advice. Particular thanks 
are due to W. G. Albright, A. D. Bailey, G. A. Deschamps, J. D. Dyson, 
P. W. Klock, Y. T. Lo, P. E. Mayes, C. F. Sechrist, and J. T. Verdeyen at 
the University of Illinois, and S. Dmitrevsky, G. Sinclair and J. L. Yen 
at the University of Toronto. 

Grateful acknowledgment is expressed to Dean W. L. Everitt for helpful 
counsel and guidance. As editor and friend he contributed many ideas 
to the first edition, and to this revision. 


Edward C. Jordan 
Keith G. Balmain 
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Chapter 1 


FUNDAMENTALS OF ELECTROMAGNETIC 
ANALYSIS 


1*01 Circuits and Fields* The rapid advances that have been made 
in electrical engineering during the past few decades have been due 
largely to the ability of the engineer to predict with accuracy the 
perfprmance of complicated electrical networks. The secret of this 
ability lies chiefly in the use of a simple but powerful tool called circuit 
theory. The power of the circuit approach depends upon its simplicity, 
and this simplicity is due to the fact that circuit theory is a simplified 
approximation of a more exact field theory. In chap, 14 familiar circuit 
relations are derived directly from the more general field relations, and 
in the process the assumptions and approximations involved in the use 
of circuit theory are made apparent. 

Despite the power and usefulness of the circuit approach the com¬ 
munications engineer concerned with microwaves or with radio trans¬ 
mission problems quickly becomes aware of its limitations. In the over¬ 
all design of a radio communication system the engineer can use 
circuit theory to design the terminal equipment, but between the out¬ 
put terminals of the transmitter and the input terminals of the receiver, 
circuit theory fails to give him answers, and he must turn to field 
theory. Electromagnetic field theory deals directly with the field vectors 
E and H, whereas circuit theory deals with voltages and currents that 
are the integrated effects of electric and magnetic fields. Of course 
voltages and currents are the end results in which the engineer is 
interested, but the intermediate step, the electromagnetic field, is now 
a necessary one. It is the purpose of this book to familiarize the 
student and the engineer with the fundamental relations of the elec¬ 
tromagnetic field, and to demonstrate how such relations are used in 
the solution of engineering problems. 

Field theory is more difficult than circuit theory only because of 
the larger number of variables involved. When current is constant 
around a circuit, the voltages and currents are functions of one 
variable—time. In uniform transmission-line theory, the distance along 
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the line is an added variable, but the engineer has learned to treat 
this distributed-constants circuit by means of an extension of ordinary 
circuit theory, which he calls transmission-line theory. In the most 
general electromagnetic field problems there are three space variables 
involved, and the solutions tend to become correspondingly complex. 
The additional complexity that results from having to deal with vector 
quantities in three dimensions can largely be overcome by use of vector 
analysis. The small amount of effort required to become familiar with 
vector analysis is soon amply repaid by the simplification that results 
from its use. For this reason the first topic to be treated will be vector 
analysis. 

1*02 Vector Analysis* The use of vector analysis in the study of 
electromagnetic field theory results in a real economy of time and 
thought. Even more important, the vector form helps to give a clearer 
understanding of the physical laws that mathematics describes. To 
express these essentially simple physical relations in the longhand 
scalar form is like trying to sing a song note-by-note, or like sending 
a code message dot-by-dash, instead of in letter or word groups. The 
more concise vector form states each relation as a whole, rather than 
in its component parts. The brief introduction to vector analysis 
included here is for the benefit of those readers not already familiar 
with this useful tool. This treatment is adequate for present purposes, 
but it is expected that the student may later find it desirable to refer 
to some standard vector analysis text for a more thorough presenta¬ 
tion. 

Scalar. A quantity that is characterized only by magnitude and 
algebraic sign is called a scalar. Examples of physical quantities that 
are scalars are mass, time, temperature, and work. They are repre¬ 
sented by italic letters, such as A , B> C, a, b , and c. 

Vector. A quantity that has direction as well as magnitude is 
called a vector. Force, velocity, displacement, and acceleration are 
examples of vector quantities. They are represented by letters in bold¬ 
face roman type, such as A, B, C, a, b, and c. A vector can be repre¬ 
sented geometrically by an arrow whose direction is appropriately 
chosen and whose length is proportional to the magnitude of the 
vector. 

Field. If at each point of a region there is a corresponding value 
of some physical function, the region is called a field. Fields may be 
classified as either scalar or vector, depending upon the type of func¬ 
tion involved. 

If the value of the physical function at each point is a scalar 
quantity, then the field is a scalar field . The temperature of the at¬ 
mosphere, the height of the surface of the earth above sea level, and 




§1.02 


Fundamentals of Electromagnetic Analysis 


3 


the density of a nonhomogeneous body are examples of scalar fields. 

When the value of the function at each point is a vector quantity, 
the field is a vector field. The wind velocity of the atmosphere, the 
force of gravity on a mass in space, and the force on a charged body 
placed in an electric field, are examples of vector fields. 

Sum and Difference of Two Vectors. The sum of any two vectors 
A and B is illustrated in Fig. 1-10). It is apparent that it makes no 
difference whether B is added to A or A is added to B. Hence 

A + B ~ B + A (1-1) 

When the order of the operation may be reversed with no effect 
on the result, the operation is said to obey the commutative law. 

Figure 1-1(6) illustrates the difference of any two vectors A and B. 





(a) 



( 6 ) 


Figure 1-1. 

It is to be remembered that the negative of a vector is a vector of 
the same magnitude, but with a reversed direction. 

Multiplication of a Scalar and a Vector. When a vector is multi¬ 
plied by a scalar, a new vector is produced whose direction is the 
same as the original vector and whose magnitude is the product of 
the magnitudes of the vector and scalar. Thus 

C = aB (1-2) 

Note the absence of any multiplication symbols between a and B. 
The symbols * and x are reserved for special types of multiplication, 
which will be discussed later. 

The mathematician finds in vector analysis a tool by which rela¬ 
tionships can be expressed without reference to a co-ordinate system. 
The engineer, however, generally needs a reference set of co-ordinates 
to solve problems. The text will use rectangular or Cartesian co¬ 
ordinates, except in those cases where other co-ordinate systems reduce 
the complexity of the problems. It will be assumed that all vectors 
and fields are three-dimensional. 

A three-dimensional vector is completely described by its projec¬ 
tions on the x, y , and z axes. Therefore it can be said that a three- 
dimensional vector specifies three scalars (the scalar magnitudes of the 
three mutually orthogonal vector components). Also, a vector field 
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specifies three scalar fields (the scalar magnitudes of the three com¬ 
ponent vector fields). This idea of component vectors can be repre¬ 
sented by 

A = A x x + A y y + A z ± (1-3) 

where A Xf A yi and A z are the magnitudes of the projections of the 
vector on the x, y, and z axes respectively, and £, y, and z are unit 
vectors in the direction of the axes, (Fig. 1-2). 

If any two vectors A and B are added, there results 

A + B = A x it + A y f + A z z + BJL + B y y + B : z (1-4) 

which can be grouped as 

A + B = (A x + B x )x + (A y + By) y + (A z + B z )t (1-5) 

This shows that each of the 
three components of the result¬ 
ant vector is found by adding 
the two corresponding compo¬ 
nents of the individual vectors. 

Furthermore, in any vector 
equation , the sum of the x com¬ 
ponents on the left-hand side is 
equal to the sum of the x com- 
y ponents on the right-hand side. 
The same is true also of the f 
and z components. Therefore , 
a vector equation can be written 
as three separate and distinct 
equations . For example, the 
Figure 1-2. equation 

A + B = C + D + E (1-6) 

could be written as the three equations 

A x + B x = C x + D x + E x (l-6a) 

Ay + By = Cy + Dy + Ey (l~6b) 

A z + B z — C z + D z + E z (l-6c) 

The ease with which three component equations can be written as 

one vector equation makes vector analysis particularly useful in field 
theory. 

Scalar Multiplication. It was just shown that a vector could be 
multiplied by a scalar. It is also possible to multiply a vector by a 
vector, but first the meaning of such multiplication must be defined 
and suitable rules formulated. Two types of vector multiplication have 
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been defined, namely “scalar product” and 
“vector product.” The meaning of such mul¬ 
tiplications and the necessary rules are briefly 
discussed in the following. The scalar product 
of two vectors is a scalar quantity whose 
magnitude is equal to the product of the 
magnitudes of the two vectors and the cosine 
of the angle between them. This type of mul¬ 
tiplication is often called the dot product and 
is indicated by a • (dot) placed between the 
plied. Hence in Fig. 1-3, 



A - B = AB cos 6 (1-7) 

It is seen that the dot product obeys the commutative law, that is, 

AB = B*A (1-8) 


jA physical example of the dot product can be found in the rela¬ 
tionship between force and distance. If F represents a force that acts 
through the distance D (Fig. 1-4), then the work done would be given 
by the equation 

Work ~ F * D (1-9) 


Again notice that the dot product, which in this case is work, is 
a scalar quantity. 

The dot product of two vectors can be found by using ordinary 
algebraic rules. 



Let 

A = A x k + A y f + A z z 
B = B x k + B y f + B z t 

Therefore 

A • B = A x B x (k-k) + A x B y (k- y) + A x B z (k-t) 

+ A v B x (y ■ X) + A y B v (y ■ y) + A V B,($ ■ z) 

+ A z B x (2-%) + A'B/2- y) + A z B z (2-2) (1-10) 
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But it can be seen from eq. (7) that 

Zx = y-y — 11— 1 (1-1 la) 

*.y = y.z = 2 $ = y-£ = z y = x*2 = 0 (1-llb) 

Therefore eq. (10) reduces to 

A B = A X B X + A y B y + A Z B Z (1-12) 


Vector Multiplication. The vector product of two vectors is defined 
as a vector whose magnitude is the product of the magnitudes of the 
two vectors and the sine of the angle between them, and whose direc¬ 
tion is perpendicular to the plane containing the two vectors. If a 
right-handed screw is rotated from the first vector to the second 
(through the smaller included angle), it moves in the positive direction 
of the resultant vector. This type of multiplication is often called the 
cross product and is indicated by a x (cross) placed between the two 
vectors to be multiplied. Hence, in Fig. (1-3) 

(A x B| = AB sin 6 (1-13) 

where the bars | | indicate “magnitude of.” 

The direction of the vector A x B would be into the paper away 
from the reader. The vector B x A would have the same magnitude 
but the opposite direction, that is, toward the reader. Therefore 

A x B = —B x A (1-14) 

and the commutative law does not apply. 

A physical example of vector multiplication can be found in the 
lifting force of a screw jack. If friction is neglected and a force f is 
applied at the end of a lever arm of length 1, then the lifting force F 
produced by the jack will be 



where the constant p is the pitch of the screw. 

The vector product may also be obtained by straightforward alge¬ 
braic multiplication and a result similar to that of eq. (10) obtained. 
Thus 

A x B = A X B X (% X x) + A x B y (ji X y) + A x B z (Z x t) 

+ A y B x ( y X *) + AyBff xf) + A y Blf x t) 

+ A Z B X (± x *) + A z Bft x y) + A Z B Z (1 x z) (1-15) 

By using eqs. (13) and (14) and a right-handed system of co-ordinates 

(Fig. 1-5) it is found that 

±xf = ±= —fx± 


(l-16a) 
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y X z = £ = —z x y (1-16b) 

z X x = y ~ —x x 2 (1 - 16c) 

ixi = yxy = ixz = 0 (1-16d) 

Therefore eq. (15) reduces to 

A x B = ( A v B 2 — A 2 B v )± 

+ ( A Z B X — A X B Z ) y 

+ (^,-^ 2 )z (1-17) 

y / y 


y / y 



/ * 


Figure 1-5. Right-handed co-ordinate system. 

This result may be remembered easily by noting that the subscripts 
of the first (positive) part of each term are cyclic with an x-y-z rota¬ 
tion when combined with the axis direction of the associated unit 
vector. For example, in the first part of the first term, the subscript 
order is y-z-x (x is in the x direction). The subscript order of the 
positive part of the second term is z-x-y, and for the positive part of 
the third term it is x-y-z. The second or negative part of each term 
is obtained by reversing the subscripts of the first part of the term. 
The correct order also may be found from the determinant 


A x B = 1 

A x 

Ay 

A, 



a 

y 

1 


B z 

By 

B z 

or 

A x B = 

1 A x 

Ay 

A z 


it 

y 

z 



B x 

By 

B z 


Differentiation—The V Operator. The differential vector operator V, 
called del or nabla, has many important applications in physical prob¬ 
lems. It is defined as* 

♦The v operator is defined here only in rectangular co-ordinates because in that co¬ 
ordinate system the dot and cross products give the correct expressions for the diver¬ 
gence and curl, respectively. In all other co-ordinate systems the divergence and curl 
cannot be derived in this manner (see sec. 1.04 for cylindrical and spherical co-ordinates) 
and thus in those systems the notations v x and v* are symbolic and are not to be 
taken literally. 
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V = + + 

dx ^ dy y ^ dz 


(1-18) 


A differential operator can be treated in much the same way as 
any ordinary quantity. For example, with the operator D — d/dx, the 
operation Dy means the quantity dy/dx is to be obtained. 

There are three possible operations with V corresponding to the 
three possible types of vector multiplication, illustrated in eqs. (2), (12), 
and (17). 

(1) If V is a scalar function, then by eqs. (2) and (18) 




(1-19) 


This operation is called the gradient (for reasons to be explained later), 
and is abbreviated 

VV = grad V (1-20) 

(2) If A is a vector function, we can apply eqs. (10), (12) and (18) 
and get 


3A X , 3A y , 3A Z 
~3x ^"3l 


( 1 - 21 ) 


This operation is called the divergence and is abbreviated 

V-A = div A (1-22) 

(3) If A is a vector function, we can use eqs. (15), (17), and (18) to 
show that 


V X A 




(1-23) 


A A 

3x 3y 3z 


V x A 


This operation is called the curl and can be written as 

V x A = curl A 


(1-24) 


Identities. The identities that follow are useful in deriving field 
equations. The student can verify them by direct expansions. 

div curl A = V-(V X A) = 0 (1-25) 

curl grad V = V X (VK) = 0 (1-26) 

div grad V = V*(VK) = V 2 V 
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where V 2 is defined (in Cartesian co-ordinates) as the operation* 


v 2 = 

il 4. +.JL 

dx l dy 1 dz 2 

(1-27) 

X 

< 

X 

> 

1! 

■■ V(V-A)- V 2 A 

(1-28) 

V-A x B = 

B-V X A - A-V x B 

(1-29) 

V(ab) = 

aVb + bVa 

(1-30) 

V-(aB) = 

B-Va + aV-B 

(1-31) 

V-(aV&) = 

Va-Vb + aVb 

(1-32) 

V X (aB) = 

VaxB + aVxB 

(1-33) 

AV-B - BV 

'•A + (B-V)A — (A-V)B 

(1-34) 


V(A-B) = (A-V)B + (B-V)A + A x (V X B) + B x (V X A) 

, (1-35) 

Direction Cosines. The component of a vector in a given direction 
is the projection of the vector on a line in that direction. Thus A x , 
the x component of A, is equal to A cos a, where a is the angle between 
A and the x axis. Then 

A x — Ax 

That is, the component of a vector in a given direction is equal 
to the dot product of the vector and a unit vector in that direction. 

If a vector makes angles a , ft, y , with the co-ordinate axes, then 

/ — cos a, m = cos ft, n ~ cos y 
are known as the direction cosines of the vector. 


Problem 1. The scalar product of two vectors may be written in terms of 
the sum of the products of their direction components. 

A* R ~ A X B X + AyBy -J- AzBz 

Show that the cosine of the angle between the vectors is given by the 
sum of the products of their direction cosines: 

cos ^ = cos <X A cos 0C B + cos ft A cos ftp + cos y A cos y s 
= IaIb + mAtn& + riAnp 

*The operator v 2 (del squared) is called the Laplacian. The Laplacian of a scalar V 
is given by eq. (27). The Laplacian of a vector A is defined as the vector whose Cartesian 
components are the Laplacians of the Cartesian components of A, that is, 

V 2 A — Zy 2 A x -b SV 2 A y -b ty'Az (9 terms) 
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1*03 Physical Interpretation of Gradient, Divergence, and Curl* 

The three operations which can be performed with the operator del 
have important physical significance in scalar and vector fields. They 
will be considered in turn. 

Gradient . The gradient of any scalar function is the maximum 
space rate of change of that function. If the scalar function V repre¬ 
sents temperature, then VV — grad V is a temperature gradient, or rate 
of change of temperature with distance. It is evident that although 
the temperature V is a scalar quantity—having magnitude but no 
direction—the temperature gradient VV is a vector quantity, its direc¬ 
tion being that in which the temperature changes most rapidly. This 
vector quantity may be expressed in terms of its components in the 
x,y, and z direction. These are respectively dV/dx, dV/dy, and dV/dz . 
The resultant temperature gradient is the vector sum of these three 
components: 




If the scalar V represents electric potential in volts, VK represents 
potential gradient or electric field strength in volts per meter (MKS). 

Divergence . As a mathematical tool, vector analysis finds great 
usefulness in simplifying the expressions of the relations that exist in 
three-dimensional fields. A consideration of fluid motion gives a direct 
interpretation of divergence and curl. 

Consider first the flow of an incompressible fluid. (Water is an 
example of a fluid that is almost incompressible.) In Fig. 1-6 the 





Figure 1-6. 
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rectangular parallelepiped Ax, Ay, A z, is an infinitesimal volume ele¬ 
ment within the fluid. If p m is the mass density of the fluid, the flow 
into the volume through the left-hand face is p m v y Ax Az where v y is 
the average of the y component of fluid velocity through the left-hand 
face, The corresponding velocity through the right-hand face will be 
[v y + (dv y /dy)Ay\ so that the flow through this face is 

p m v v + Ay] Ax Az 

The net outward flow in the y direction is therefore 

d lEyhl Ax Ay A z 
dy 

Similarly the net outward flow in the z direction is 

^ Ax Ay A z 

I dz 

and in the x direction it is 

Ax Ay Az 

OX 

The total net outward flow, considering all three directions, is then 

' ^(Pm^x) , djPnVy) , g(p«»,) l Ax Ay Az 
dx dy dz J y 

The net outward flow per unit volume is 

tyj~ + + a(p g m / ~ = div (p m r) = V ■ (p m v) 

This is the divergence of the fluid at the point x, y,z. Evidently, for 
an incompressible fluid V-(p m v) always equals zero. An incompressible 
fluid cannot diverge from, nor converge toward, a point. 

The case of a compressible fluid or gas such as steam is different. 
When the valve on a steam boiler is opened, there is a value for the 
divergence at each point within the boiler. There is a net outward 
flow of steam for each elemental volume. In this case the divergence 
has a positive value. On the other hand, when an evacuated light bulb 
is broken, there is momentarily a negative value for divergence in the 
space that was formerly the interior of the bulb. 

Curl. The concept of curl or rotation of a vector quantity is clearly 
illustrated in the stream flow problems. Figure 1-7 shows a stream on 
the surface of which floats a leaf (in the x-y plane). 

If the velocity at the surface is entirely in the y direction and is 
uniform over the surface, there will be no rotational motion of the 
leaf but only a translational motion downstream. However, if there are 
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Leaf 


(a) 


eddies or vortices in the stream 
flow, there will in general be a 
rotational as well as transla¬ 
tional motion. The rate of rota¬ 
tion or angular velocity at any 
point is a measure of the curl 
of the velocity of the water at 
that point. In this case, where 
the rotation is about the z axis, 
the curl of v is in the z direction 
and is designated by (V x y) z . 
A positive value of (V x v) z 
denotes a rotation from x to y, 
that is, a counterclockwise rota¬ 
tion. From Fig. 1-7(6) it is seen 
that a positive value for dv y /dx 
will tend to rotate the leaf in 
a counterclockwise direction, 
whereas a positive value for 
dvjdy will tend to produce a 
clockwise rotation. The rate of 
rotation about the z axis is 
therefore proportional to the 
difference between these two quantities. By definition of the curl in 
rectangular co-ordinates, 



(d) 

Figure 1-7. Rotation of a floating leaf. 


(V x v) z 


dVy 

dx 


dv x 

dy 


More generally, considering any point within the fluid, there may be 
rotations about the x and y axes as well. The corresponding compo¬ 
nents of the curl are given by 

dv y 
dz 


(VXv), = ^. 


(V x v) v 


dv x 

dz 


dv z 

dx 


A rotation about any axis can always be expressed as the sum of the 
component rotations about the x, y, and z axes. Since the rotations 
have direction as well as magnitude this will be a vector sum and the 
resultant rate of rotation or angular velocity will be proportional to 


V x v 


&-£)*+(&-£)» + (£- 


&ii 

dy 


The direction of the resultant curl is the axis of rotation. 
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It should be observed that it is not necessary to have circular 
motion or eddies in order to have a value for curl. In the example of 
Fig. 1-7, if v x were everywhere zero but v y were greater in midstream 
than near the bank (that is, v y varies in the x direction), the leaf 
would tend to rotate and there would be a value for curl given by 


(V X v) z = 


fay 

dx 


1*04 Vector Relations in Other Co-ordinate Systems* In order to 
simplify the application of the boundary conditions in particular 
problems, it is often desirable to express the various vector relations 
in co-ordinate systems other than the rectangular or Cartesian system. 
Two other systems are of great importance. They are cylindrical and 
spherical polar systems. The expressions for gradient, divergence, curl, 
and so on, in these co-ordinate systems, can be obtained directly by 
setting up a mathematical statement for the particular physical opera¬ 
tion* to be carried out. 

Cylindrical Co-ordinates. The gradient of a scalar quantity is the 
space rate of change of that quantity. In cylindrical co-ordinates the 
elements of length along the three co-ordinate axes* are dp, p dcf>, and 
dz (Fig. 1-8). The respective components of the gradient of a scalar V 
are therefore 

( vk) p = |, (vn* = ^, (vn-% d-36) 

If the unit vectors are designated by p , <£, and z, the gradient may be 
written in cylindrical co-ordinates as 

T7T/ it/- dV ^ . dV ? , dV ~ 

VK = grad + ^ + (1-37) 

The divergence was found to represent the net outward flow per 
unit volume. The expression for it can be obtained as before by de¬ 
termining the flow through the six surfaces of an elemental volume. 
Considering an incompressible fluid, the mass density p m will be a 
constant and so this factor can be dropped from the expressions. Then 


*The symbol p is used for radial distance in cylindrical co-ordinates (p = Vx 2 -KV 2 ) 
in order to distinguish it from r, the radial distance in spherical co-ordinates (r — 
Vx 2 -f y 2 + z 2 ). This is necessary because these co-ordinate systems are often used 
together in problems. No confusion with p^, used for mass density, or p, used for volume 
charge density, is anticipated. If it should ever happen that volume charge density and 
radial distance in cylindrical co-ordinates appear in the same equation the symbol p* 
can be used for volume charge density. This is consistent with the notation p, for surface 
charge density, which is used later. When no confusion results, volume charge density 
is represented by the symbol p (without subscript). 
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z 



Figure 1-8. A cylindrical co-ordinate system. 


in the p direction the flow in through the left-hand face is propor¬ 
tional to 

v p p d<f) dz 

The flow out of the right-hand face is proportional to 

( v ? + J^ d p)(p + dp)d<l>dz 

The difference between these two quantities (neglecting the second- 
order differential) is 

p dp d<f> dz + ^ p dp d(f> dz = dp p d<$ dz 

In the direction the difference is (dv^/p d$) dp p d$> dz, and in the z 
direction it is (dv z /dz) dp p d<f> dz. The net flow out is therefore propor¬ 
tional to 


J_ d(pVe) , dv 4 

, p dp p 


+ 


dv 2 

dz 


) d p p d 4> 


dz 


The net flow out per unit volume is proportional to 


V*v = div v = — 

p dp 


dv# dv 7 
p d<j>' dz 


In terms of any vector A, the divergence in cylindrical co-ordinates 


is 






§ 1.04 


Fundamentals of Electromagnetic Analysis 


15 


V-A - div A - 1 d( P A J + dA * + 

p dp p d<p dz 

(1-38) 

The three cylindrical components of curl are: 


(v* A >' = p1i- 3 at 

(l-39a) 


(1 -39b) 

(V X A) , = i 

(l-39c) 


In chap. 3, the expression for curl in rectangular co-ordinates will be 
developed in connection with Ampere’s law. The expression for curl 
in cylindrical co-ordinates can be derived in exactly the same man¬ 
ner. 

The Laplacian Operator . The operator V 2 = V*V is the divergence 
of tie gradient of the (scalar) quantity upon which V 2 operates. Car¬ 
rying out this operation, it will be found that in cylindrical co¬ 
ordinates, 


V 2 V 


i_ d i dv\ , i d 2 v d 2 v 

p dp l P dp) + p % dcf > 2 + dz 1 


(1-40) 


For a vector , the symbol V*VA so far has no meaning except in 
Cartesian co-ordinates where it has been defined [see footnote follow¬ 
ing eq. (27)], The definition for the Laplacian of a vector can be 
generalized for other orthogonal co-ordinate systems by writing, 

V 2 A = V*(VA) (1-41) 

where VA is defined to mean* (in cylindrical co-ordinates) 


» a ^ 5 A -> 5 A , * BA 

V “ p fy +, t > fd$ + z dF 


(1-42) 


_ Spherical Polar ^Co-ordinates. In the spherical polar co-ordinate 
system the elements of length along the three co-ordinates are dr, r dd, 
and r sin 6 d$> (Fig. 1-9). 

Gradient. The three components of the gradient in spherical co¬ 
ordinates are 


(VK) r - 


(VV) e = 


(vn* = 


r sin 8 d<fi 


(1-43) 


Divergence. The expression for divergence in spherical polar co¬ 
ordinates is 


♦The definitions of the symbol VA, given by eqs. (42) and (48), have significance 
only when VA is associated with the divergence operation as in eqs. (41) and (47). 
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Figure 1-9. A spherical co-ordinate system. 


v ' A = 7>l< r '-«+; 


iin 636 |slrl + r s i Q 6 3<h {M4) 


v Fdr v rsinddd^'"'” ^rsind d<f> K ' 

Curl. The three spherical polar components for the curl of a vector 

= (1 - 45a) 


1 dA r 1 djrAf) 


(vxA) -=[^^r-f 

(V X A), = 1 \i- (,A,I - 8 


(l-45b) 


(l-45c) 


The Laplacian in Spherical Polar Co-ordinates. For a scalar V, 

i a / ,dv\ . i a fl an . 1 a 2 F „ 


The Laplacian of a vector quantity is defined by 

V 2 A == V*(VA) 

where in spherical co-ordinates, VA is defined as 

t?a 5A , £ dA L £ 1 dA 

VA -*w +0 7m + <l, rsiredf 


sin 2 d ddf 


(1-46) 


(1-47) 


(1-48) 
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Problem 2. In the illustration of the leaf floating on the surface of the 
water (the x-y plane) show that for a very small circular leaf, (V x v) is equal 
to twice the angular velocity of rotation of the leaf, that is, that 

(dv v dv x \ d0 

l dt 

(Suggestion: Assume that the tangential force on the leaf per unit area at 
any point is a constant times the relative velocity between leaf and water at 
that point. The sum of all the torques on the leaf must be zero.) 

Problem 3. For a two-dimensional system in which r = V* 2 + y 2 deter¬ 
mine V 2 ^ (use rectangular co-ordinates and then check in cylindrical co¬ 
ordinates) (a) when V = 1/r, (b) when V — In 1/r. 

Problem 4. Repeat problem 3 for a three-dimensional system in which 
r = V * T + y 2 j rf' 1 (use rectangular co-ordinates, and check with spherical 
co-ordinates). 

1.05 Integral Theorems. The mathematical review up to this point 
has Included vector analysis and differential vector calculus. There 
are in addition a number of integral relations which are exceedingly 
useful in field theory and which are summarized in this section. 

The Divergence Theorem. If S is a closed surface surrounding the 
volume V, the divergence theorem for any vector A is expressed as 

| A-da. - j r V-A dV (1-49) 

in which da — ft da with da an element of area on S and fl the unit 
outward normal to S. 

Stokes' Theorem. If C is the closed contour around the edge of 
the open surface 5, then Stokes' theorem may be expressed as 

j> A*A = J" V X A-rfa (1-50) 

in which ds = T ds and da = ft da. The relationship between f and fi 
follows the right-hand rule as illustrated in Fig. 1-10. 


rt 



Figure 1-10. 
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The vector identity (32) leads directly to Greens first identity 
0 Green's theorem) 


<b (b'Va — aVb)’di3i - 

= f (bV 2 a - aV-b)dV 

(1-51) 

J s 

J V 

and to Green's second identity 

| dVb-da = f (aV 2 b + Va-Vb)dV 

d-52) 

J s Jr 

Other useful integral relations are 

q> b da. = 

f VbdV 

(1-53) 

J s 

1 V 

<f> x B da = 1 

| V xBdV 

(1-54) 

J s j 


II 

•3 

tLXVb da 

s 

(1-55) 


Differentiation of an integral with variable limits is carried out as 
follows: 

t) dx = fjtdx + fib, t)b'(t) - f{a, t)a'(t) (1-56) 

1.06 The Dirac Delta. In field theory one deals for the most part 
with well-behaved functions, that is, functions which are continuous 
and have continuous derivatives. Under these conditions discrete sources 
such as point charges, filamentary currents, and current shells, con¬ 
stitute singularities of the field, and require special treatment. One 
common method is to treat these discrete sources as limiting cases of 
volume distributions for which one or more dimensions are allowed to 
become vanishingly small. An alternative technique which also proves 
very convenient is use of the Dirac delta. Under the name of “unit 
impulse” the Dirac delta has been widely used in circuit theory to 
represent a very short pulse of high amplitude. Because of its com¬ 
pactness it is now finding increasing use in field theory for the repre¬ 
sentation of discrete sources. Detailed discussions of the properties of 
the Dirac delta may be found in the books referenced at the end of 
the chapter. The summary given here will be sufficient for present 
purposes. 

The Dirac delta at the point x — x 0 is designated by 8(x — x 0 ) and 
at x = 0 it is designated by S(x). It has the property 

8(x — x 0 ) dx — 1 if x 0 is in (a, b) 

J a 

= 0 if x 0 is not in (a, b) 


(1-57) 
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Thus the delta behaves as if it were a very sharply peaked function 
of unit area; in fact, the delta may be represented rigorously as a 
vanishingly thin Gaussian function of unit area as suggested by the 
sketch in Fig. 1-11(a). 



(o 1 




Bu-x 0 ) 


4 


Kb) 

Figure 1-11. The Dirac delta: (a) Approximate 
form; ( b ) Symbolic representation. 


Another fundamental property may be stated as follows: 
jyo) S(x — x 0 ) dx — f(x 0 ) if x 0 is in (a, b) 

= 0 if * 0 is not in (a, b ) 


(1-58) 


Under the integral operation, the delta has the property of selecting 
the value of the function f(x) at the point x 0 ; thus the delta is a 
kind of mathematical “sampling” device or gating operation. 

The derivative of the Dirac delta (sketched in Fig. 1-12) is useful 
in representing charge dipoles and electric double layers. Its most 
important property may be displayed by carrying out the following 
integration by parts: 


f /(*) S'(x — x 0 ) dx = [/(x) S(x — x 0 )]a “ f /'(*) S(x — x 0 ) dx 

J a •'a 


= —f'(x o) if X 0 is in (a, b) (1-59) 

= 0 if jc 0 is not in (a, b) 

For a derivative of order n, one may obtain 

f f(x)S w (x — x 0 )dx = (— l)"/ ln) (-r 0 ) if x 0 is in (a, b) 

J a 

= 0 if x 0 is not in (a, b) 


(1-60) 
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Figure 1-12. The derivative of the Dirac delta: 
(a) Approximate form; ( b ) Symbolic represen¬ 
tation. 


The representation of a point charge or a current element requires 
the use of a three-dimensional Dirac delta. If r denotes the point 
(x, y, z) then the three-dimensional delta at the point r = r 0 is desig¬ 
nated by S(r — r 0 ) and at the origin it is designated by 8(r). It has 
the property 


J S(r — r 0 ) dV =1 if r 0 is in V 

= 0 if r 0 is not in V 

Analogous to (58) there is also the property 

j\/(r) 8(r - r 0 ) dV = /( r„) if r 0 is in V 

= 0 if r 0 is not in V 


(1-61) 


(1-62) 


In rectangular coordinates the three-dimensional delta may be expressed 
readily in terms of one-dimensional deltas as 

S(r — r 0 ) = S(x — x 0 ) 8(y — y Q ) 8(z — z 0 ). (1-63) 

This is not quite so easy in other coordinate systems because of the 
necessity of satisfying eq. (61). In cylindrical co-ordinates, 

g/ r _ ro ) — jj(p Pg) §(& 4>o) 8( z z o) (1-64) 

Po 


and in spherical co-ordinates. 
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g/ r _ r ) Kr - r Q ) 8(fl — go) 8(<f> ~ <fr 0 ) 
0 rj sin <9 0 


(1-65) 


The reader should verify the last two representations by substituting 
them into (61). 

1.07 Matrices. The matrix A is a two-dimensional arrangement of 
elements set in rows and columns, a typical element being expressed 
as a i} , meaning the element in the ith row and jth column. For ex¬ 
ample, a typical square matrix has the form 


a 11 <2l2 ' * ’ Clin 

a 2 i a 22 * * • ct 2n 


L a nl 

and typical column matrices have 


a n2 • * • a nn 
the form 



X\ 


~bC 

x = 

x 2 

B = 

hi 


JCn_ 




( 1 - 66 ) 


(1-67) 


Matrices are used frequently in the solution of sets of linear equations 
such as 


a n x x + a l2 x 2 + • ■ * + a ln x n = b l 
a 2l x { + a n x 2 + * • • + a 2n x n = b 2 


( 1 - 68 ) 


&ni%i “b ci n2 x 2 ~f- * * ■ “I - a nn x n — b n 
which may be expressed in matrix form as 

AX=B (1-69) 

If A and B are known, then the solution of the problem involves 
finding the inverse of the coefficient matrix, designated A~\ such that 

X=A~ l B (1-70) 


Matrix theory shows that the inverse is given by 


A- 1 = 


4ll 

det A 


T 


(1-71) 


in which [ A i} Y is called the adjoint matrix, det A means the determinant 
of A , and A tj is the cofactor of a tj . The cofactor of a tj is (— l) i+j times 
the determinant of the submatrix formed by deleting the ith row and 
jth column from A. The T superscript in [A tJ ] T indicates taking the 
transpose of the matrix A , that is, interchanging its rows and columns. 
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1.08 Units and Dimensions. Although several systems of units are 
used in electromagnetic theory, most engineers now use some form of 
the practical meter-kilogram-second (MKS) system. It is to be expected 
that the marked advantages of this system will prompt its universal 
adoption. 

The existence of the large number of systems of electric and mag¬ 
netic units requires some explanation. The units used to describe 
electric and magnetic phenomena can be quite arbitrary, and a com¬ 
plete system of units can be built up from any of a large number of 
starting points. It is necessary only to define the units of length, mass, 
time, and one electrical quantity (such as charge, current, permeability 
or resistance) in order to have the basic units from which all other 
required units can be derived. Unfortunately, in the orginal CGS 
(centimeter-gram-second) systems the defined units of length and mass 
were so small that the derived electrical units were unsuitable for 
practical use. It was found necessary to set up the so-called practical 
system with units that were related to the corresponding CGS units 
by some power of 10 (volt, ampere, ohm, and so on). In 1901 Profes¬ 
sor Giorgi showed that this practical series could be made part of a 
complete system, based upon the meter, kilogram, and second, provided 
that fi v , the magnetic permeability of a vacuum or free space, is given 
the value 10~ 7 instead of unity as in the CGS system. The resulting 
(MKS) system has the advantage that it utilizes units already in use 
in electrical engineering. In addition, it is a complete and self-con¬ 
sistent system. 

The problem of selecting a suitable system of electric and magnetic 
units has been further complicated by the question of rationalization. 
As was pointed out by Heaviside, the CGS system is unrationalized 
in that the factor Art occurs in the wrong places, that is, where logi¬ 
cally it is not expected. It would be expected that An would occur 
in problems having spherical symmetry, In in problems having circular 
or cylindrical symmetry and no n in problems involving rectangular 
shapes. In the ordinary CGS system that is not the case, and Heavi¬ 
side proposed to rationalize the system. However his proposal involved 
changing the values of the volt, ampere, ohm, and so on, by nonin¬ 
tegral values and so was not considered feasible for practical reasons. 
It was pointed out later that, if the permeability fi v of a vacuum or 
free space were changed from 1 to An in the CGS system, rationaliza¬ 
tion could be effected without changing the magnitude of the practical 
units. In the rationalized MKS system of units this requires that fi v 
have the value of An x 10” 7 . In any system of units the product 1/ 
must be equal to c , the velocity of light. This requires that in 
the rationalized MKS system 
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e v = 8.854 x 10- 12 ^ 


1 

3 6k x 10 9 


In the rationalized system the factor Arc occurs explicitly in Coulomb’s 
law and in Ampere’s law for the current element, but it does not 
occur in Maxwell’s field equations. It is for this latter reason that the 
rationalized system is favored in electromagnetic theory. 

In 1935 the Giorgi (MKS) system was adopted as the international 
standard, with the question of rationalization left unsettled. In 1960 
the International System of Units (designated SI, for Systeme Interna¬ 
tional d’Unites) was defined and given official status at a general 
conference on weights and measures.* The International System uses 
the MKS rationalized system as a base, but expands it by adding units 
of temperature and luminous intensity to the defined or elemental 
units. In this book the expanded rationalized MKS or International 
System of Units will be used; the common mechanical and electrical 


quantities as they appear in this system are listed below.t 


International System of Units 


Elemental Units 


Length. The unit of length is the meter (m). 

Mass. The unit of mass is the kilogram (kg). 

Time t. The unit of time is the second (s). 

Current L The unit of electric current is the ampere (A). 

Temperature. The unit of temperature is the degree Kelvin (°K). 
Luminous Intensity. The unit of luminous intensity is the candela (cd). 

Derived Units 


Frequency f. The unit of frequency is the hertz (Hz). (1 hertz = 1 cycle per 
sec) 

Force F. The unit of force is the newton. It is the force required to accelerate 
1 kg at the rate of 1 meter/sec 2 (1 newton = 10 3 dynes). 

Energy . The unit of electrical energy is the same as the unit of mechanical 
energy. It is the joule. A joule is the work done when a force of 1 newton 
is exerted through a distance of 1 meter (1 joule = 10 7 ergs). 

Power. The unit of power is the watt. It represents a rate of energy expen¬ 
diture of 1 joule/sec. 

Charge Q or q. The unit of charge is the coulomb. One ampere of current 
flowing for 1 sec transports 1 coulomb of charge. 


♦“Actions of the 11th General Conference on Weights and Measures,” NBS Tech. 
News Bulletin 44, 199 (1960). 

tA complete listing, including the definitions of the most important SI Units, 
is given in a National Aeronautics and Space Administration publication: Interna¬ 
tional System of Units : Physical Constants and Conversion Factors, by E. A. Mechtly, 
NASA SP-7012, 1964. See also, “IEEE Recommended Practice for Units in Published 
Scientific and Technical Work/’ IEEE Spectrum, 3, No. 3, March, 1966. p. 169. 
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Resistance R. The unit of resistance is the ohm. If 1 watt of power is dis¬ 
sipated in a resistance when 1 amp of current flows through it, the value 
of the resistance is 1 ohm. 

Conductance G. Conductance is the reciprocal of resistance. The reciprocal 
ohm is known as the mho (or siemens ). 

Resistivity . The resistivity of a medium is the resistance measured between 
two parallel faces of a unit cube. The unit of resistivity is the ohm-meter. 

Conductivity or. The conductivity of a medium is the reciprocal of resistivity. 
The unit of conductivity is the mho/meter. 

Electromotive Force V. The unit of electromotive force (emf) or voltage is the 
volt , which is defined as 1 watt/amp. It is also equal to 1 joule/coulomb 
and so has the dimensions of work per unit charge. (It is not a force.) 

Electric Field Strength E. Electric field strength is measured in volts/meter. 
The electric field strength at any point in a medium is the electric force 
per unit positive charge at the point. It has the dimension newton/coulomb. 

Current Density J. The unit of current density is the ampere/square meter. 

Electric Displacement Af. The electric displacement through a closed surface 
is equal to the charge enclosed by the surface. The unit of electric displace¬ 
ment is the coulomb. 

Displacement Density D. The unit of electric displacement density (usually 
called just displacement density) is the coulomb/square meter. 

Magnetic Flux <E>. The voltage V between the terminals of a loop of wire 
due to a changing magnetic field is related to the magnetic flux through 
any surface enclosed by the loop by V = —d<3?/dt. The unit of magnetic flux 
is defined by this relation and is called the weber. A weber is 1 volt-sec. 

Magnetic Flux Density B. The unit of magnetic flux density is the tesla or 
weber/square meter. (1 weber/sq m= 10 4 gauss) 

Magnetic Field Strength H. The magnetic field strength between two parallel 
plane sheets carrying equal and oppositely directed currents is equal to the 
current per meter width (amperes per meter) flowing in the sheets. The unit 
of magnetic field strength is the ampere/meter. 

Magnetomotive Force SF. The magnetomotive force between two points a and 

b is defined as the line integral j* H • ^s. The unit of magnetomotive force 

J a 

is the ampere. The magnetomotive force around a closed path is equal to 
the current enclosed by the path. 

Capacitance C A conducting body has a capacitance of 1 farad if it requires 
a charge of 1 coulomb to raise its potential by 1 volt. A farad is equal to 
1 coulomb/volt. 

Inductance L. A circuit has an inductance of 1 henry if a changing current 
of 1 amp/sec induces in the circuit a “back-voltage” of 1 volt. The dimen¬ 
sions of the henry are 


volt-seconds 


= ohm-seconds 


ampere 
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Permittivity e. In a homogeneous medium the electrical quantities D and E 
are related by the equation D = eE, where e is the permittivity or dielectric 
constant of the medium. It has the dimensions farad/meter. The permittivity 
of evacuated (free) space is 


e v = 8.854 X 10~ 12 267t~X 10 ^ ^ arac ^ s / m 

The permittivity of a medium may be written as e = e r € v where e r is a 
dimensionless constant known as the relative permittivity of the medium. 
Permeability ji . The magnetic flux density and magnetic field strength in a 
homogeneous medium are related by B — pH where fi is the magnetic 
permeability of the medium. It has the dimensions henry/meter. The per¬ 
meability of a medium may be written as ji = p T fiv where fi T is the relative 
permeability of the medium and fi v is the absolute permeability of free 
space. 

Permeability of Free Space fL v . The (absolute) permeability of free space has 
the value of 4# X 10 7 henry/meter. 

By definition the ampere is the constant current which, if main¬ 
tained in two straight conductors of infinite length, of negligible 
circular sections, and placed one meter apart in a vacuum, will pro¬ 
duce between these conductors a force equal to 2 x 10" 7 newton per 
meter of length. From the experimental law of force (Ampere’s law) 
for this case, viz.. 


F = ^ v * 

2%d 

it is evident that the above definition for the unit of current is 
equivalent to defining the permeability of a vacuum, as ft v = An x 10~ 7 . 
Hence the defined electrical quantity may be considered to be either 
current or the permeability of free space. 

Table 1-1 gives the dimensions of the units of the MKS or Interna¬ 
tional System. In this table the dimensions of all of the units have 
been expressed in terms of mass M, length L, time T , and charge Q , 
By expressing the dimensions in terms of charge Q , rather than 
fractional exponents in the dimensional equations are avoided. 

A table that can be used for converting from the MKS practical 
system to the CGS systems or vice versa is shown inside the back 
cover. 

When the size of a unit is inconveniently small or large, multiples 
or submultiples of the units may be employed. The names of the 
multiples or submultiples are formed with the prefixes shown in the 
table at the top of page 27. 



Table 1-1 

Dimensions of Units in the MKS System 


C\ 


Quantity 

Symbol 

MKS Unit 

( Abbrev .) 

Dimensional 

Equivalent 

Dimensions 

Length 

l 

meter 

m 


L 

Mass 

m 

kilogram 

kg 


M 

Time 

t 

second 

s 


T 

Charge 

Q 

coulomb 

C 


Q 

Force 

F 

newton 

N 

joule per meter 

MLT- 2 

Energy 

U 

joule 

J 

volt-coulomb 

ML 2 T“ 2 

Power 

w 

watt 

W 

joule per second 

ML 2 T- 3 

Current 

I 

ampere 

A 

coulomb per second 

T _1 Q 

Current density 

J 

ampere/square meter 

A/m 2 


L- 2 T-!Q 

Charge density (volume) 

p(or po) 

coulomb/cubic meter 

C/m 3 


L~ 3 Q 

Charge density (surface) 

Ps 

coulomb/square meter 

C/m 2 


L" 2 Q 

Resistance 

R 

ohm 


volt per ampere 

ML 2 T“ 1 Q~ 2 

Conductivity 

a 

mho/meter 



M _1 L“ 3 TQ 2 

Electromotive force or voltage 

V 

volt 

V 

joule per coulomb 

MLT-2Q- 1 

Electric field strength 

E 

volt/meter 

V/m 

newton per coulomb 

MLT-2Q- 1 

Capacitance 

C 

farad 

F 

coulomb per volt 

M~ 1 L“ 2 T 2 Q 2 

Permittivity 

e 

farad/meter 



M" 1 L~ 3 T 2 Q 2 

Electric displacement 

* 

coulomb 



Q 

Electric displacement density 

D 

coulomb/square meter 



L- 2 Q 

Magnetic flux 

4> 

weber 

Wb 

volt-second 

MLT-^- 1 

Magnetic flux density 

B 

tesla 

T 


MT-^Q- 1 

Magnetomotive force 

3F (or M) 

ampere (turn) 

A 


T _1 Q 

Magnetic field strength 

H 

ampere (turn)/meter 

A/m 


L-iT-iQ 

Inductance 

L 

henry 

H 

ohm-second 

ML 2 Q- 2 

Permeability 

P 

henry/meter 



MLQ- 2 

Frequency 

/ 

s_ 

hertz 

Hz 


T-i 
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Factor by 
Which Unit 

Is Multiplied 

Prefix 

Symbol 

lOi 2 

tera 

T 

109 

giga 

G 

106 

mega 

M 

103 

kilo 

k 

10 2 

hecto 

h 

10 

deka 

da 

io - 1 

deci 

d 

io- a 

centi 

c 

10“ 3 

milli 

m 

10-6 

micro 


io - 9 

nano 

n 

10- 12 

pico 

P 

10-15 

fern to 

f 

10-18 

atto 

a 


1.09 Order of Magnitude of the Units. A concept of the order 
of magnitude of the units of the MKS practical system can be ob¬ 
tained from a few examples. A meter is equal to 3.281 ft, and roughly 
3 meters equal 10 ft. A kilogram is slightly more than 2 lb (1 kg = 
2.205 lb). A newton is approximately the force required to lift 1/4 lb. 
(more accurately 0.225 lb). A joule is the work done in lifting this 
1/4 lb weight 1 meter. To raise the weight through 1 meter in 1 sec 
requires the expenditure of 1 watt of power. Whereas the watt is 
usually thought of as a rather small unit of power (the smallest lamp 
in general household use requires 15 watts, and it takes 2 or 3 watts 
to run an electric clock), it represents a considerable amount of 
mechanical power. A man can do work for a 12-hour day at the rate 
of about 40 watts, which is less than the power required to run his 
wife’s electric washing machine. The coulomb, which is about the 
amount of charge passing through a 100-watt lamp in one second 
would charge a sphere the size of the earth to about 1400 volts. If it 
were possible to place a coulomb of charge on each of two small 
spheres placed 1 meter apart, the force between them would be 9 x 10 9 
newtons, or about the force required to lift a million tons. The farad 
is a large unit of capacitance, and the terms microfarad (10~ 6 F) and 
picofarad (10~ 12 F) are in common use. The filter capacitors on a radio 
set are usually 8 or 16 fiF (microfarads). The capacitance of a sphere 
1 cm in radius is approximately 1 pF (picofarad). The inductance of 
the primary winding of an iron-core audio transformer may be the 
order of 50 henrys, whereas the inductance of the radio frequency 
“tuning-coils” for the broadcast band is about 300 fiR (microhenrys). 
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A tesla or weber per square meter is about one-half the saturation 
flux density of iron used in transformer cores. 


BIBLIOGRAPHY 

Barrow, Bruce B., “IEEE Takes a Stand on Units,” IEEE Spectrum , 3, No. 3, 
March, 1966, p 164. 

Lighthill, M. J., Fourier Analysis and Generalized Functions , Cambridge 
University Press, London, 1960. 

Papoulis, A., The Fourier Integral and its Applications , McGraw-Hill Book 
Company, New York, 1962. 



Chapter 2 


ELECTROSTATICS 


2.01 Introduction. The sources of electromagnetic fields are electric 
charges, and the strength of a field at any point depends upon the 
magnitude, position, velocity, and acceleration of the charges involved. 
An electrostatic field can be considered as a special case of an elec¬ 
tromagnetic field in which the sources are stationary,* so that only 
the \ magnitude and position of the charges need be considered. The 
study of this relatively simple case lays the foundations for solving 
problems of the more general time-varying electromagnetic field. In 
what follows it is assumed that the reader has had an elementary 
course covering the subject of electrostatics and has some general 
knowledge of the experimental facts and their theoretical interpretation. 
The purpose of this chapter is to review the subject briefly, not as 
a study in itself but as an introduction to the electromagnetic field. 
2.02 Fundamental Relations of the Electrostatic Field. Coulomb's 
Law. It is found experimentally that between two charged bodies there 
exists a force that tends to push them apart or pull them together, 
depending on whether the charges on the bodies are of like or opposite 
sign. If the two bodies are spheres whose radii are very small com¬ 
pared with their distance apart, and if the spheres are sufficiently 
remote from conducting surfaces and from other dielectric media (more 
technically if the spheres are immersed in an infinite homogeneous 
insulating medium), the magnitude of the force between them due to 
ttyeir charges obeys an inverse square law. That is 



where q x is the net charge on one sphere, and q 2 the net charge on 
the other. This is Coulomb’s law of force. In the CGS electrostatic 

* Individual charges (e.g., electrons) are of course never stationary, having 
random velocities, which depend among other things upon the temperature. This 
statement regarding stationary sources simply means that when any elemental macro¬ 
scopic volume is considered, the net movement of charge through any face of the 
volume is zero. 
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system of units the constant k is arbitrarily put equal to unity for a 
vacuum and relation (1) is used to define the unit of charge for the 
electrostatic system of units. However, in the MKS system the unit 
of charge has already been determined from other considerations, and 
since units of length and force have also been defined, the constant k 
can be determined from experiment. In order to rationalize the units 
and so leave Maxwell’s field equations free from the factor An, it is 
convenient to show a factor An explicitly in the constant k and write 

k = Ane 

The “constant” e depends upon the medium or dielectric in which the 
charges are immersed. It is called the dielectric constant or permittivity 
of the medium. For free space, that is for a vacuum, but also very 
closely for air, the value of e is 

e v = 8.854 x 1(T 12 F/m (2-2) 

To a very good approximation (the same approximation involved in 
writing the velocity of light as c^3 x 10 8 meter/sec) the value of e v 
is given by 

e ” 35 36* x 10 s (2 ' 3) 

The subscript, v, indicates that this is the dielectric constant of a 
vacuum or free space. For other media the value of e will be different. 
Then Coulomb’s law in MKS units is 


F = SliL newtons (2-4) 

Aner 


The direction of the force is along the line joining the two charges. 

Electric Field Strength E. If a small probe charge A<? is located at 
any point near a second fixed charge q , the probe charge experiences 
a force, the magnitude and direction of which will depend upon its 
location with respect to the charge q. About the charge q there is 
said to be an electric field of strength E, and the magnitude of E at 
any point is measured simply as the force per unit charge at that 
point. The direction of E is the direction of the force on a positive 
probe charge, and is along the outward radial from the (positive) 
charge q . 

From eq. (4) the magnitude of the force on A q will be 


A F = 


Aner 2 


aaa tae^maenitude of the electric field strength is 


(2-5) 
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The force on the probe charge is dependent upon the strength of the 
probe charge, but the electric field strength is not. If the charge on 
the probe is allowed to approach zero, then the force acting on it does 
also, but the force per unit charge remains constant; that is, the elec¬ 
tric field due to the charge q is considered to exist, whether or not 
there is a probe charge to detect its presence. 

The direction, as well as the magnitude, of the electric field about 
a point charge is indicated by writing the vector relation 



where f is a unit vector along the outward radial from the charge q. 

Electric Displacement and Displacement Density D. It is seen 
from eq. (7) that at any particular point the electric field strength E 
depends not only upon the magnitude and position of the charge q , 
but also upon the dielectric constant of the medium (air, oil and 
othys) in which the field is measured. It is desirable to associate with 
the charge q a second electrical quantity that will be independent of 
the medium involved. This second quantity is called electric displacement 
or electric flux and is designated by the symbol An understanding 
of what is meant by electric displacement can be gained by recalling 
Faraday’s experiments with concentric spheres. A sphere with charge 
Q was placed within, but not touching, a larger hollow sphere. The 
outer sphere was “earthed” momentarily, and then the inner sphere 
was removed. The charge remaining on the outer sphere was then 
measured. This charge was found to be equal (and of opposite sign)' 
to the charge on the inner sphere for all sizes of the spheres and for 
all types of dielectric media between the spheres. Thus it could be 
considered that there was an electric displacement from the charge on 
the inner sphere through the medium to the outer sphere, the amount 
of this displacement depending only upon the magnitude of the charge 
Q. In MKS units the displacement T r is equal in magnitude to the 
charge that produces it, that is 

^ = Q coulombs (2-8) 

For the case of an isolated point charge q remote from other bodies 
the outer sphere is assumed to have infinite radius. The electric dis¬ 
placement per unit area or electric displacement density D at any point 
on a spherical surface of radius r centered at the isolated charge q 
will be 


D = 


^ __ q 
4t tr 2 - Aitr 1 


coulomb/sqm (2-9) 


The displacement per unit area at any point depends upon the direction 
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of the area. Displacement density D is therefore a vector quantity, 
its direction being taken as that direction of the normal to the surface 
element which makes the displacement through the element of area a 
maximum. For the case of displacement from an isolated charge this 
direction is along the radial from the charge and is the same as the 
direction of E. Therefore the vector relation corresponding to (9) is 



(2-10) 


Comparing eqs. (7) and (10) shows that D and E are related by the 
vector relation 

D = eE (2-11) 

Equation (11) is true in general for all isotropic media. For certain 
crystalline media, the dielectric constant e is different for different 
directions of the electric field, and for these media D and E will 
generally have different directions. Such substances are said to be 
anisotropic .* In the first few chapters of this book only homogeneous 
isotropic media will be considered. For these e is constant, that is, 
independent of position (homogeneous) and independent of the magnitude 
and direction of the electric field (isotropic). 

It is possible to measure the displacement density at a point by the 
following experimental procedure. Two small thin metallic disks are 
put in contact and placed together at the point at which D is to be 
determined. They are then separated and removed from the field, and 
the charge upon them is measured. The charge per unit area is a direct 
measure of the component of D in the direction of the normal to the 
disks. If the experiment is performed for all possible orientations of 
the disks at the point in question, the direction (of the normal to the 
disks) that results in maximum charge on the disks is the direction 
of D at that point, and this maximum value of charge per unit area 
is the magnitude of D. 


*In an anisotropic dielectric, the relation between D and E may be expressed as 

D x = €uE x -b €12 Ey -j- 613 E z 
Dy = €"21 Ex + 622 Ey -f- 623 E z 
Dz = € z \ E x -j- 632£3/ + 633 E z 

or in matrix form as 


~D X l 


612 

£ 13* 


-E x 

Dy = 

£21 

£22 

£23 


Ev 

-Dzl \ 

_63l 

£32 

£33- 


L E z . 


Anisotropic media will be discussed later in connection with radio wave propagation 
in the ionosphere. 
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Lines of Force and Lines of Flux. In an electric field a line of electric 
force is a curve drawn so that at every point it has the direction of 
the electric field. The number of lines per unit area is made propor¬ 
tional to the magnitude of the electric field strength, E\ A line of 
electric flux is a curve drawn so that at every point it has the direc¬ 
tion of the electric flux density or displacement density. The number 
of flux lines per unit area is used to indicate the magnitude of the 
displacement density, D. In homogeneous isotropic media lines of force 
and lines of flux always have the same direction. 

2.03 Gauss’s Law. Gauss’s law states that the total displacement or 
electric flux through any closed surface surrounding charges is equal to the 
amount of charge enclosed. This may be regarded as a generalization 
of a fundamental experimental law (recall Faraday’s experiments) or 
it may be deduced from Coulomb’s inverse-square law, and the relation 
D = eE (now used to define D). 

Consider a point charge q located in a homogeneous isotropic 
medium whose dielectric constant is e. The electric field strength at 
any point a distance r from the charge q will be 



and the displacement density or electric flux density at the same point 
will be 


D = eE = JLt 

Anr 


Now consider the displacement through some surface enclosing the 
charge (Fig. 2-1). The displacement or electric flux through the element 
of surface da is 


dS? = D da cos 6 


( 2 - 12 ) 


where 6 is the angle between D and the normal to da. From the figure 
it is seen that da cos 9 is the projection of da normal to the radius 
vector. Therefore, by definition of a solid angle, 


da cos 9 = rdQi 


(2-13) 


where dEl is the solid angle subtended at q by the element of area da. 

The total displacement through the surface is obtained by integrat¬ 
ing eq. (12) over the entire surface. 



D da cos 6 


(2-14) 


(The circle on the integral sign indicates that the surface of integra¬ 
tion is a closed surface.) Using eq. (13) the displacement is given by 
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Figure 2-1. Displacement through a surface 
enclosing a charge. 

V = j Dr dO. 

and substituting for D from (9) 

* = (2-15) 

But the total solid angle subtended at q by the closed surface is 
H — <£ d£l — 47r solid radians 

Therefore from (15) the total displacement through the closed surface 
will be 


— q (2-16) 

If there are a number of charges within the volume enclosed by the 
surface the total displacement through the surface will be equal to the 
sum of all the charges. If the charge is continuously* distributed 

♦Actual charge distributions consist of aggregations of discrete particles or cor¬ 
puscles. However, since there will always be an enormous number of these micro¬ 
scopic particles in any macroscopic element of volume AV, is is permissible to speak 
of the charge density p where p — Aq/AV is the charge per unit volume in elemental 
volume AV. Thus by “charge density at a point” is really meant the charge per 
unit volume in the elemental volume AV containing the point. Although AV may 
be made very small, it is always kept large enough to contain many charges. 
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throughout the volume with a charge density p (coulombs per cubic 
meter), the total displacement through the surface is 

V=\pdV (2-17) 

J V 

where the right-hand side represents the total charge contained within 
the volume V. 

It is often desirable to state the above relations in vector form. 
By definition of the dot product, the expression D da cos (9 in eq. (12) 
can be written as D<fa. In this case the element of area dz is con¬ 
sidered to be a vector quantity having the magnitude da and the 
direction of the normal to its surface. Then eq. (14) would be written 

D • da (2-18) 

When da is a part of a dosed surface as it is here the direction of the 
outward normal usually is taken to be positive. The right-hand side of 
eq. (18) is the integration over a closed surface of the normal com¬ 
ponent of the displacement density, that is, it is the total (outward) 
electric displacement or electric flux through the surface. 

Combining eqs. (17) and (18) the vector statement of Gauss’s law 
is 

j,B-dsi = ^pdV (2-19) 

In words, the net outward displacement through a closed surface is equal 
to the charge contained in the volume enclosed by the surface. 

2.04 The Potential Function. An electric field is a field of force, 
and a force field can be described in an alternative manner to that 
given above. If a body being acted upon by a force is moved from one 
point to another, work will be done on or by the body. If there is no 
mechanism by which the energy represented by this work can be dis¬ 
sipated, then the field is said to be conservative , and the energy must 
be stored in either potential or kinetic form. If a charge is moved in 
a static electric field or a mass is moved in a gravitational field and 
no friction is present in the region, then no energy is dissipated. Hence 
these are examples of conservative fields. If some point is taken as a 
reference or zero point the field of force can be described by the work 
that must be done in moving the body from the reference point up to 
any point in the field. A reference point that is commonly used is a 
point at infinity. For example, if a small body has a charge q and a 
second body with a small test charge Aq is moved from infinity along 
a radius line to a point p at a distance R from the charge q , then the 
work done on the system in moving the test charge against the force 
F will be 
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r R 

work = — F r dr 

J oo 

and since Ai 7 = q ^q/Aner 1 

work on test charge = — \ dr 

4?re Joo r 

= 2.M 

4% eR 

The work done on the test charge per unit charge is 


V = -2- 
47teR 


( 2 - 20 ) 


V is called the potential at the point p due to the charge q. Because 
it is a scalar quantity, having only magnitude and no direction, it is 
often called the scalar potential. 

In a conservative field the work done in moving from one point to 
another is independent of the path. This is easily proven. If it were 
not independent of the path and a charge were moved from point Pi 
to point P 2 over one path, and then from point P 2 back to point P x 
over a second path, the work done on the body on one path could be 
different from the work done by the body on the second path. If this 
were true, a net (positive or negative) amount of work would be done 
when the body returned to its original position P x . In a conservative 
field there is no mechanism for dissipating energy corresponding to 
positive work done and no source from which energy could be absorbed 
if the work were negative. Hence, it is apparent that the assumption 
that the work done is different over two paths is untenable, and so 
the work must be independent of the path. Thus for every point in 
the static electric field there corresponds one and only one scalar value 
of the work done in bringing the charge from infinity up to the point 
in question by any possible path. This scalar value at any point is 
called the potential of that point. The potential* is measured in volts 
where 1 volt = 1 joule per coulomb. 

If two points are separated by an infinitesimal distance ds, the 
work done by an external force in moving a unit positive charge from 
one point to the other will be 

dW = dV ^ —E • ds 


*In electrostatics the terms potential or potential difference and voltage are used 
interchangeably. For time-varying electromagnetic fields, potential, as defined here, 
has no meaning. However, the voltage between two points a and b, defined by 

v a -y„= v at = f E.rfs 

continues to have meaning as long as the path is specified. 
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Since V is a function of x, y, z, the above relation may be expressed 
in the following forms: 


8V , ,dV,. W , v , 

T x dx + Ty d ' > + Tz dz = - E '* 

{i^i+fjt + ijiy(&dx + ftly + idz)=-E-ds 

VV ♦ ds = — E • ds 
from which it follows that 

E = -VK 


( 2 - 21 ) 

( 2 - 22 ) 

(2-23) 

(2-24) 


Thus the electric field strength at any point is just the negative of 
the potential gradient at that point. The direction of the electric field 
is the direction in which the gradient is greatest or in which the 
potential changes most rapidly. 

When the system of charges is specified and the problem is that 
of determining the resultant electric field due to the charges, it is 
often* simpler to find first the potential field and then determine E as 
the potential gradient according to eq. (24). This is so because the 
electric field strength is a vector quantity, and when the electric field 
produced by several charges is found directly by adding the field 
strengths caused by the individual charges, the addition of fields is a 
vector addition. This relatively complicated operation is carried out 
by resolving each vector quantity into (generally) three components, 
adding these components separately, and then combining the total 
values of the components to obtain the resultant field. On the other 
hand the potential field is a scalar field and the total potential at any 
point is found simply as the algebraic sum of the potentials due to 
each charge. If the potential is known, the electric field can be found 
from eq. (24). 

In a simple problem there may be little advantage, if any, to using 
the potential method, but in more complex problems it will be found 
that the use of the scalar potential results in a real simplification. 


Example 1: Field of an Infinitesimal Electric Dipole . The concept of the 
electric dipole is extremely useful in electromagnetic field theory. Two equal 
and opposite charges of magnitude q separated by an infinitesimal distance / 
are said to constitute an electric dipole or electric doublet. The electric field 
due to such an arrangement can be found readily by first finding the potential 
V at the point P. In Fig. 2-2 
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Because l is infinitesimally small 

/ * 
ri r - y cos v 

cos 0 

. T , q q ql COS 6 ql COS 9 , c t2 ^ 

47reK =-f-T-= —^-72 - —Z — (for / 2 < r 2 ) 

r - Y cos $ r H—cos <9 r 2 — cos 2 0 , 

The electric field is found from E = —yV. The three components in spherical 
co-ordinates are 


p — 

dV _ 2 ql cos 6 


dr 47 zrer 3 

£« = 

£F _ < 7 / sin 0 
rdd ~~ 47 rer 3 

E* = 

0 

II 

M-e- 

00 

ik 
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2*05 Field Due to a Continuous Distribution of Charge* The po¬ 
tential at a point p due to a number of charges is obtained as a simple 
algebraic addition or superposition of the potentials produced at the 
point by each of the charges acting alone. If q u q 2 , q z ,..., q n are charges 
located at distances R u R 2 , R z ,..., R n , respectively, from the point p, 
the potential at p is given by 


V = 


1 

47T6 




.Ri 


+ ¥ + 


+ 




1 l ~ n n 

1 y Hi 
47T6 i=i Ri 
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If the charge is distributed continuously throughout a region, rather 
than being located at a discrete number of points, the region can be 
divided into elements of volume AK each containing a charge pAK, 
where p is the charge density in the volume element. The potential at 
a point p will then be given as before by 

i y pi av t 

47T6 ft R t 

where R t is the distance to p from the ith volume element. As the size 
of volume element chosen is allowed to become very small, the sum¬ 
mation becomes an integration, that is 

V = -4LS/nr 

The integration is performed throughout the volume where p has value. 
However it must be noted that (26) is not valid for charge distribu¬ 
tion^ which extend to infinity. 

Equation (26) is often written in the form 

V= j pGdV 

in which G = \/47teR. The function G is the potential of a unit point 
charge and is often referred to as the electrostatic Green's function for an 
unbounded homogeneous region. 

Example 2: Potential Distribution about Long Parallel Wires. Determine the 
potential distribution about a long parallel pair of wires of negligible cross 
section when the wires have equal and opposite charges distributed along their 
length. 

Assume that a linear charge density p t coulombs per meter is distributed 
along wire a and — pi coulombs per meter along wire b (Fig. 2-3). Then p dV 
becomes pzdz so that the expression for potential at the point p will be 



Substituting n — *Jr& + z 2 and r 2 — \ZrT+~? y 

K =£jl r (* __ , 1 \ dz 

27teJo WdTT- Vn-T?) 

= [In (z + — In (z + Vrf+ z 2 )] 0 ff 

_ pc r. z + Vrj + z* i B 

27te L z 4- r \' + z' 2 Jo 


As z approaches infinity the fraction (z + *Jr% -+* z 2 )/(z + \fn 4- z 2 ) approaches 
unity. Therefore, if H^>r a and the expression for potential at the 
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z 



Figure 2-3. A pair of parallel line charges. 


point p becomes 


V= -■££- In — 
27re r& 


= In — 
27re r a 


(2-27) 


It will be observed that in the plane of symmetry between the wires (r« = r&) 
the potential is zero. 


2.06 Equipotentiai Surfaces. The solutions to many problems involv¬ 
ing electric fields are simplified by making use of equipotentiai surfaces. 
An equipotentiai surface is a surface on which the potential is every¬ 
where the same. The movement of charge over such a surface would 
require no work. Since any two points on the surface have the same 
potential, there is zero potential difference and therefore zero electric 
field everywhere along (tangential to) the surface. This means that the 
electric field must always be perpendicular to an equipotentiai surface. 

A very simple example of equipotentiai surfaces exists in the case 
of a point charge. Since V = q/Anre , a surface with a fixed r would 
have a constant potential. The constant potential surfaces therefore are 
concentric spherical shells. 

In the problem of the parallel line charges the equipotentiai surfaces 
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can be determined with little difficulty. The locus of a constant poten¬ 
tial is obtained by setting the potential of eq. (27) equal to a constant, 
that is 


2 7te r a 


This requires that 



where k 2 is another constant. From Fig. 2-3 



n = 




+ / 


Therefore 



+ / 
+ / 


= k 2 


x 2 (l - k 2 ) + y\ 1 - k 2 ) - xd( 1 + /c s ) + ^ (1 - /c 2 ) = 0 


x 2 + y 2 — xd 


1 + k 2 
1 - k 2 



x 2 + y 2 


r ,l+k 2 d 2 (l+kj_d 2 
1 -k*- 4(1- kj ~ 4 


, d 
X + T 


fc 2 +1 

A: 2 - 1 


+ <) 
r = 


(1 + fe 2 ) 2 
1(1 - 
kd 2 


(/c 2 - l ) 2 



This is the equation of a family of circles with radius kd/(k 2 — 1) and 
center at (d/2)[(k 2 + 1)/(1 — k 2 )], 0. Because of invariance in the z 
direction the equipotential surfaces will be cylinders. The cylinders 
are not concentric because k will depend on the potential selected. 

Figure 2-4 shows a plot of the equipotential surfaces about the 
parallel line charges. It is seen that for small values of radius the 
equipotential cylinders about each line are nearly concentric, with 
the line charges as the center. 

Conductors . A conducting medium is one in which an electric field 
or difference of potential is always accompanied by a movement of 
charges. The theory explaining this phenomenon is that a conductor 
contains free electrons or conduction electrons that are relatively free to 
move through the ionic crystal lattice of the conducting medium. It 
follows that in a conductor there can be no static electric field, because 
any electric field originally present causes the charges to redistribute 
themselves until the electric field is zero. The electric field being zero 
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Figure 2-4. Equipotential surfaces about 
parallel line charges. 

within a conductor means that there is no difference of potential be¬ 
tween any two points on the conductor. For static electric fields, 
therefore, a conductor surface is always an equipotential surface. 

It also follows that within a conductor there can be no net charge 
(excess positive or negative charge). If there were a net charge anywhere 
within the conductor, then by Gauss’s law there would be a displace¬ 
ment away from this charge and therefore a displacement density D 
in the conductor. Since E = D/e this requires (for any finite value of 
dielectric constant e) that there be an electric field E in the conductor. 
But the possibility of this has already been ruled out for the electro¬ 
static case. Therefore, the (net) charge density p must be zero within 
the conductor. There can, however, be a distribution of charge on the 
surface of the conductor, and this gives rise to a normal component 
of electric field in the dielectric medium outside the conductor. The 
strength of this normal component of electric field strength in terms 
of the surface charge is obtained directly from Gauss’s law. 

Electric Field Due to Surface Charge . Let the charge per unit area 
or surface charge density on the surface of a conductor be p 3 coulombs 
per square meter. Enclose an element of the surface in a volume of 
“pillbox” shape with its flat surfaces parallel to the conductor surface 
as in Fig. 2-5. Then, if the depth d of the pillbox is made extremely 
small compared with its diameter, the electic displacement through its 
edge surface will be negligible compared with any displacement through 
its flat surfaces. There can be no displacement through the left-hand 
surface submerged in the conductor (because no E exists in the con- 
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ductor) so all the electric flux must 
emerge through the right-hand sur¬ 
face. Applying Gauss’s law to this 
case gives 

D n da = p s da 

where da is the area of one face of 
the pillbox and D n is the displace¬ 
ment density normal to the surface. 

Therefore, 

D n = p s and £„ = — 

e 

The electric displacement density at 
the surface of a conductor is normal 

to the 

to the surface charge density. The elec¬ 
tric field strength is also normal to the 
surface and is equal to the surface charge 
density divided by the dielectric constant. 
2,07 Divergence Theorem* The diver¬ 
gence theorem (also called Gauss’s theo¬ 
rem) relates an integration throughout a 
volume to an integration over the surface 
surrounding the volume. 

Figure 2-6 shows a closed surface S 
enclosing a volume V that contains charges 
(or a charge density) that produce an 
electric flux density D. 

By the definition of divergence. 





Figure 2-6. Section of a 
volume V. 


Conductor 



Dielectric 


Figure 2-5. Boundary surface be¬ 
tween a conductor and a dielectric. 


surface and equal in magnitude 


so that 


where 


V D 


dD* , dDy . 
dx dy 


dD, 

dz 




dD x r 3P V , dDj\ 
k 3x dy dz) 


dx dy dz 


dV — dx dy dz 


(2-28) 


Consider now the elemental rectangular volume shown shaded, which 
has dimensions dy and dz in the y and z directions respectively. Let 
D Xl and D Xt respectively be the x component of the electric flux 
entering the left-hand side and leaving the right-hand side of the 
rectangular volume. The total flux emerging is the algebraic difference 
of these two. But 
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\\\ d -ji dxdydz = \l^ Dx '- D ^ dydz (2_29) 

Now dy dz is the x component of the surface element da, and so (29) 
is just the integration of the product of D x times the x component of 
da over the whole surface. (Note that for the right face D x da x = 
D Xi dydz , but for the left face D x da x = — D Xl dydz . This is because 
the direction of da is along the outward normal and for the left face 
the x component of da has a direction opposite to that of D xr ) 

By definition of a scalar product 

D • da ~ D x da x -b E) y da y -b D z da z 

where da x indicates the x component of da, and so on. Then, making 
use of (29), eq. (28) may be written 

j y V-DdV = j> D-</» (2-30) 

This is the divergence theorem. 

Although derived here for the particular case of electric displace¬ 
ment density D it is a quite general and very useful theorem of vector 
analysis. For any vector, it relates the integral over a closed surface 
of the normal component of the vector to the integral over the volume 
(enclosed by the surface) of the divergence of the vector. 

Integral Definition of Divergence . The divergence theorem (30) 
provides a definition of divergence of a vector in the integral form 
which is easy to put into words. The expression on the right-hand side 
of (30) is the net outward electric flux through the closed surface S. 
The expression on the left represents the average divergence of D 
multiplied by the volume V that is enclosed by S. Thus the average 
divergence of a vector is the net outward flux of the vector through 
a closed surface S divided by the volume V enclosed. The limit of 
the average divergence as S is allowed to shrink to zero about a point 
is the divergence of the vector at that point; that is, 

& D • da 
V ■ D = lim - 

s— o V 

In words, the divergence of the vector D is the net outward flux of D 
per unit volume. 

Alternative Statement of Gauss's Law. Making use of Gauss’s law 
which states 

= \ y pdV 


( 2 - 31 ) 
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and applying the divergence theorem (30), gives 

J V-D dV = j^pdV 


This holds for any volume whatsoever. As the volume considered is 
reduced to an elemental volume, this becomes the point relation, 

V■D = p (2-32) 

This is the alternative statement of Gauss’s law. It states that at every 
point in a medium the divergence of electric displacement density is 
equal to the charge density. Recalling the physical interpretation of 
the term divergence, eq. (32) might be stated as follows: The net 
outward flux of electric displacement per unit volume is equal to the 
charge per unit volume. Equation (32) will often be found to be a 
more useful form for mathematical manipulation than the correspond¬ 
ing integral statement (31). 

2*08l Poisson’s Equation and Laplace’s Equation* Equation (32) is 
a relation between the electric displacement density and the charge 
density in a medium. If the medium is homogeneous and isotropic so 
that e is constant and a scalar quantity, eq. (32) can be written as 


V ■ eE = eV • E = p 


or 


V-E = -£- (2-33) 

€ 

Recall that E is related to the potential V by 

E = —VK 

Substituting this into (33) 

v ■ VK = — j2- (2-34a) 

or 


w = 

€ 


(2-34b) 


Equation (34) is known as Poisson's equation . In free space, that is, in 
a region in which there are no charges (p = 0), it becomes 

V 2 K = 0 (2-35) 

This special case for source-free regions is Laplace's equation. 

Laplace's Equation. Laplace’s equation is a relation of prime impor¬ 
tance in electromagnetic field theory. Expanded in rectangular co¬ 
ordinates it becomes 




(2-36) 
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This is a second-order partial differential equation relating the rate 
of change of potential in the three component directions. In any 
charge-free region the potential distribution must be such that this 
relation is satisfied. An alternative form of (36) in terms of electric 
field strength is 

V • E — 0 (2-37) 


In this form the statement is that in a homogeneous charge-free region 
the number of lines of electric field strength emerging from a unit 
volume is zero, or (in such a region) lines of electric field strength 
are continuous. 

The Problem of Electrostatics . In a homogeneous charge-free region 
the potential distribution, whatever it may be, must be a solution of 
the Laplace equation. The problem is to find a potential distribution 
that will satisfy (35) as well as the boundary conditions of the par¬ 
ticular problem. When the charges are given the potential can be 
found directly from 


V = 


_L f Adv 

4t reJvR 


This is a simple problem and the solution is straightforward. On the 
other hand, if the potential distribution is given for a certain con¬ 
figuration of conductors, the charge distribution on the conductors can 
be found from 


ps T) n 

In the general problem as it exists, however, neither the potential 
distribution nor the charge distribution is known. These are the quan¬ 
tities to be found. A certain configuration of conductors is specified 
and the voltages or potential differences between conductors are given 
(or the total charge on each conductor may be given). The charges 
on the conductors will then distribute themselves to make the con¬ 
ductors equipotential surfaces and at the same time produce a potential 
distribution between conductors which will satisfy Laplace’s equation. 

Thus the problem is, that of finding a solution to a second-order 
differential equation (Laplace’s equation) that will fit the boundary 
conditions. The problem is one of integration and therefore straight¬ 
forward methods of solution are not generally available. In fact, only 
in a relatively small number of cases, where symmetry or some other 
consideration makes it possible to specify the charge distribution, can 
an exact solution in closed form be found. Of course, an approximate 
solution can always be obtained (facilitated by digital computers), and 
the degree of approximation can usually be improved to any desired 
extent by a systematic method of successive approximations. 
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A similar situation exists in the more general electromagnetic field 
problem where the fields and charge distributions are varying in time. 
Although it is this more general problem that is of primary concern 
in electromagnetic wave theory, it is helpful to consider some of the 
special methods and solutions that exist for the electrostatic case. It 
will be found that some of these special methods can be extended to 
the general case. Moreover, a knowledge of the actual electrostatic 
solutions for certain simple configurations is required for later use. 

Solutions for Some Simple Cases . It is instructive first to obtain 
the solutions for the simplest possible cases in which, because of 
symmetry, the field is constant along two axes of the co-ordinate 
system and variations occur in one direction only. 

Example 3: In Rectangular Co-ordinates—Two Parallel Planes . Two parallel 
planes of infinite extent in the x and y directions and separated by a distance 
d in fhe z direction have a potential difference applied between them (Fig. 
2-7). It is required to find the potential distribution and electric field strength 
in the region between the planes. 


z 



Figure 2-7. Two parallel planes. 


In rectangular co-ordinates Laplace’s equation is 




d 2 V . d 2 V , d 2 V 


dxr dy 2 


+ 


~s? 


= o 


From symmetry it is evident that there is no variation of V with x or y, but 
only with z. For this simple case Laplace’s equation reduces to 

XT2v-?lZ-n 
V V - ~ U 
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which has a solution 

V=k 1 z + k i 

where k l and k 2 are arbitrary constants. Substituting the boundary conditions 
V=V 0 at z = 0, K — Kj at z = d 

gives 

Vi-Vo 


k* = K 


and 


so that 


V = — 


*,= 


J 2 + 


The electric field strength is obtained from the relation 
e = - w =-^* = - !1 

The electric field strength is constant in the region between the plates. It 
is directed along the z axis and toward the plate of lower potential. 

Example 4: In Cylindrical Co-ordinates~Concentric Cylinders . In cylindrical 
co-ordinates Laplace’s equation is 

T72TZ- 1 d ( , 1 &v , d 2 V 

v v ~ p dp\ p dp) + p 2 dd> 2+ ' 


dz 2 


o 


(2-38) 


For the space between two very long concentric cylinders (Fig. 2-8), in which 

case there will be no variations with 
z respect to either <f> or z, but only in the 

p direction, eq. (38) becomes 

MO’S ?)- 0 

A trivial solution to this equation is V 
equals a constant. A useful solution 
that fits the boundary condition is 

V = k x In p + k 2 

The electric field strength in the region 
between the cylinders will be 

E = -VV 

dV ~ 

~ dp ? 

= p 

P P 

Figure 2-8. Two concentric cylinders. Example 5: In Spherical Co-ordinates 

—Concentric Spheres. In spherical co¬ 
ordinates with no variations in d or <f> directions, Laplace’s equation is 
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A solution is V — -y -f k<t 

The electric field strength between the spheres is 
E=—VK=—= 

In the three examples just solved, the simplicity of the boundary 
conditions (due to symmetry) made it possible to guess the solution 
and write it down from inspection. Only in rare cases is it possible to 
do this. However, there is an important group of problems that can 
be solved almost by inspection because their boundary conditions are 
similar to those of problems which have already been solved. These 
make use of the principle of the electrical image. 

Solution by Means of the Electrical Image. As a simple example of 
this method of solution consider the problem of a line charge p L cou¬ 
lombs per meter parallel to and at a distance df 2 from a perfectly 
conducting plane of infinite extent. It is required to determine the 
resulting potential distribution and the electric field. The boundary 
condition in this case is that the conducting plane must be an equi- 
potential surface. Also if the potential at infinity is considered to be 
zero, the potential of the conducting plane must be zero since it extends 
to infinity. 

The lines of electric flux, which start on the positive line charge, 
must terminate on negative charges on the plate and at infinity. These 
negative charges on the conducting surface are required to distribute 
themselves so that there is no tangential component of electric field 
along the surface of the conductor; i.e., so that the conducting plane 
is an equipotential surface (Fig. 2-9). 



I a) (b) 


Figure 2-9. (a) Line charge near a conducting surface. (6) Charges on 
the conducting surface have been replaced by an appropriately located 
“image” charge. 
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If this distribution can be found, the potential at any point can 

then be determined from the relation V — J p/A-nerdV . As it stands, 

this is not a simple problem. However now recall the problem of two 
equal and opposite line charges for which the solution has already been 
obtained (sec. 2.05). It will be remembered that the plane of symmetry 
between the wires is an equipotential plane of zero potential. Hence 
a conducting surface could be placed at the location of this equipoten¬ 
tial plane without affecting the potential distribution in any manner 
whatsoever. If this were done, the negative line charge then would have 
no effect on the field on the opposite side of the conductor and, so as 
far as that field is concerned, could be removed. The problem is now 
just the one for which a solution is required. The solution can be set 
down directly. The field due to a line charge at a distance dj 2 from 
an infinite conducting plane is exactly the same as the field (on one 
side of the zero potential plane) produced by that line charge and an 
equal and opposite line charge located parallel to it and a distance d 
away. This second (hypothetical) line charge is called the electrical 
image of the other, from the analogy with optical images. 

Thus in any problem involving charges and conductors, if an addi¬ 
tional distribution of charges can be found which will make the surfaces 
to be occupied by the conductors equipotential surfaces having the 
correct potential, the conductors can be removed and the field in the 
volume, originally outside the conductors, will not be changed. Then 
this field can be computed by methods already developed. The problem 
is now simply one of finding the potential and electric field strength 
for a distribution of charges without conductors. 

As a second example of this method let it be required to find the 
potential distribution and electric field about a pair of parallel cylin¬ 
drical conductors which have applied to them a specified voltage or 
potential difference. Again referring to the line charges in sec. 2.05, 
the equipotential surfaces about these line charges are cylinders. If the 
conductors are located in this field to coincide with an appropriate 
pair of equipotentials, their introduction will not change the field con¬ 
figuration outside the volume occupied by the conductors. Thus the 
potential distribution outside the conductors is just the same as it was 
before the conductors were introduced and is that produced by a pair 
of line charges of proper strength located along appropriate axes. The 
solution to this problem has already been obtained. 

It must be observed that this process of computing the effects of a 
conductor is an inverse one, i.e., a solution must be found by experience, 
and there is no straightforward method of finding an analytical solution 
in every case. This is analogous to the problem of differentiation and 
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integration. In differentiation a straightforward method is available for 
finding derivatives, but the determination of integrals depends on the 
experience of the operator, or the recorded experience of those who 
have gone before him. In the case of electric fields, an analytical ex¬ 
pression for the charge distribution that can replace a given conductor 
is not always known, just as the integral of every function is not known. 
On the other hand, with a given configuration, there are approximate 
methods available for determining the effect of a conductor in a field 
just as there are approximate methods for the integration of any curve 
that can be graphed. 

2,09 Capacitance. The capacitance between two conductors is defined 
by the relation 



where V is the voltage or potential difference between the conductors 
due t& equal and opposite charges on them of magnitude Q. Gauss’s 
law may be employed to demonstrate that the total charge on one of 
the conductors is proportional to the potential difference; by definition, 
C is the constant of proportionality. When the capacitance of a single 
conductor is referred to, it is implied that the other conductor is a 
spherical shell of infinite radius. 

Example 6: Parallel-Plate Capacitor. Consider the parallel-plate capacitor 
having plates of area A and separation d (Fig. 2-10). (d is assumed to be very 


+ Q + + + + + + + + + + + + + + + + + 

E 

-0 - 


Plate 1 


Plate 2 


Figure 2-10. Parallel-plate capacitor. 


small compared with the length and width of the plates so that the effect of 
flux fringing may be neglected.) If the plates have a charge of magnitude Q, 
the surface charge density will be 


9 * 


Q 

A 


The electric field strength E between the plates is uniform and of magnitude 


£ = 


e 


where e is the dielectric constant of the medium between the plates. 
The voltage between the plates will be 
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The capacitance is 


E-rfs = Ed 


V Ed d 


Because of their usefulness in later work the capacitances for two other simple 
cases will be found. 



Example 7: Concentric Conductors . It is required to determine the capaci¬ 
tance per unit length between two infi¬ 
nitely long concentric conducting cylinders 
(Fig. 2-11). The outside radius of the inner 
conductor is a and the inside radius of 
the outer conductor is b. 

Assume a charge distribution p L cou¬ 
lombs per meter on the inner conductor 
and an equal and opposite charge on the 
outer conductor. Because of symmetry the 
lines of electric flux will be radial and 
Figure 2-11. Concentric conductors. the displacement through any cylindrical 

shell will be p L coulombs per unit length. 
The magnitude of the displacement density will be 

D = 

lltp 

and the magnitude of the electric field strength will be 

E = 

iTtpe 

The voltage between the conductors is 


Flux line- 


J a ' J a 2npe r 
The capacitance per meter will be 

r _ _ 27re 

~ K “In b/a 

For the air dielectric for which e = 1/(367r x 10 9 ) 

r _ IQ ' 9 

18 in b/a 


F/m (2-40) 


F/m. (2-41) 


Example 8: Parallel Cylindrical Conductors . The method for determining 
the electric field for this case has already been considered. A pair of line 
charges, appropriately located, would make the surfaces occupied by the con¬ 
ductors equipotentials (Fig. 2-12). If the radius of the cylinders is a and the 
separation between their axes is b , then, in terms of the notation used in con¬ 
nection with Fig. 2-3, 

L-dlLt! 
a k 1 -1 
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■ Line charge 



Figure 2-t2. Parallel cylindrical conductors. 


a ~ k 2 - 1 


b _ k 2 + 1 
a /: 

ak 2 — bk ~r a — 0 
, b + Jb 1 - 4a 2 


But I k = — 

1 r a 

. £5 __ 6 + VZ? 2 — 4 fl 2 
* r a ~ 2a 

The potential at the surface of one conductor is given by eq. (27) 

y. = £&. in b - + ~ 4g2 

1 27re 2 a 

where is the charge per unit length. 

When the separation is large compared with the radius, that is when 
b^> a> this becomes 

Vi = In — 

2tT€ a 

The potential at the other conductor will be equal and opposite. Hence 

V = Vi - v, = in 

7re 2a 

The capacitance per unit length is 


c = p 4 = 


V b 4- \/l> 1 — 4a 2 

ln - Ta - 


If b >> a the capacitance is given very closely by 


For an air dielectric between the conductors 


F/m (2-42) 


36 ln b/a 


F/m (2-43) 
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Example 9: Capacitance of a ( Finite-length ) Wire or Cylindrical Rod. In 
the first two of the above three examples the charge distribution was uniform 
over the conductor surfaces and so the potential distribution could be deter¬ 
mined directly and exactly. In the third example the charge distribution was 
not known but the potential was obtained by showing that the problem was 
similar to that of a pair of line charges for which the exact solution was 

known. In practice there are very few problems that can be solved so simply. 

In most actual problems the charge distribution is unknown and there are no 
methods available for obtaining an exact solution. It is then necessary to set 
about finding an approximate solution. 

In the present problem it is required to determine the capacitance of a 
straight horizontal wire or conducting rod elevated at a height h above the 

earth. The rod has a length L — 1 meter and a radius a — 0.5 cm, and is 

elevated at a height h = 10 meters (Fig. 2-13). 


J < 

L 

( 0 2* 


1 r 


h 


V"7 / / "7 / /~7 / ////// 

Figure 2-13. An elevated wire or rod. 

For a first attack on the problem it will be assumed that the height above 
the earth is very great so that the problem is that of determining the capaci¬ 
tance of a cylindrical rod remote from the earth. The boundary condition is 
that the surface of the rod be an equipotential surface. Obviously the charge 
distribution cannot be uniform along the length of the rod because such a 
distribution produces a potential that varies along the length of the wire. 
Moreover there is apparently no straightforward method available for finding 
the correct charge distribution, which will make the surface an equipotential. 
This is a typical practical problem. 

This particular problem was solved many years ago by G.W.O. Howe, using 
a method of attack that is now used very frequently in electrostatic and elec¬ 
tromagnetic problems. It is first assumed that the charge distribution is uniform 
(even though such an assumption is known to be incorrect). The potential 
along the wire due to this uniform charge distribution is calculated. It is then 
assumed that the true potential, which actually exists along the surface of 
the wire, is equal to the average value of this calculated potential. Knowing 
the potential for a given total charge the capacitance of the wire is obtained 
from C = G/K a yg. 
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Solution : Figure 2-14 shows the rod, which is assumed to have a uniform 
charge distribution on its surface of amount pL coulombs per meter of length. 


i H Ajf t- r r , 

D 

V _L 

(r-- -a 

)f 

. - V ... - -| 



X -j 



m £ 131 



r 



Figure 2-14. Surface charge is replaced by a line charge 
along the axis for the purpose of computing potential. 


The surface charge density is then p L /27ta coulombs per square meter. The 
charge on each element of area contributes to the potential at a point p on 
the surface and the total potential at p can be obtained by integrating these 
contributions over the surface of the wire. It is possible to simplify this part 
of th^ problem in the following manner. It is known that the equipotential 
surfaces about a line charge of infinite length are cylinders whose axes coincide 
with the line charge. If a conducting cylinder is made to coincide with one 
of these equipotential surfaces and is given a charge per unit length equal to 
that of the line charge, the electric field in the region about the cylinder will 
be exactly the same as that produced originally by the line charge. 

Thus, as far as the potential outside of it (and on its surface) is con¬ 
cerned, a long charged cylinder may be replaced by a line charge situated 
along its axis and having the same charge per unit length as the cylinder. 
Applying this principle in Fig. 2-14, the contribution to the potential at a 
point on the surface due to the charge on an element of length A* located 
at point x along the axis will be 


AK = 


Pl^x 

47reVC* 7 — xf + a 2 


(2-44) 


where p L is the charge per unit length. The total potential at x f due to the 
assumed charge distribution along the axis is 




1 dx 

47re J o +J(x f — xf + a 1 


_ Pl 
47re 

_ PL 
47T€ 


sinh 


— sinh 




(2-45) 


From eq. (45) the potential at the middle of the rod will be 
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and the potential at each end is 


= r.'-z = 


5.99 p L 
Aite 


The potential can be calculated at other points along the length to obtain the 
resulting distribution, shown by Fig. 2-15. 

The average potential along the rod may be found by integrating eq. (45) 
(with respect to x') over the length of the rod and dividing by L. 


Fa vs — 


Pl 


;Jo [- sinh_1 ^~ir) + sinh ~ l (£)] dx ' 


= -£i-\ - (x' - L) sinh- 1 l— -- 


AneL \ 


+ x' sinh' 1 (ij — V* 2 + a 


+ VW ~ W- + a 2 


= 

2^*6 


L +Sinh ~'(a) V 1 + P 



Figure 2-15. Potential distribution along the rod calculated 
from assumed uniform charge distribution. 

Substituting numerical values 

y = [0.005 + sinh' 1 200 - (1 + 0.00001)] 

Lite 

= 5 - QQ P L 

27t€ 

The capacitance of the rod (remote from the earth) will be (approximately) 

C = ■ = 11.11 pF 

The effect of the proximity of the earth can be accounted for by means of 
the image principle, A negative charge —ptL located at the position of the 
image will decrease the average potential of the rod slightly. With negligible 
error this negative charge can be considered as being located at a point at 
the center of the image a distance 2 h from the rod and the potential at the 
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rod due to this negative charge will be 

jr _ — PlE _ _0.05 p L L 

imase 47te X 2 h 47re 

The average potential of the rod including the contribution from the image 
charge is 

= £L (10.0 - 0.05) = -- 9 - p ? 

3 47T6 4 7te 

The capacitance of the rod including the effect of the presence of the earth 
will be 

C=£g=11.16pF 

The proximity of the earth has increased the capacitance by about \ of 1 per 
cent. It will be observed that in this case a 50 per cent error in computing 
the contribution from the image would affect the final answer a negligible 
amount. Therefore there is usually no justification for seeking a more accurate 
solution for this part of the problem. 

The method outlined above gives an approximate answer for the capacitance 
of the rod. The degree of approximation can be improved by assuming a 
second and different charge distribution, which will produce a more nearly 
uniform potential distribution. (This is easy to do once the potential distribu¬ 
tion due to a uniform charge distribution has been found.) It will be found 
(for this case) that the answers obtained with more nearly correct charge 
distributions do not differ appreciably from that obtained above. The correct 
value for capacitance will always be a little larger than that calculated from 
any assumed charge distribution. This is because the actual charge distribu¬ 
tion is always such as to make the potential energy of the system, and there¬ 
fore the potential of the rod, a minimum. 

2.10 Electrostatic Energy. When a capacitor is charged so that there 
exists a voltage V between its plates, there is a storage of energy, 
which can be converted into heat by discharging the capacitor through 
a resistance. The amount of energy stored can be found by calculating 
the work done in charging the capacitor. Since potential was defined 
in terms of work per unit charge, the work done in moving a small 
charge dq against a potential difference V is V dq. But the voltage V 
can be expressed in terms of the capacitance C and the charge q by 



Therefore the work done in increasing the charge on a capacitor by 
an amount dq is 
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The total work done in charging a capacitor to Q coulombs is 

Total work = \*±dq = \ < £ 

Therefore the energy stored by a charged capacitor is 

Stored energy = -j §’ = y V Q = y rc (2-46) 

Electrostatic energy also may be looked upon as the energy necessary 
to establish a given charge distribution in space. Suppose that all of 
space is initially field-free and that N point charges are brought in 
from infinity and located at specific points. The energy expended in 
locating the ith charge at the point r* (a vector indicating the point 
x u y u Zu where the potential is V t ) is given by 

< 2 - 47) 

in which R f j = |r t — t } \. 

No energy is used up in locating the first charge and thus the total 
energy is 

y i y i-i n n 

W=ZW i = -r±-'Z £ Mi (2-48) 

i=s 2 47re i =2 j=i Kij 

Note that the energy necessary 
to form each point charge has 
been ignored in the above deri¬ 
vation. The numbers over which 
the summation in (48) is carried 
out may be depicted as points 
in the i-j plane as shown in Fig. 
2-16. The summation in (48) is 
clearly over the triangular region 
marked A. Since the quantity 
being summed is symmetric in i 
and j, the same energy W would 
be obtained by a summation 
j over triangle B. Summation over 
both triangles must give 2 W, a 
Figure 2-16. result which may be stated as 

follows: 

i^j (2-49) 

07 1€ 1 = 1 j= 1 Kij 

A continuous distribution of charge may be dealt with similarly by 
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writing p(r) dV in place of q t and p(F) dV ! in place of qj. The summa¬ 
tions now may be replaced by integrations over volumes V and V which 
must be large enough to contain all the charge present. Note that the 
stipulation / ^ j in (49) now may be waived because point charges are 
not present (with their associated infinite self-energies). Thus the energy 
necessary to form a continuous charge distribution is 

W = J-\ f ^ r y ^ dV' dV (2-50) 

07re J v J v' R 

in which R — |r — r'|. 

Previous work on the field of a charge distribution shows that 

1 ' w = 4y, < Tr‘' r (2 - 51) 

Substitution of (51) into (50) gives the very important formula 

> tv= ±jrP(r)V(r)dV (2-52) 

The above formula for W may be put into another form if use is 
made of the identity 

V * (KD) = W *D + D* VF (2-53) 

Equation (52) may be transformed as follows: 

W = ^^ P VdV = \^VV-T>dV 

= ij [V-(KD)-D-VK] dV 

= i f FD • da + i f D • E dV (2-54) 

J s Jv 

If the surface S is allowed to approach infinity, the integrand in the 
surface integral must drop off at least as fast as r~ 3 and thus the 
surface integral vanishes. For this case, (54) becomes 

W = \ f e£ 2 dV (2-55) 

J all space 

Equation (55) is often interpreted as an assertion that everywhere in 
space there exists an energy density w given by 

w = i e£ 2 (2-56) 

This interpretation is frequently very useful but one must be cautious 
in applying it—only the energy integral (55) may be used without 
question. Note that energy may be computed either from the charge 
distribution (50) or from the electric field strength (55). Thus the 
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energy is said to be “associated with the electric charge” or alter¬ 
natively “associated with the electric field.”* 

Charge on a conducting surface. If charge is assembled on the sur¬ 
face of a conductor, that surface must be an equipotential. Under such 
circumstances (52) becomes 

W = iv\ Ps ds 
J s 

= iQV (2-57) 

in which V is the potential of the surface and Q is the total charge 
on it. Note that (57) is identical to (46). 

Force on a charged conductor . The force on a charged conductor 
may be calculated using the expression for energy density (56). If an 
elemental area A S on a charged conductor is depressed a distance A/, 
the increase in stored energy is 

APT — w AS A/ (2-58) 

Such a depression must be carried out against a force F and thus 

APT - F Al — f AS Al (2-59) 

in which / is the force per unit area (pressure). Comparison of (59) 
with (58) shows that 

/= w (2-60) 

If the surface charge density is p„ then (56) and (60) give 

/=ie£ 2 =-l£> 2 =i-p 2 , (2-61) 

If the concept of energy density is not used, derivation of (61) can 
be carried out using the concept of an electric field exerting a force 
on a charge distribution. In this case the electric field acting on the 
charge does not include the field due to the charge. A simple example 
is the parallel-plate capacitor. A “model” of the capacitor may be 
constructed using two charge sheets in space; such a model produces 
the same fields as shown in Fig. 2-17. The electric field strength at 
the positive sheet due to the negative sheet is given by p s /2e and con- 

* These statements represent two different points of view or two interpretations 
of a single set of experimental facts. The question of just where the energy “resides” 
in this case is similar to the question of where the potential energy is stored when 
a weight has been raised. The question seems to be one of philosophy or interpre¬ 
tation and as such is unanswerable on the basis of any physical measurements that 
can be made by the engineer. 
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Capacitor with conducting piates 


E-- 0 


-4 

< - 

e-4 


E-- 0 


Charge -sheet model 


\ 

sequently 


Figure 2-17. 


f= 



(2-62) 


as already derived using the energy density concept. 

2«11 Conditions at a Boundary between Dielectrics* Consider 
conditions at the interface between two dielectrics in an electric field. 
The dielectric constants of the media are e x and e 2 respectively, and 
it is assumed that there are no free charges on the boundary surface. 

Apply Gauss’s law to the shallow pillbox volume that encloses a 
portion of the boundary (Fig. 2-18). Since there are no charges within 
the volume the net outward displacement through the surface of the 
box is zero. As the depth of the box is allowed to approach zero, 
always keeping the boundary surface between its two flat faces, the 
displacement through the curved-edge surface becomes negligible. Gauss’s 
law then requires that the displacement through the upper face be 



Figure 2-18. Boundary surface between two dielectric media. 
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equal to the displacement through the lower face. Because the areas of 
the faces are equal, the normal components of the displacement densities 
must be equal , that is, 

Dm = D n , 

Thus there are the same number of lines of displacement flux enter¬ 
ing one face as are leaving the other face and the lines of electric 
displacement are continuous across a boundary surface. 

Whereas the normal component of D is the same on both sides of 
a boundary, it is easily shown that the tangential component of the 
electric field strength E must be continuous across the boundary. Re¬ 
ferring to Fig. 2-18(6) it is supposed that there are electric field strengths 
E x and respectively in medium (1) and medium (2). In the electro¬ 
static field the voltage around any closed path must be zero, that is, 

^closed path z= ^ ^ —■ 0 

Apply this to the rectangular path ABCD , in which AD is just inside 
medium (1) and BC just inside medium (2). The length of the rectangle 
is a, and its width is 6. 

E - ds — — E n% b + E u a + E n< b — E u a (2-63) 

where E tl and E h are the average tangential components of E along 
paths AD and BC and E nt and £ ni are the average normal components 
of E along the paths BA and CD. As the sides AD and BC are brought 
closer together, always keeping the boundary between them, the lengths 
AB and CD approach zero and the first and third terms in eq. (63) 
become zero (assuming that the electric field never becomes infinite). 
Therefore 

— E ix a + E tj a — 0 and E tl = E u 

The tangential component of E is continuous at the boundary. 

The two conditions: (a) Normal D is continuous at the boundary, 
and (b) Tangential E is continuous at the boundary are used to solve 
problems involving dielectrics. 

Example 10: Refraction. Consider the problem of Fig. 2-19 where an 
infinite slab of dielectric whose dielectric constant is € 2 , is immersed in a 
medium of ei. Let 6\ be the angle that the normal to the boundary makes 
with the lines of electric force in medium (1). Then the lines of E and D will 
be refracted in passing through the slab. 

Let Di and D 2 be the electric displacement density outside and inside the 
slab respectively, and Ei and E 2 be the electric field strength outside and 
inside the slab. Then 


Di = eiEx 
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D2 — €2 E2 

By the two fundamental principles stated above 

D\ cos 8 1 = D 2 cos 6 z 
Ei sin 81 = Eo sin 82 

j)r COt 81 = ^COt 0 2 
£-1 £-2 

Therefore 61 cot #1 = e 2 cot 8 2 

tan 6 \ __ £ 1 ^ 
tan # 2 — e 2 


(2-64) 


Equation (64) gives the relation between the tangents of the angle of in¬ 
cidence 8 U and the angle of refraction 82 in terms of the dielectric constants 
of the media involved. 


2.12 Cylindrical and Spherical Harmonics. It was pointed out in 
earlier sections of this chapter that, except for a few special cases, 
solution of Laplace’s equation, subject to the appropriate boundary 
conditions, was in general a quite difficult problem. There is a group 
of problems having a certain symmetry that may be solved approxi¬ 
mately by use of cylindrical or spherical harmonics. Because these 
functions are also required for later use in electromagnetic problems, 
they will be considered briefly here. 

For those problems which can be set up in cylindrical co-ordinates, 
and for which there is no variation of the field in the z direction, 
Laplace’s equation (38) may be written as 


LjL( 

p dp v dp) 


dp , 


, 1 

+ p 2 d<f > 2 


(2-65) 
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If a solution of the form V — p n Q n 

is assumed (where Q n is a function of cf> alone), then substitution of 
this solution back into (65) shows that Q n must satisfy the following 
differential equation: 


a 2 2n 


+ n 2 Qn = 0 


The solution of this equation is well known and has the form 


Qn = An COS n<f) + Bn SlU n<f) 


where A n and B n are arbitrary constants. It will be noted that when 
— n is substituted for +n, the same differential equation for Q results, 
so that Q- n can be put equal to Q n . Then, if p n Q n is a solution of 
(65), r~ n Q_ n — Qnjr 71 is also a solution. By inspection it is seen that 
V = In p is a solution of (65). Now if a function is a solution of 
Laplace’s equation, each of its partial derivatives with respect to any 
of the rectangular co-ordinates x,y, or z, (but not in general with 
respect to cylindrical or spherical co-ordinates) is also a solution. That 
this is so, may be verified by differentiating Laplace’s equation partially 
in rectangular co-ordinates. Differentiating the solution V = In p with 
respect to x yields (cos <f>)/p as another solution, while differentiation 
with respect to y yields (sin <£)/p. Successive differentiation leads to 
the following set of possible solutions of (65): 


cos <f> . sin <f> . cos 2<f> . sin 2 <f> t cos 3<£ . sin 3 <f> . 

in p, ~ > j 72 > 7 a > 73 » 3 » 

P r r r r r 


Replacing p~ n by p n gives a second set, viz.: 


pcos<£; psin<£; p 2 cos 2cf>; p 2 sin2<^>; p 3 cos3<fi; p 3 sin 3(f) 


These solutions of Laplace’s equation (65) are known as circular 
harmonics or cylindrical harmonics. These harmonic functions may be 
used to solve problems in which there is no variation of the field in 
the z direction. 


Example 11 : Conducting Cylinder in an Electric Field. A long conducting 
cylinder is placed in, and perpendicular to, a uniform electric field E x with 
the axis of the cylinder coincident with the z axis (Fig. 2-20). Determine the 
field distribution in the region about the cylinder. 

Although the field in the neighborhood of the cylinder will be disturbed 
by its presence, the distant field will be unaffected and will be just E x . 
Therefore, if the potential of the cylinder is taken as zero potential, the 
potential at a great distance p will be — E x p cos cj>. Also the surface of the 
cylinder, p = a, is an equipotential surface, which has arbitrarily been set at 
zero potential. The problem can be solved by finding that combination of the 
given cylindrical harmonic solutions that will also satisfy these two boundary 
conditions. The answer in this case happens to be quite simple, for it is 
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Figure 2-20. Conducting cylinder in a uniform field. 


evideht that the following combination of cylindrical harmonics, selected from 
those listed in the table, can be made to satisfy the boundary conditions: 

T r A JT , B cos d> 

V = Ap cos <p -}-— 

p 

For p very large (p oo) 


K — Ap cos (f> ~ —E x p cos <f> 


Therefore 
For p = a. 


A = -£ x 

t/• , i , J5coscf> A 

F = /la cos cp -1-2- = 0 

r a 


Therefore i? = —/la 2 = a 2 £ x 

Then V = ^ — p^ £ x cos <£ 


The components of electric field strength in the region outside the cylinder 
are given by 


E* ~ dp~ (p 2 + 0 Ex cos ^ 

E *=-J d 4={^- l ) Ex ^ (2 ' 66) 


Spherical Harmonics. For problems that can be set up in spherical 
co-ordinates and for which there is no variation in the direction, 
Laplace’s equation is 


V 2 K = 



+ 


1 a 

r 2 sin 6 39 



= 0 


( 2 - 67 ) 


Letting u = cos 9, so that du = — sin 0 <20, eq. (67) becomes 



( 2 - 68 ) 
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Again assuming that a solution may be found that has the form 

V = r n P n 

(where P n is a function of u — cos 0 alone), substitution into (68) 
shows that P n must satisfy the following differential equation: 


_d 

du 


<‘-"’> 3 ? 


+ n(n + l)P n = 0 


(2-69) 


Equation (69) is known as Legendre's equation . This is an important 
equation in field theory for it is encountered whenever solutions (in¬ 
volving variations with r and 9) are sought to Laplace’s equation or 
the wave equation in spherical co-ordinates. Solution to eq. (69) may 
be found by assuming a power series solution, which is inserted back 
into the differential equation. Equating the coefficients of correspond¬ 
ing powers, relations among these coefficients are found. The result 
is the following set of solutions for (69) 


Po= 1 

P x — u = cos 9 

p 2 = i(3 u 1 - 1) = K3 cos 2 9 - 1 ) = K3 cos 20 + 1) 
p z = i (5u 3 - 3m) = K5 cos 3 9 - 3 cos 9) 

= ^(5 cos 30 + 3 cos 0) 


(2-70) 


and so on. 

The function P n is called a Legendre function of the order n . 
Substitution of — (n + 1) for n in (69) results in the same equation, 
showing that P_ (n+ d = P n * 

Solutions to Laplace’s equation (67) can now be found by trial, 
using these Legendre functions. Alternatively, the solutions may be 
found as in the cylindrical harmonic case by a process of partial 
differentiation. By trial it is found that 


V = 


r 


is a solution of (67). Then differentiating partially with respect to z 
the following solutions are obtained: 


r 

A cos 0 
r 

y(3 cos 2 0 - 1) 

-L (5 cos 3 0 — 3 cos 0) 


1 

r cos 6 

r *(3 cos 2 6 — 1) 
r 3 (5 cos 3 6—3 cos 6) 


(2-71) 
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The second set has been obtained from the first set by replacing r“< n+1) 
by r n . The solutions to Laplace’s equation in spherical co-ordinates 
are called spherical harmonics . The particular sets (71), obtained for no 
variation with <f> are known more specifically as zonal harmonics because 
the potential is constant in each zone of latitude. 

Zonal harmonics can be used to obtain solutions to problems in 
spherical co-ordinates for which there is no variation in the <£ direc¬ 
tion. A simple example would be that of a conducting sphere placed 
in a uniform field which is parallel to the z axis. The solution to this 
problem follows in a manner similar to that of the conducting cylinder 
and is left as an exercise for the student. 

It is important to realize that only certain very special problems 
yield to an exact solution such as was obtained in the two examples 
above. In general, an infinite number of harmonic solutions would be 
required to satisfy the boundary conditions. However, just as any 
peri<ldic function (satisfying certain conditions) may be approximated 
by a finite number of terms of a Fourier series, so any problem hav¬ 
ing a geometry suitable for the application of these harmonic functions 
may be solved approximately by an appropriate combination of a finite 
number of them. 

The methods of this last section are also applicable in the solution 
of certain electromagnetic problems. Examples of such problems will 
be encountered in chaps. 13 and 14. 

2.13 The Electrostatic Uniqueness Theorem. Up to this point, 
boundary conditions have been specified without the assurance that 
they are sufficient to produce a unique solution. The adequacy of the 
boundary conditions may be determined by postulating two different 
solutions and looking for the conditions that will make those solutions 
identical. Consider a problem in which a given charge density p is 
contained in a volume V surrounded by a surface S. Suppose that V l 
and V 2 are two potentials satisfying Poisson’s equation: 

V 2 V x = — V‘V 2 = —£- (2-72) 

e e 

Suppose also that the potentials satisfy boundary conditions (as yet 
unspecified) on the surface S. 

Equations (72) suggest the formation of a difference potential V Q = 
V { — V 2 which satisfies Laplace’s equation, 

V 2 ^ — 0 (2-73) 

It is convenient now to introduce the identity 

V * (FqVFo) = Vq^Vq + VFq • VFo (2-74) 

Equation (74) may be simplified using (73) and integrated over the 
volume F. Application of the divergence theorem gives 



68 


Electrostatics 


§ 2.14 


f F„W„-«fc=f |VFo | 2 dV (2-75) 

J s J V 

The component of the gradient normal to S may be expressed as d/dn 
so that (75) may be expressed as 

\ s v >ik da = \v™' dv (2 ' 76) 

Uniqueness of the electric field strength means that VV l = VK 2 or 
VF 0 = 0 everywhere in the volume V. Equation (76) shows that such 
uniqueness is guaranteed if either V 0 = 0 or dV 0 /dn = 0 at all points 
on S. The condition V 0 = 0 means that V x = V 2 = V s on S ; specifica¬ 
tion of the potential function on S is called the Dirichlet boundary 
condition. The condition dV 0 /dn = 0 means that 

-? = E s on 5; specification of the normal derivative 

on on 

of the potential on S is called the Neumann boundary condition and it 
corresponds to a specification of normal electric field strength or charge 
density. If both the Dirichlet and the Neumann conditions are given 
over part of S then the problem is said to be overspecified or im¬ 
properly posed. 

An interesting corollary concerns the uniqueness of the potential. 
The boundary conditions established above state that 

Wi = vk 2 

or that V x = V 2 + a constant 

throughout the volume V, the presence of the arbitrary constant in¬ 
dicating that the potential is not unique. However, if the potential is 
specified at any point on S , then V x = V 2 at that point and the con¬ 
stant must be zero. In other words, the Dirichlet boundary condition 
specified on any portion of S guarantees the uniqueness of the potential. 

The uniqueness theorem may be applied easily to example 11. The 
boundaries are the cylinder of radius a at the origin and what may be 
regarded as a rectangular “box” at infinity, the sides of the box being 
given by x = ±°° and y = ±°°- On the cylinder V — 0 and thus the 
Dirichlet condition has been used. At x — ±oo, —dV/dx = E x while 
at y — it 00 , dV/dy — 0 and thus at infinity the Neumann condition 
has been used. As a result of these conditions both the electric field 
strength and the potential must be unique. 

2.14 Far Field of a Charge Distribution. In the derivation of the 
electric dipole field it was found that the field expressions became 
relatively simple at observation points far from the dipole (far com¬ 
pared to the length of the dipole). Far-field approximations are fre- 
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quently used and thus it is worth our while to derive a general far-field 
expansion valid for any charge distribution. 

Consider a charge distribution p to exist within the volume V 0 shown 
in Fig. 2-21. The potential V anywhere in space is given by (26) which 
may be re-stated as 

v ^-^ilrw dv ' < M7 > 

in which dV' = dx' dy’ dz f . 

Observation point 



Origin of co-ordinates 

Figure 2-21. Far-field co-ordinates. 


The problem is one of finding an expansion for 

Rr l = [( x - xj + (y- yj + (z - z0 2 ]- (1/2) 
= [r 2 - 2rr f cos + r'T W) 

I -0/2) 


= r- 1 [i — 2 (y) cosv+ (-y-) 2 


(2-78) 


The binomial theorem may be used to expand (78) in an infinite series 
of the form 


R~ l =r l 1 + cos v(-jj + ^3 cos 2 v - l)(yV + 


(2-79) 


which is uniformly convergent for r’/r < — 1. Comparison of (79) 

with (70) shows that the coefficients are in the form of Legendre func¬ 
tions. Thus (79) may be expressed as 


= S P„ (cos ?)(—)' 
ti=o \ r } 


(2-80) 


An especially convenient form of (79) results if r' cos v is written as 
r f t: 


R 


1 + £ 7 i + 2? {3(r ' -f)2 " /2}+ ••• 


(2-81) 


Substitution of (81) into (77) and term-by-term integration gives the 
complete far-field expansion 
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4jreF(r) = — [ p{r')dV' \ p(r')(r'-f) dV' 
r Jv 0 r jv 9 

+ 1 J r< p(r')[2(r'• f) 2 - ! j]dV+... (2-82) 

The far field is always given by the first nonzero term in this expan¬ 
sion. Of course this far-field expansion is not valid for time-varying 
charges which produce radiation fields (to be discussed in chap. 10). 

2*1 5 Dirac Delta Representation for a Point Charge* Frequently 
it is convenient to write the charge density p in such a way as to 
denote a point charge. If a point charge of q coulombs is located within 
the volume V, then 

If the point charge is located outside V, then 

\ r PdV = 0 

The above conditions are satisfied if p is set equal to q multiplied by 
the three-dimensional Dirac delta discussed in chap. 1. Thus the charge 
density of a point charge of q coulombs located at r = r 0 may be 
written as 

P(r) = q8( r-r 0 ) (2-83) 

or in terms of one-dimensional deltas as 

p(r) = q S(x — x 0 ) 8(y — y 0 ) S(z — z 0 ) (2-84) 

For a point charge at the origin, (84) becomes 

p(r) = q8(x)8(y)8(z) (2-85) 

Line and sheet distributions of charge also may be represented using 
the Dirac delta. For instance, a line charge of p L coulombs per meter 
along the z axis has a volume charge density given by 

. p(r) = p L S(x)S(y) (2-86) 

and a charge sheet of p s coulombs per square meter lying in the x-y 
plane has a volume charge density given by 

p(r) = p,S(z) (2-87) 

The Dirac delta representation is used chiefly when writing Poisson’s 
equation. For a point charge of q coulombs, Poisson’s equation takes 
the form 

V*K = — 3-8 

e 


( 2 - 88 ) 
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In sec. 2.05 the Green’s function G was introduced as the potential of 
a unit point charge (valid for an unbounded, homogeneous region). If 
the point charge is located at r 0 , the function G must satisfy Poisson’s 
equation in the form 

V 2 (7 (r, r 0 ) = —— S(r — r 0 ) (2-89) 

e 

Example 12: Field of an Infinitesimal Dipole (Far-Field Expansion). The 
charge dipole of example 1 (Fig. 2-2, p. 38) may be represented by the volume 
charge density 

p(r) = q S(x) B(y) [s(r - -j) - S (z + y) ] 

The potential may be obtained using the far-held expansion (82). The first 
term in (82) must be zero because the total charge is zero. The second term 
may be evaluated as follows: 

I 

47teV(r) = X f p(t')(t' ■ r) dV' 

= ~r JJj <? S(x') 8(/)[s(z' - y) - 8(z' + y) J z' COS 6 dx' dy' dz' 

— ^ CQS ft 


2«16 Dirac Delta Representation for an Infinitesimal Dipole* In 

examples 1 and 12, the potential due to an infinitesimal dipole was 
found by evaluating the far held of a Unite dipole. Alternatively, one 
might look for a suitable representation for an inhnitesimal dipole so 
that far-held approximations would be unnecessary. Such a distribution 
may be derived by writing an expression for the charge density with 
Unite spacing and then letting the spacing approach zero. With reference 
to example 12, 


PC r) = lim [q S(x) S(y) [s (z - 1) - 8 (z + -j )] j 


= lim ) — ql8(x)S(y) 


(z+4)-S (i~£) 


If it is noted that the quantity in square brackets is the derivative of 
the Dirac delta and if the dipole moment p is dehned as 


p = lim ( ql ) 

f-0 


(2-90) 


then the charge density of an infinitesimal dipole becomes 

pO) = —P ■§(*) SO) S'(z) 


(2-91) 
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Frequently the dipole moment p is expressed as a vector p by assigning 
to it the direction of a line drawn from the negative point charge to 
the positive point charge. Thus for the charge distribution in eq. (91), 

p = 2p (2-92) 


Example 13: Potential of an Infinitesimal Dipole (S' Charge Distribution ). 
The charge density given in (91) may be substituted into (77) in order to 
calculate the potential V. 

8QQ8(/)8V) 


4?re V(t) = -p 

= i: 


V(* - X'f+(y - y'f + (z - z'J 


===5 dx' dy' dz' 


S'(zQ 

^x 2 +/+(z- zj 


dz' 


As shown in chap. 1, integration over a S' amounts to an evaluation of minus 
the derivative at the point where the S is located. Thus 


4*re K(r) = [* 2 + / + (*- z') 2 H (l/2) } f> _ 


~ P (x 2 + y 2 + z 2 ) 3 ' 2 
_ p cos <9 

r 2 


in which r 2 = x 2 + y 2 4* z 2 


and 


r cos 8 = z. 


PROBLEMS 

1. If a fiat conducting surface could have placed on it a surface charge 
density p 3 = 1 coulomb per square meter, what would be the value of the 
electric field strength E at its surface? 

2. A point charge q is located a distance h above an infinite conducting 
plane. Using the method of images find the displacement density normal to 
the plane and hence show that the surface charge density on the plane is 

__ qh 
P ’ ~ l%r 3 

where r is the distance from the charge q tb the point on the plane. Integrate 
this expression over the plane to show that the total charge on its surface 
is — q. 

3. Show that the capacitance of an isolated sphere of radius R is 

47C€ 0 R farads 

4. Verify that the capacitance between two spheres, whose separation d is 
very much larger than their radii R, is given approximately by 
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~ _ 47T6o^^ 
C ^2 (d-R) 


27te 0 R 


Hence show that the capacitance of a sphere above an infinite ground plane 
is independent of the height h above the plane when h > R. 


5. Verify that the expression for the potential due to an electric dipole 
satisfies the Laplace equation. 


6. Verify that the expression obtained for the potential due to two parallel 
oppositely charged wires, viz., 


V- 


iTCe 



qL 

27re 


In 



( x ~t) 

r +r 

7 ~i 


i 2 +/ 


is a solution of the Laplace equation. 

7. A very long cylindrical conductor of radius a has a charge q coulombs 
per meter distributed along its length. Find the electric field strength E in air 
normp.1 to the surface of the conductor (a) by applying Gauss’s law; (b) by 
finding the potential V and deriving the electric field strength from E = —VV. 

8. (a) Verify that V = In cot 0/2 is a solution of V 2 V = 0. (b) Hence show 
that the capacitance per unit length between two infinitely long coaxial cones 
(Fig. 2-22), placed tip to tip with an infinitesimal gap between them, is 


r _ ne 7te 

° ~ In cot 0i/2 38 In 2/0, 

for small angles of 0,. 





Figure 2-22. 


Figure 2-23. 


9. (a) Find the electric field distribution between the hinged plates [Fig. 
2-23(a)] and the charge distribution on the plates in a region not too close to 
the edges (that is, neglect fringing). The plates are insulated at the hinge. 
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(b) If the plates are 1 meter wide and very long [Fig. 2-23(6)], estimate 
roughly the capacitance between them per meter length when 6 — 10 degrees; 
when 0 = 180 degrees. The insulating hinge extends from r = 0 to r — 1 cm. 
(Don’t forget the outside surfaces). 

10. The general definition for the voltage between two points in an elec¬ 
tromagnetic field is 

Va> = J’e-A 

By taking the point b to infinity, show that in an electrostatic field due to a 
charge q the voltage at a (with respect to the voltage at infinity) is the same 
as the potential at a as defined on page 36. That is, show that 

y — ? 

a “~ ~ 4?reR 

where R is the distance of a from the charge q, 

11. By the methods of sec. 2.12 derive a set of solutions to Laplace’s 
equation (a) in cylindrical co-ordinates, starting with 

V = kef) 

(b) in spherical co-ordinates starting with 

V — k In tan ~ 

12. In example 9, the capacitance of a thin, isolated wire was calculated 
approximately using the average potential (at the wire surface) of a uniform 
line charge. Re-formulate the solution to the same order of accuracy using the 
concept of the energy required to assemble a charge distribution in space. 

13. Derive a far-field expansion for the potential of a charge distribution 
by assuming that the observation point is so far from the charge that in Fig. 
2-21 the vector R is essentially parallel to the vector r. Work out the first 
three terms in the series and compare them with (82). 

14. Find the potential in the far field for the linear quadrupole having 
three point charges located on the z axis. Assume 
charges 2Q at z = 0, —Q at z = a and —Q at z = —a. 

15. A grounded spherical conductor of radius a 
is surrounded by a charge cloud of uniform density. 
The cloud contains a total charge Q and is spher¬ 
ically symmetric, extending from radius a to radius 
6. Find E and V everywhere in space (K = 0 at 

/ r = oo). Also find both the total induced charge 
and the pressure on the conducting sphere. 

16. A distributed dipole charge distribution has 
a charge density given by (see Fig. 2-24) 

pit) = ® S(x) S(y) T(z) 



Figure 2-24. 
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T(z) = +1 for 0<z<L 

= — 1 for — L < z < 0 

= 0 elsewhere 

(a) Find the potential V in the far field. 

(b) Find a closed-form expression for E z valid everywhere in space. 
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Chapter 3 


THE STEADY MAGNETIC FIELD 


Electric charges at rest produce an electric field—the electrostatic 
field. Electric charges in motion, that is, electric currents, produce a 
magnetic field. This is evidenced by the fact that in the region about 
a wire carrying a current, each end of a magnetic compass needle ex¬ 
periences a force dependent upon the magnitude of the current. There 
is said to be a magnetic field about the wire, and the direction of the 
magnetic field is taken to be that in which the north-seeking pole of 
the compass needle is urged. The strength H of the magnetic field was 
originally defined by Coulomb in a manner similar to that for the electric 
field strength E\ A unit magnetic pole was first defined in terms of 
the force between two similar poles, and then the magnetic field strength 
was defined in terms of the force per unit pole. In electromagnetic 
wave theory, magnetic fields due to electric currents are of chief con¬ 
cern and the effects of permanent magnets are of little importance. 
Therefore the above approach will be discarded for one that leads more 
directly to a solution of the type of problems encountered in electro¬ 
magnetic engineering. 

3.01 Theories of the Magnetic Field. It is possible to develop a 
quantitative theory of the magnetic field from any of several different 
starting points. Rowland’s experiments showed that moving charges 
produce magnetic effects. Therefore a theory based upon the magnetic 
forces between individual moving charges would be logical. In this 
theory permanent-magnet effects are ascribed to the motion of external 
electrons about the atomic nuclei. This theory is used in modern 
physics, and can be developed to answer most of the questions that arise 
in connection with magnetism. Some such fundamental approach is 
required whenever it is necessary to deal with individual charges, but 
in most engineering problems, where only macroscopic effects are con¬ 
sidered, such a procedure involves an unnecessary complexity. The 
motion of a single electron in a wire is an erratic and highly unpre¬ 
dictable affair, subject to forces that vary greatly in the small length 
of interatomic distances. Yet, the intelligent sophomore experiences 
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little difficulty in predicting with fair accuracy the statistical average 
motion of millions of electrons by a simple application of Ohm’s law. 
For most engineering problems it will be the magnetic effect of currents 
rather than the motion of individual charges that will be of importance, 
and it would seem reasonable to use the forces between currents as a 
starting point. Ampere’s experiments on the force between current- 
carrying conductors form a logical starting point for this development 
and lead to quite satisfactory engineering definitions, especially when 
the end result desired is in terms of mechanical forces; for completeness, 
this approach is outlined briefly in sec. 3.10. In electromagnetic wave 
theory, however, primary interest is in the relations between electric 
and magnetic fields, and a different starting point proves to be con¬ 
venient. This starting point is Faraday’s induction law, which relates 
the magnetic flux through a closed path to the voltage induced around 
the path. This relation, which defines magnetic flux in terms of a 
measurable electric voltage, is the starting point that will be used in 
the present discussion of magnetic fields. 

Still another attack that is often used in electromagnetic theory is 
to postulate a vector potential due to the currents, and then obtain a 
magnetic field in terms of this potential. This vector-potential method 
has the marked advantage that it can be readily extended to the gen¬ 
eral case where the currents vary with time—the electromagnetic 
field—and in this latter case it will also yield directly the electric 
field produced by changing currents. In general, use of the vector- 
potential method simplifies the mathematical analyses and facilitates 
the solution of electromagnetic problems. Therefore it will be devel¬ 
oped and used. However, instead of starting with a postulated poten¬ 
tial and deducing from it the electric and magnetic fields, the reverse 
procedure will be used. The electric and magnetic vectors will be 
defined in terms of relations derived from experiments, often performed 
under restricted conditions. These definitions will then be generalized 
for use in the electromagnetic field, and in the process a potential 
will be found such that the space and time derivatives of this poten¬ 
tial will give the magnetic and electric fields. The generalizations may 
be considered valid as long as conclusions derived from them agree 
with subsequent experiment. 

Finally, a most logical approach to a theory of the magnetic field 
is through an application of special relativity theory to an “electro¬ 
static” field, the source charges of which are in motion relative to the 
observer. By this means, it can be demonstrated that “magnetic” 
effects follow directly from Coulomb’s law and the Lorentz contrac¬ 
tion applied to moving charge densities. Because of its generality, and 
the deeper understanding of electromagnetic theory that it brings, this 
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method will be treated in some detail (in chap. 18). However, it is 
believed that better appreciation of the power of this approach is 
gained after the student has attained some familiarity with Maxwell’s 
equations and basic electromagnetic theory. Therefore for the present 
the magnetic field will be introduced through Faraday’s law. 

3*02 Magnetic Induction and Faraday’s Law* In the experimental 
setup indicated in Fig. 3-1, a ballistic galvanometer is connected to a 
_ loop placed near a long straight wire, 

carrying a current J. Probing with a 
magnetic compass needle shows that there 
is a magnetic field in the region about 
the wire. At the position of the loop 
B 0 || shown, the direction of the field is out 

of the plane of the paper for an upward 
flow of the current L If now the current 
I is reduced to zero, the galvanometer is 
J/ deflected, the amount of the deflection 

being independent of the rate at which 
the current is reduced to zero, so long 
as the time required is short compared 
with the period of the galvanometer. The 
current I g through the galvanometer flows 
as a result of a voltage V “induced” in 
the loop and is given by 

i 

Q R 

where R is the total resistance in the galvanometer circuit (R is a 
very large resistance). The galvanometer deflection is a measure of the 
charge Q or the time integral of the current through it, so that 



Figure 3-1. Measurement 
of magnetic flux. 




Vdt 


is an experimentally determinable quantity. Magnetic flux d> through 
the loop is then defined as the time integral of voltage induced in the 
loop throughout the interval during which the magnetic field is being 
established; or having been established, as the time integral of voltage 
throughout the interval in which the field is being reduced to zero. 
(These quantities are equal but of opposite sign.) That is, 

<&= ± f Vdt (3-1) 

J 0 

where the time interval 0 to t is that required to establish the field 
or reduce it to zero. Differentiating with respect to time gives 
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which is Faraday’s induction law. Consistent with a right-hand co¬ 
ordinate system, the negative sign has been used to indicate that when 
the flux is increasing in the positive direction (out of the paper 
through the loop in Fig. 3-1), the induced voltage is negative. It is 
evident from eq. (1) or (2) that the unit of magnetic flux is the volt- 
second; this unit has been named the weber. 

3*03 Magnetic Flux Density B* The magnetic flux per unit area 
through a loop of small area is called the magnetic flux density B at 
the location of the loop. Because the flux through the loop depends 
upon the orientation of the loop as well as upon its area, magnetic 
flux density is a vector quantity. The direction of B is taken as the 
normal to the plane of the loop when oriented to enclose maximum 
flux. The positive sense of B is the direction of the magnetic field at 
the ^>oint in question. The unit of magnetic-flux density is the tesla 
or weber per square meter . The magnetic flux through any surface is 
the surface integral of the normal component of B, that is 

<£ = f B n da = f B • d 2 L 
J s J s 

3*04 Magnetic Field Strength H and Magnetomotive Force 

Using a small probe loop and galvanometer as in Fig. 3-1, it is pos¬ 
sible to determine B at all points in a region about a long current- 
carrying wire. Experiment shows that for a homogeneous medium, B 
is related to the current I through 

B oc el (3-3) 

where r is the distance from the wire and p is a constant that depends 
upon the medium. The constant fi, called the permeability of the 
medium, may be written as 


/M — fl r F v 

where fi v is the absolute permeability of a vacuum, and fi T is the 
relative permeability (relative to a vacuum). is the basic defined 
electrical unit, which has been assigned the value 

fi v = 4rf X 10- 7 henry/meter 

in the rationalized MKS system of units. Using this value of fi Vj and 
probing the field about the wire in a vacuum for which fi r = 1 (or 
in air for which fi r ^ 1), the proportionality factor in (3) is found to 
be 1/2tt, so that the relation becomes 




80 


The Steady Magnetic Field 


§ 3.04 


(3-4) 

where 

h =L a /“ 

The magnetic field strength H is thus defined by this relation in terms 
of the current which produces it and the geometry of the system. 
Magnetic field strength is a vector quantity, having the same direc¬ 
tion as the magnetic flux density (in isotropic media), so the equality 
expressed by (4) can be stated as the vector relation 

B = fiH (3-4a) 

Although no longer defined in terms of unit poles, the relative value 
of H at any point may be indicated by the force on one end of a 
magnetized compass needle. 

Under the conditions of the above (long-wire) experiment, H, the 
magnitude of the magnetic field strength is independent of the perme¬ 
ability of the medium, depending only on the current and distance 
from it, while B is dependent on the permeability of the medium. In 
this sense H may be pictured as a magnetic “stress” that drives a 
“resultant” flux density through the medium. This particular viewpoint, 
and indeed the names selected for the vectors E , D, B and H , suggest 
that H is analogous to E and B is analogous to D. However, as is 
discussed in sec. 3.14, an equally valid analogy relates E to B and D 
to H. 

The line integral 

■F= f nds 

J a 

is defined as the magnetomotive force between the points a and h . For 
a circular path about the wire, with the wire at the center, H has 
the constant value Ij'htr and is directed along the path, so that 

' 3F=jn-ds=I (3-5) 

It is easily demonstrated that this same result (5) will be obtained 
for any closed path about the current. Equation (5) is Ampere's work 
law or Ampere's circuital law . The positive directions (or senses) of 
magnetomotive force and current are related by the familiar “right- 
hand rule.” 

Ampere’s work law makes it easy to compute H in certain prob¬ 
lems. For example, consider the toroidal coil of Fig. 3-2, consisting of 
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1 Figure 3-2. Toroidal coil. 

a large number of closely spaced turns on a tubular core. For any 
closed path C taken around the core inside the winding, the magne¬ 
tomotive force will be 

SF = nl 

where n is the number of turns and, therefore, the number of times 
the path links with the current I. If D , the thickness of the core, is 
small compared with R , the radius of the ring, the radii of all circular 
paths through the core are approximately equal to R , so that at any 
point within the core 

v _ 3* nl _ nl , 

H 2nR~ 2nR~ ~T am P ere turas / m 

with / = InR denoting the length of the coil. The magnetic field 
strength is nearly uniform throughout the cross section of the core 
and is equal to the ampere turns per unit length. 

Another example, in which H is simply related to the current 
that produces it, is the case of two very large closely spaced parallel 
planes carrying equal and oppositely directed currents (Fig. 3-3). The 
magnetic field is confined to the region between the planes and is 
found to be uniform (except near the edges) and independent of the 
distance apart of the planes as long as this distance is small compared 
with the other dimensions. In Fig. 3-3 the current is assumed to be 
flowing in the positive jc direction (outward) in the upper plate. 

Then if J 3X represents the current per meter width flowing in this 
plate, Ampere’s work law states that 
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Figure 3-3. Parallel-plane conductors. 


| H • ds = - yd = J sx (y2 - yd 

A BCD A 

from which 


Hy — J sx A/m 

The magnetic field strength is equal in magnitude to the linear cur¬ 
rent density (amperes per meter width) flowing in each of the planes. 
It is parallel to the planes, but perpendicular to the direction of cur¬ 
rent flow. 

3.05 Ampere’s Work Law in the Differential Vector Form. Am¬ 
pere’s work law states that the magnetomotive force around a closed 
path is equal to the current enclosed by the path. That is 



amperes 


(3-5) 


This law may be put into an alternative form as follows: Consider a 
conducting region in which there is a current density J (Fig. 3-4). 
Let ABCD be an element of area parallel to the x-y plane, and let 
the co-ordinates of the, point A be (x, y, z). The magnetomotive force 
around the closed path ABCDA can be obtained by summing the 
magnetomotive forces along the four sides of the rectangle. If the 
average value of H x over the path AB is represented by H x and the 
average value of H y over the path AD is represented by H yi then the 
following relations will hold: 

mmf from A to B = H x Ax 

mmf from B to C = [h v + Ajcj A y 
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Figure 3-4, 


mmf from C to D = - (h x + Ay^ Ax 

mmf from D to A = -- H v Ay 
Adding on both sides, 

mmf around closed path = Ax Ay 

The current flowing through this rectangle is 

dl = J z Ax A y 

Therefore by Ampere’s law, 

As Ajc and A y are allowed to approach zero, H x becomes H x , and H y 
becomes H y , so that in the limit 


(3-6a) 


8H, djh_ r 

dx ~ dy ~ z 

Next if the element of area is taken parallel to the y-z plane, and 
then parallel to the z-x plane, the following relations are obtained: 


dH t 

8H *-j 

dy 

~ Hz ~ 

3H X 

dH,_ j 

dz 

~ dx ~ v 


(3-6b) 


(3-6c) 
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The three scalar eqs. (6a), (6b), and (6c) can be combined into the 
single vector equation 

V x H = J (3-6) 

This is an alternative statement (in the differential vector form) of 
Ampere’s law. Equations (5) and (6) are stated correctly for a right- 
hand set of co-ordinate axes, and it is seen that the right-hand rule 
for determining the direction of H is included in both of these 
statements. The differential forms (6) of the equation require a homo¬ 
geneous medium because the space derivative has no meaning at a 
discontinuity of the medium. When the path under consideration 
crosses a discontinuity the integral form (5) is suitable. 

Interpretation of V x H. Equation (6) relates the curl of the 
magnetic field to the current density that exists at any point in a 
region. A study of this relation is helpful in obtaining a physical 
picture of the curl of a vector. The picture can be made clearer if 
eq. (6) is integrated over an area to give 

f V X H - da = f J * da (3-7) 

J s J s 

The right-hand side of (7), being the current density integrated over 
a surface S , is just the total current I flowing through the surface. 
Recalling the original form of the statement of Ampere’s law in eq. 
(5) shows that the following relation must be true: 

V x H • da. = <j> H • ds (3-8) 

This relates the integral of V x H over a surface to the line integral 
of H, or magnetomotive force, around the closed path bounding the 
surface. If the surface is reduced to an element of area da , the left- 
hand side becomes (V X H) • da. Dividing through by da , the result is 

V X H • fl = (<j) H • ds)/da, which may be interpreted as: V x H equals 

the magnetomotive force per unit area. The direction of V x H is 
that direction fl of the area da that results in a maximum magneto¬ 
motive force around its edge. 

Relation (8), derived here for the magnetic vector H, is simply a 
statement of the general relation (1-50) known as Stokes’ theorem. 
Stokes’ theorem, relating a line integral to a surface integral, provides 
a convenient means for interchanging an integral formulation and a 
differential vector formulation. For example, it is evident that in 
electrostatics the relation 


V X E = 0 
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follows directly from the statement that the voltage around any closed 
path is zero. 

3,06 Permeability ju In the examples of sec. 3.04 the magnetic 
field strength H has been related directly to the current that produces 
it. Using the toroidal coil example the magnetic flux <I> and therefore 
the magnetic flux density B within the core can be measured; the 

magnetomotive force H • ds, and therefore H , is known in terms of 

the current; therefore /x., and hence p, T , the relative permeability of 
the medium composing the core, can be determined from the rela¬ 
tions 

3 

= /Xr/t*; fi v = An X 10“ 7 henry/meter (3-9) 

For air and most materials the relative permeability is very nearly 
unity. For paramagnetic substances p T is very slightly greater than 
unity; thus for air it is 1.00000038 and for aluminum it is 1.000023. 
For diamagnetic substances p T is slightly less than unity; for copper 
(1 — 8.8 x 10“ 6 ); for water (1 — 9.0 x 10~ 3 ). However, for that excep¬ 
tional class of materials known as ferromagnetic materials (iron and 
certain alloys) the relative permeability may have a value of several 
hundred or even several thousand. In general, the permeability of these 
materials is not constant but depends upon the strength of the mag¬ 
netic field and upon their past magnetic history. However, for most 
applications of interest in electromagnetic wave theory, the range of 
flux densities involved is small enough that p may be considered 
constant. 

3,07 Energy Stored in a Magnetic Field* It is found experimentally 
that a certain amount of work is required to establish a current in a 
circuit. This work is done in establishing the current against the 
electromotive force induced in the circuit by the increasing magnetic 
flux, and the energy thus transferred to the circuit is said to be stored 
in the magnetic field. The amount of the energy so stored can be 
determined in terms of the extent and strength of the magnetic field 
by considering the elementary example of current flow in a toroidal 
coil as shown in Fig. 3-13. In this case, when the turns are closely 
spaced, the magnetic field is confined to the core of the toroid, and 
the magnetic field strength is given by 



where n is the number of turns and / is the mean length of path 
through the core of the coil. The back voltage induced in the coil is, 
by definition of magnetic flux <$>, 
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V = 


d<& 
n —j— 
dt 



where B is the magnetic flux density, and A is the cross-sectional 
area of the core. The work done in establishing the current I in the 
coil is 


W = 




= f ffl filAH dH 

J 0 


- IA 



(3-10) 


This is the total energy stored in the field, and since lA 
ume of the region in which the magnetic field exists, it 
that the quantity 


is the vol- 
is inferred 


T H\ 
2 


represents the energy density of the magnetic field. Whether or not 
it is considered desirable to ascribe a certain energy density t<? each 
small volume of space and so “locate” the energy, it is nevertheless 
true in general that the quantity fiH 2 / 2, when integrated over the 
whole volume (in which H has value), does give the correct value for 
the total stored magnetic energy of the system. 

3*08 Ampere’s Law for a Current Element* When a current I 
flows in a closed circuit the magnetic field strength H at any point 
is a result of this flow in the complete circuit. For computational 
purposes it is convenient to consider the total magnetic field strength 
at any point as the sum of contributions from elemental lengths ds of 
the circuit, each carrying the current I. The quantity Ids is called a 
current element . It is a vector quantity having the direction of the 
current, or what amounts to the same thing, the direction of the 
element ds in which the current flows. This may be indicated by writ¬ 
ing Ids or alternatively Ids. The two notations are used interchange¬ 
ably and to suit convenience in the particular problem. 

The magnitude of the contribution to H from each current element 
Ids cannot be measured directly, but is inferred from experimental 
results to be 
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jtt I ds sin 

dH = ~^w~ 


(3-11) 


R is the distance measured outward from the current element Ids to 
the point p at which H is being evalu¬ 
ated (Fig. 3-5). ^ is the angle between 
the direction of Ids and the direction 
of R. The direction of H is perpen¬ 
dicular to the plane containing Ids 
and R, in the direction in which a right- 
hand screw would progress in turning 
from Ids to R. This complete statement 
can be written in vector notation sim¬ 
ply as 



* R (3-12) Figure 3-5. 

47 xR 

I „ 

where R is a unit vector in the R direction. Equation (12) is known 
as Ampere's law for a current element (or sometimes as the Biot-Savart 
law). 

The total magnetic field strength H at a point p will be the sum 
or integration of the contributions from all the current elements of 
the circuit and will be 



Ids x R 
4 rcR 2 


(3-13) 


Examples of the use of (13) are given in sec. 3.10. 

3.09 Volume Distribution of Current and the Dirac Delta. Since 
currents are not necessarily confined to filamentary paths, it is useful 
to generalize (13) to include a current density J flowing within a 
volume K, as shown in Fig. 3-6. Under these conditions, the magnetic 



Figure 3-6. A volume distribution 
of current. 


a straight filament along the z 
amperes, then 


field strength may be expressed as 

H(r) = ^f F J( — dV' (3-14) 

where the prime is used to denote 
the co-ordinates of the source region. 
The current density may be used to 
represent filamentary currents by 
making use of the properties of the 
Dirac delta (discussed in chaps. 1 
and 2). If the current is confined to 
axis and if the total current is I 


J ^tlS(x) S(y) 
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Similarly if the current / is confined to a filamentary loop of radius 
a, then the current density is given by 

J = $I8(p-a) 8(z) 

The above representations satisfy the relation between current and 
current density 

/ = f J (3-15) 

J s 

in which S is an open surface. If S is a closed surface, then conser¬ 
vation of charge requires that the net, steady current passing through 
the surface be zero. Thus 

J • da = 0 

Application of the divergence theorem to the above yields 

J V • J dV = 0 

in which V is the volume enclosed by S. Since conservation of charge 
must hold for any arbitrary volume V, it follows that 

V * J = 0 (3-16) 

This is frequently called the equation of continuity for steady cur¬ 
rents, 

3.10 Ampere’s Force Law. Ampere’s experiments on the forces 
between current-carrying loops of thin wire led him to a formulation 
of the law obeyed by these forces. Suppose that two loops designated 

Ci and C 2 carry currents I { and L as shown in Fig. 3-7. The quanti¬ 



ties dsi and ds? are directed elements of length and the directed 

A, A 

distance between them is RR l2 in which Ri 2 is the unit vector drawn 
from point (1) to point (2). In its most general form, Ampere’s force 
law may be expressed as 

X (ds\ X R| 2 ) 

21 An J^Jc, R 2 
in which F 2I is the force on circuit C 2 . 


(3-17) 
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It is frequently convenient to regard the force as acting at a dis¬ 
tance on circuit C 2 through the intermediary of a magnetic field 
produced by current flowing in C x . This can be accomplished by separat¬ 
ing (17) as 


F 2l = fiTw dso X H 9l (3-18) 

j c t 

where [corresponding to eq. (13)] 

H " = K£, f T ! < 3 -‘ 9 > 

is the magnetic field strength due to the current I { in C x . Expression 
(19) was first deduced by Biot and Savart and is usually referred to 
as the Biot-Savart law. 

It is clear that the separation of force and “field” in (17) could 
have*been effected differently by including fi in (19) and deleting it 
in (18) to give 

Fji ~ d$<i x B 2 i (3-20) 

Jc t 

where 

B 21 = H 21 = (3-21) 

Example 1: The field of a long t straight wire. A long, straight wire may 
be regarded as part of a loop which is closed at infinity. The magnetic field 


z 



Figure 3-8. 
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strength may be calculated as follows: 


H (o, y, 0 ) = ^ J_ 


ds' x R 
R 2 



y _ dz 

/z^-f/(z /2 +/) 




This result usually is expressed in cylindrical co-ordinates as 



3.1 T Magnetic Vector Potential* la the electric field it was found 
desirable to introduce the concept of potential. In that case the elec¬ 
tric potential was a space function that depended upon the magnitude 
and location of the charges, the charges being the sources of the elec¬ 
tric field. The electric field was obtained from the potential V by 
taking the gradient or space derivative of V. This procedure was 
often found to be much simpler than that of trying to obtain E 
directly in terms of the magnitude and location of the charges. 

Similarly in the case of the magnetic field it would be desirable 
to be able to set up a magnetic potential , the space derivative of which 
would give B or H. Corresponding to the individual charges in the 
electric field case, the sources of the magnetic field would be the 
current elements Ids of the circuits that produce the field. The 
magnetic potential being sought would therefore depend upon these 
current elements. Assuming that a suitable magnetic potential can be 
found, the properties that such a potential must possess are easily 
determined by simple reasoning. 

Because the magnetic field that is to be derived from the potential 
is proportional to the strength of the current element Ids , the poten¬ 
tial itself must be proportional to Ids . Because the magnetic field 
strength due to a current element varies inversely as the square of 
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the distance R from the element (Ampere’s law), the magnetic poten¬ 
tial due to the current elements must vary inversely as the first power 
of the distance because the magnetic field is to be obtained by taking 
the space derivative of the potential. This is equivalent to dividing 
by R , as far as dimensions are concerned. The electrostatic potential 
due to charges was a scalar quantity. This was adequate in that case, 
because the charges themselves were scalars having magnitudes only. 
In the present case, the current elements have directions as well as 
magnitudes, and it is necessary that this additional information on 
the direction of the source be contained in the potential due to the 
source. Therefore the potential in this case must be a vector quantity, 
the direction of which will somehow be related to the direction of 
the current-element source. If this vector magnetic potential is des¬ 
ignated by the vector A, then it should be possible to obtain B or H 
as the space derivative of A. There are two possible space-derivative 
operations on a vector quantity, namely the divergence and the curl. 
The divergence operation yields a scalar quantity, whereas the curl 
operation yields a vector quantity. Inasmuch as the resulting magnetic 
field is a vector quantity, the curl is the only space-derivative opera¬ 
tion which can be used. Therefore, if there is a suitable vector mag¬ 
netic potential A, the vectors H or B should be derivable from it 
through the relations 

H-V x A or B = V x A 


Both of these relations have been used in the past, but in recent years 
the latter has achieved wider acceptance; accordingly 

B = VxA (3-22) 

will be adopted for this book.* For magnetically isotropic and homo¬ 
geneous media (with which this book is solely concerned) the perme¬ 
ability jjb is a simple constant, so the two forms are equivalent except 
for a constant multiplying factor. As indicated above, the relation 
between the magnetic vector potential and the current element source 
must be of the form 

dX = k (ir) (3-23) 

where the constant k is still to be determined. With one eye on eq. 
(12) a reasonable guess for the expression for the vector potential of 
a current element Ids would appear to be 


dA = 


pi ds 
4 tcR 


(3-24) 


♦The first edition used H — V x A. The authors have taken considerable pains 
to make all the necessary changes, but the alert student may discover omissions. 
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The vector magnetic potential (usually called just vector potential) 
due to current flow in a complete circuit is obtained as a summation 
or integration of vector potentials caused by all the current elements 
that comprise the circuit. That is 

a =js (3 - 2s > 

where the integration extends over the complete circuit in which I 
flows. As mentioned previously, the direction of a current element can 
be indicated by making either ds or I the vector quantity. In the latter 
case the expression for A would be 

a = [eJJi 
J 4 icR 

This expression can be written in a more general form by replacing 
the current / by a current density J and then integrating over the 
volume in which this current density exists. Then the expression for 
the vector potential A is 

a f fiJdV 

This reduces to the previous expression when the current flows in a 
filamentary circuit. 

Problem 1. Verify that if the proposed expression (24) for vector poten¬ 
tial of a current element is used with (22), the correct expression for magnetic 
field (11 or 12) is obtained. 

3*12 The Vector Potential (Alternative derivation)* The integrand 
in (14) may be modified by making use of the V operator operating 
on the unprimed co-ordinates. 

J(r '^ X - = -J(rO x V i- 

= V x ^ (3-26) 

This modification makes use of the vector identity V X (<£A) = q!>V X A 
-f- Vc ft x A and of the fact that J is a constant with respect to the 
unprimed co-ordinates. When (26) is substituted into (14), the curl 
operation may be taken outside the integral. Use of eq. (4a) permits 
B to be expressed as 


(3-27) 
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The above formula suggests immediately a definition for the vector 
potential A 

A(r)= HL e ¥- > ‘ <r (3 - 28) 

Thus the magnetic flux density may be obtained by taking the curl 
of A: 

B = V x A (3-29) 

Because div curl of any vector is zero, it follows directly that the 
divergence of B is zero. 

The use of the vector potential is a great convenience in finding 
the magnetic field due to a given current. The reason for this is the 
simplicity of the integral in (28) compared to the integral in (14). 
This simplicity is largely due to the fact that A is parallel to J (or, 
more precisely, to each volume element of current density there cor¬ 
responds a parallel element of vector potential). Evaluation of (28) is 
most easily accomplished by evaluating separately its three rectangular 
components. 


Example 3: Magnetic Field about a Long Straight Wire . Using the vector 
potential, let it be required to find the magnetic field strength about a long 
straight wire carrying a current L 

The general expression for vector potential is 



fjJ dV' 
4xR 


For this problem the current density J, integrated over the cross section of 
the wire, gives the total current L Also the current is entirely in the z direc¬ 
tion (Fig. 3-10) so that A has only one component, A z . 


Then, in a homogeneous medium, 

z 



For L > y, the vector potential is 
given approximately by 


Figure 3-10. Vector potential 
about a long, straight wire. 
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: ^ (In 2 L — In y) 


Then for a point in the y-z plane 

u _ ±,„ v *•> _±^£_L. 

fi vv 7 dy 2rty 

The lines of magnetic field strength will be circles about the wire, that is in 
the <f) direction. For any arbitrary point P, not necessarily in the y-z plane, 

/ 


H 6 = 


2n:r 


where r = *Jx 1 -f- y 2 is the distance of the point P from the wire. 


Problem 2. Let it be required to derive the expressions for the magnetic 
field about two long straight parallel wires, carrying equal and oppositely 
directed currents. Start with A z ^ In 2 L — In R) for a single wire. 

Answer: H x ~ — (V X A) x = — 

fJL v ' fJb dy 

_ / [ y±W 2) y-(dl 2) 1 

27 T r T\ r\ J 


Hy = 


P 


(V X A)y = - 


i 

/!/ 0X 


2tt 



where n, r 2 are the distances from each of the two wires to the observation 
point. 


3,13 The Far Field of a Current Distribution. The vector poten¬ 
tial integral (28) is valid for any observation point. If the observation 
point is far from the current distribution (that is, far compared to 
the largest dimension of the current distribution) it is possible to ap¬ 
proximate (28) using the R -1 expansion already discussed in chap. 2. 



Origin of co-ordinates 


Figure 3-11. Far-field co-ordinates. 
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With reference to Fig. 3-11, the expansion is given by 

1 


R 


r>r' 


(3-30) 


7l- 2 CO. *-£+(.£)' 

1 1 ( r f \ 2 

= — 1 + — COS l// 1 + ~2 (3 COS 2 — 1) (jyj + • • • 

= 7 | ?.(OOS +)(4" 

Substitution into (28) gives the required far-field expansion. 

1 + £p l J(r')[3(r' • f) 2 - r'^dV +••• 

Since the current must flow in closed loops, the first term must be zero. 
The first nonzero term predominates for arbitrarily large values of r. 


(3-31) 


Example 4: The Magnetic Dipole . The circular loop of radius a shown in 
Fig. 3-12 carries a current I and it is required to find the magnetic field far 




Figure 3-12, Observation-point and source-point co-ordinates. 


from the loop. Without loss of generality, the observation point may be as¬ 
sumed to be in the x-Z plane. The current distribution is given in cylindrical 
coordinates by 

J(r') = $l8 (p'-*)8(*') 

At the observation point the vector potential is entirely in the y direction 
since the x components from the current elements cancel when integrated 
around the loop. Thus A = <(>A$ = $A V and in the far field (31) shows that 
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Jifa') = I cos <f>' 8 (p' — a) S(z') 

r'-t = [fix'+ yy' + 2 z']-[y 0 bc + 2 z)] 

= [kp' cos <f>' + yp' sin <£' + lz'] ■ [£ sin 8 + ± cos 8] 

= sin 8 p' cos <£' + cos 8 z' 

A+ ~ 4 ^ 2 1 J* Q | 0 /cosc^)'S(p' — a ) S(z')[sin 0 p' cos <f>' + cos 0 z'] 

p' dp' d<f>' dz' 

— 4^2 J 0 cos 2 <£' d<f>' 

_ fjbla 2 sin 0 
“ 4r 2 


There will be two components of H at the observation point. Expanding H 
= 1 /fJb(V x A) in spherical co-ordinates gives 


tt 1 d , A . lijtcF) sin 8 

H)=z -]Tr8F (rA * )= 4^p- 


If these expressions are compared with those for the electric dipole it will 
be seen that they are identical when the electric moment ql of the electric 
dipole is replaced by 7ta 2 I for the loop. 7ta 2 is the area of the loop, and the 
product of this area and the current I is known as the magnetic moment of 
the loop. A small loop such as this is often referred to as a magnetic dipole. 


3«14 Analogies between Electric and Magnetic Fields* It is na¬ 
tural to draw analogies between the electric and magnetic fields. Such 
analogies are useful in helping to maintain orderly thought processes 
and often make it possible to arrive at conclusions quickly by com¬ 
parison with results already obtained in a diflerent but analogous 
problem. There are several possible analogies that can be drawn be¬ 
tween electric and magnetic fields, but two of these are particularly 
applicable to later work in the (time-varying) electromagnetic field. 
The first analogy considers D and H as analogous quantities and E 
and B as analogous quantities. This is based on consideration of the 
fact that displacement density D is related directly to its source, the 
charge, and is independent of the characteristics of the (homogeneous) 
medium in which the charge is immersed. Similarly the magnetic 
vector H can be related directly to its source, the current, and is 
independent of the (homogeneous) medium in which the magnetic 
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field exists. The vectors E and B are also related to their respective 
sources, charge and current, but show a dependence on the charac¬ 
teristics of the medium, that is on the dielectric constant, and mag¬ 
netic permeability respectively. This analogy is correct in the sense 
that it is self-consistent and can be made to give useful interpreta¬ 
tions. The second analogy, which is equally valid, considers E and H 
as analogous and D and B as analogous. It is no more “correct” than 
the first analogy, but has the advantage in electromagnetic field 
theory that it gives a symmetry to Maxwell’s equations that other¬ 
wise would be lacking. Inasmuch as these equations form the starting 
point for every problem of the electromagnetic field, this is a very 
useful result. Two simple experiments serve to point up this analogy. 
In Fig. 3-13(a) voltage V produces an electric field E in the space 



Figure 3-13. Circuits illustrating analogies between 
electric and magnetic fields. 

between the capacitor plates. E is equal to V/d and is independent 
of the dielectric constant e of the dielectric. However the displace¬ 
ment density depends upon e (for a constant applied voltage and 
therefore constant E) and is given by D == eE. In Fig. 3-13(6) the cur¬ 
rent I results in a magnetomotive force nl around the closed path /. 
The magnetic field strength H within the core is equal to nl/l. 
The magnetic flux density B depends upon the permeability //, (for a 
constant applied mmf) and is given by B = jlH . In this analogy E 
and H are sometimes pictured as electric and magnetic field strengths 
or forces that result in electric and magnetic flux densities, D and B 
respectively. 

In the above experiments, if the charge Q (instead of the voltage) 
is held constant in Fig. 3-13(a) and the current is held constant as 
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before in Fig. 3-13(6), then the first analogy results. That is, D and 
H are the analogous quantities that remain unchanged for different 
dielectric and core materials. 


ADDITIONAL PROBLEMS 

3. Verify that within a conductor carrying a current I the magnetic field 
strength at a distance r from the center of the wire is given by 


where R is the radius of the wire. The current density is constant across the 
cross section of the conductor. 

4. Verify that expressions (3-22) and (3-24) combine to give the same result 
for magnetic field strength as is given by (3-12); that is, verify that the curl 
of the expression for vector potential due to a current element does indeed 
yield the magnetic field strength as given by Ampere's law (Suggestion: Solve 
for the special case of a point in the y-z plane, and then generalize). 

5. A very long thin sheet of copper having a width b meters carries a 
direct current I in the direction of its length. Show that if the sheet is as¬ 
sumed to lie in the x-Z plane with the z axis along its center line, the mag¬ 
netic field about the strip will be given by 

H __L 

~ l7tb 


(W+'l 

(W-H 

(Note: Solve by first setting up the vector potential due to long narrow 
strips.) 

6. By setting up the statement of Ampere’s work law for elemental areas 

in cylindrical co-ordinates derive the expansion for V x H in these co¬ 
ordinates. y 

7. Show that the answers to problem 5 agree with the answers to example 

1 for (a) a point on the y axis when (b) a point on the x axis when 

* > b. 

8. The familiar statement of Ohm’s law is I = VfR, where the direction 
of current flow is in the direction of the voltage drop. Show that for an ele¬ 
mental volume this law may be written as the vector point relation J = crE. 
(Recall that the resistance R of a conductor of length / and cross-sectional 
area A is given by R = //crA where a is the conductivity of the material.) 


"■'Si'” 


tan - 


b , 


-f tan - 
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Chapter 4 


MAXWELL’S EQUATIONS 


Up to the present, the fields considered have been mainly the static 
electric field due to charges at rest and the static magnetic field due 
to steady currents. The equations governing these fields may be sum¬ 
marized as follows: 


V x E = 0 

O 

II 

W 


(4-1) 

V D = p 

| D • da = j 

\pdV 

(4-2) 

V x H= J 

8* 

II 

[ J da 

(4-3) 

V • B = 0 

B * da = 0 

(4-4) 


Contained in the above is the equation of continuity for steady cur¬ 
rents, 

V • J = 0 | J • da = 0 (4-5) 

In order to discuss magnetic induction and energy it was found neces¬ 
sary to include time-varying fields, but only to the extent of introducing 
Faraday’s law, which states that the electromotive force around a closed 
path is equal to the negative of the time rate of change of magnetic 
flux enclosed by the path: 

Faraday’s law states that the voltage around the closed path can be 
generated by a time-changing magnetic flux through a fixed path 
(transformer action) or by a time-varying path in a steady magnetic 
field (electric generator action). In electromagnetics , interest centers on 
the relations between time-changing electric and magnetic fields and the 
path of integration can be considered fixed. In this case Faraday’s law 
reduces to 
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where the partial derivative with respect to time is used to indicate 
that only variations of magnetic flux with time through a fixed closed 
path or a fixed region in space are being considered.* 

Hence for time-varying fields, instead of eq. (1) we have 

v * E =-fr (4 ' 6) 

4.01 The Equation of Continuity for Time-Varying Fields. Since 
current is simply charge in motion, the total current flowing out of 
some volume must be equal to the rate of decrease of charge within 
the volume, assuming that charge cannot be created or destroyed. This 
concept is essential in understanding why current flows in the leads to 
a capacitor during charge or discharge when no current flows between 
the tapacitor plates. The explanation is simply that the current flow 
is accompanied by a charge buildup on the plates. In mathematical 
terms, this conservation of charge concept can be stated as 

-dJ p </K (4-7a) 

If the region of integration is stationary, the above relation becomes 

| J • dz = -J & dV (4-7b) 

The divergence theorem now may be applied in order to change the 
surface integral into a volume integral: 

If the above relation is to hold for any arbitrary volume, then it must 
be true that 

V-J (4-8) 

This is the time-varying form of the equation of continuity and thus it 
replaces (5). 

4.02 Inconsistency of Ampere’s Law. Taking the divergence of 
Ampere’s law (3) yields the equation of continuity for steady currents 
(5). Thus Ampere’s law is not consistent with the time-varying equa- 

*For a discussion of induced-emf under other conditions, refer to any text on 
electricity and magnetism. A thorough treatment is given in E. G. Cullwick, 
Fundamentals of Electromagnetism (2nd ed.), The Macmillan Co., Ltd., Cambric 
England, 1949. 
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tion of continuity. This difficulty may have been one of the factors 
which led James Clerk Maxwell in the mid-1860’s to seek a modifica¬ 
tion to Ampere’s law. A suggestion as to the correct modification may 
be found by substituting Gauss’s law (2) into the equation of continuity 
(8), giving 

v.j = -£v.d 

Interchanging the differentiations with respect to space and time gives 

v '(f +j )=° < 4 - 9 > 

This may be put into integral form by integrating over a volume and 
then applying the divergence theorem: 

<f(^ + j)-rfa = 0 (4-10) 

The two preceding equations suggest that ( dB/dt + J) may be regarded 
as the total current density for time-varying fields. Since D is the 
displacement density, dD/dt is known as the displacement current density. 
When applied as shown in Fig. 4-1 to a surface enclosing one plate 






i 

i 

i 


L 


Figure 4-1. 


of a two-plate capacitor, (10) shows that, during charge or discharge, 
the conduction current in the wire attached to the plate is equal to 
the displacement current passing between the plates. 

Maxwell reasoned that the total current density should replace J in 
Ampere’s law with the result that 

VxH = ^|J (4-11) 

Taking the divergence of (11) gives (9) and thus the inconsistency has 
been removed. It should be made perfectly clear that (11) was not 
derived from the preceding equations but rather suggested by them. 
Therefore when it was obtained by Maxwell, (11) was a postulate whose 
validity had to be established finally by experiment. 

Maxwell’s assumption that a changing displacement density (that is. 
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a changing electric field) was equivalent to an electric current density, 
and as such would produce a magnetic field, has had most far-reaching 
effects. Combined with Faraday’s law which indicates that a changing 
magnetic field will produce an electric field it leads directly to the 
“wave equations.” This result enabled Maxwell to predict electromag¬ 
netic wave propagation some thirty years before Hertz’s brilliant 
researches gave experimental verification. This is an interesting example 
of one of those rather rare cases where the mathematical reasoning has 
preceded and pointed the way for experiment. 

Integration of (11) over a surface and application of Stokes’ theorem 
leads to the integral form 

<4 - i2 > 

Equation (12) states that the magnetomotive force around a closed path 
is equal to the total current enclosed by the path. Thus equations (11) 
and’(12) replace the static form of Ampere’s law (3). 

4.03 Maxwell’s Equations. The electromagnetic equations are known 
as Maxwell's equations since Maxwell contributed to their development 
and established them as a self-consistent set. Each differential equation 
has its integral counterpart; one form may be derived from the other 
with the help of Stokes’ theorem or the divergence theorem. In sum¬ 
mary the equations are as follows, with the dot superscripts indicating 
partial derivatives with respect to time. 


VxH = D + J 

cj> H • = j 

f (D + J) • rfa 

(I) 

VxE = -B 

j>E-rfs=- 


(II) 

VD = p 

cj> D • rfa = I 

[ RdV 

(III) 

V-B = 0 

w 

fi¬ 

ll 

o 

(IV) 


Contained in the above is the equation of continuity, 

V • J = —/) jj-da=-jpdV 

In all the above cases, the regions of integration are assumed to be 
stationary. 

Word Statement of the Field Equations . A word statement of the 
significance of the field equations is readily obtained from their math¬ 
ematical statement in the integral form. It would be somewhat as 
follows: 

(I) The magnetomotive force around a closed path is equal to the 
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conduction current plus the time derivative of the electric displacement 
through any surface bounded by the path. 

(II) The electromotive force around a closed path is equal to the 
time derivative of the magnetic displacement through any surface 
bounded by the path. 

(III) The total electric displacement through the surface enclosing 
a volume is equal to the total charge within the volume. 

(IV) The net magnetic flux emerging through any closed surface is 
zero. 

As indicated previously the time derivative of electric displacement 
is called displacement current. The term electric current is then gener¬ 
alized in meaning to include both conduction currents and displacement 
currents.* Furthermore, if the time derivative of electric displacement 
is called an electric current, the time derivative of magnetic displace¬ 
ment can be considered as being a magnetic current. Finally, electro¬ 
motive force is called electric voltage, so that magnetomotive force may 
be called magnetic voltage. 

The first two Maxwell equations can then be stated: 

(I) The magnetic voltage around a closed path is equal to the 
electric current through the path. 

(II) The electric voltage around a closed path is equal to the magnetic 
current through the path. 

Interpretation of the field equations. Maxwell’s equations contain curl 
operations which can be interpreted in terms of measurable quantities. 
For example, consider V x E which occurs in the differential form of 
(II). Stokes’ theorem states that 

j* V x E • <fa = E • 

If the surface integral is reduced to an integral over the element of 
area da and if A is the unit normal in the direction of </a, then the 
above may be expressed as 

&E-ds 

V x EA = - 

da 


Suppose that A is oriented in such a way that <|>E*</s is a maximum. 
Under these conditions the direction of V X E is given by A and the 
magnitude of V x E is given by <j> E • ds/da. 


*Also convection currents (e.g., electron beam currents). Conduction currents obey 
Ohm’s law, J =<rE; convection currents do not. 
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The above discussion may be applied to a very small, single-turn 
loop of wire with area da. If the loop of wire is connected to a volt¬ 
meter, the voltage measured is E • ds according to Faraday’s law. 

Suppose that the orientation of the loop is changed until the voltmeter 
reading indicates a maximum. Under these conditions the magnitude 
of V x E is given by the voltmeter reading divided by the loop area 
and the direction of V X E is given by the direction of the loop axis. 
Faraday’s law indicates that this measurement of V X E is also a 
measurement of — BB/dt, the rate of decrease of the magnetic flux 
density. In a region in which there is no time-changing magnetic flux, 
the voltage around the loop would be zero and thus V X E = 0; such 
an electric field occurs in electrostatics and is said to be irrotationai 

Another equation worthy of notice is 

V • B = 0 

Thil states that there are no isolated magnetic poles or- “magnetic 
charges” on which the lines of magnetic flux can terminate. To put it 
another way, the number of lines of flux entering any region must be 
equal to the number of lines leaving the region or, as is often said, 
the lines of magnetic flux are continuous. 

4.04 Conditions at a Boundary Surface. Maxwell’s equations in 
the differential form express the relationship that must exist between 
the four field vectors E, D, H, and B at any point within a continuous 
medium. In thi s form , because they involve space derivatives, they 
cannot be expgcted to yield .information^ at points of discontinuity in the 
medium. How e ver , the integral forms can always be used to determine 
what happens at the boundary surface between different media. 

The following statements can be made regarding the electric and 
magnetic fields at any surface of discontinuity: 

(ajJ The tangential com ponent of E is^ontinuous at the surface. That 
is, it is the same just outsi de t he surface as it is just inside the surface. 

(b) The tangential component of Jtl is continuous across a surface 
except at the surface of a perfect conductou_At the surface of a perfect 
conductor the tangential component of H is discontinuous by an amount 
equal to the surf ace current per uni t wi dt h.^ 

(c) The normal com ponent o f B is continuous at the surface of 
discontinu ity. 

(d) The normal componen t of D is continuous if there is no surface 
charge densit y. Otherwise D is discontinuous by an amount equal to 
the surf ace char ge density^ 

The proof of these boundary conditions is obtained by a direct ap¬ 
plication of Maxwell’s equations at the boundary between the media. 
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Suppose the surface of discontinuity to be the plane x = 0 as shown 
in Fig. 4-2. Consider the small rectangle of width Ax and length Ay 
enclosing a small portion of each of media (1) and (2). 



The integral form of the second Maxwell equation (II) is 
y j) E ■ c/s = — J B • c/a 

For the elemental rectangle of Fig. 4-2 this becomes 


En Ay - E Xl ^ - E Vl Ay + E Xi " + -2?, Ax Ay 

(4-13) 

where B z is the average magnetic flux density through the rectangle 
Ax Ay. Now consider conditions as the area of the rectangle is made 
to approach zero by reducing the width Ax of the rectangle, always 
keeping the surface of discontinuity between the sides of the rectangle. 
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If it is assumed that B is always finite, then the right-hand side of 
eq. (13) will approach zero. If E is also assumed to be everywhere finite, 
then the Ax/2 terms of the left-hand side will reduce to zero, leaving 


E yi Ay - E yi Ay = 0 

for Ax = 0. Therefore 

jf-Ey, 

That is, the tangential component of E is continuous. 
Similarly the integral statement of eq. (I) is 

= J (D + J)-rf» 

which becomes 


H yi &y - H"**- H Vl Av + H x ,^ 


= (£>, + J,)Ax zVy (4-14) 

If the ra te o f change of el ectric displacement^ and current density J 
ar e both consid er ed to be finite, then as before (14) reduces to 


H Vi Ay — H Vl Ay = 0 

or 1 

The tangenti al ^component of H is continu ous (for finite cu r ren t dens i t ies; 
that is, for any actual case). 

$ Note on a Perfect Conductor. A perfect conductor is one which has 
infinite conductivity. In such a conductor the electric field strength E 
is zero for any finite current density. Most actual conductors have a 
finite value for conductivity.* However, the actual conductivity may be 
very large and for many practical applications it is useful to assume 
it to be infinite. Such an assumption will lead to difficulties (because 
of indeterminacy) in formulating the boundary conditions unless care 
is taken in setting them up. As will be shown later, the depth of 
penetration into a conductor of an alternating electric field and of the 
current produced by the field decreases as the conductivity increases. 
Thus in a good conductor a high-frequency current will flow in a thin 
sheet near the surface, the depth of this sheet approaching zero as the 
conductivity approaches infinity. This gives rise to the useful concept 
of a current sheet . In a current sh eet a finite current per unit width, 
J, amperes p er meter, flow s in a sheet of v anishingly small depth_ Ax, 
but with the required infinitely large current density /, such that^ 


* Superconductors and the phenomenon of superconductivity are treated in sec. 
9.07. 
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L lim J Ax = J s A/m 

£*=?- _ 

Consider again the above example of the magnetomotive force around 
the small rectangle. If the current density J z becomes infinite as Ax 
approaches zero, the right-hand side of eq. (14) will not become zero. 
Let J s amperes per meter be the actual current per unit width flow ing 
along the surface. Then as Ax —> 0 the eq, (14) for H becomes 

- Hy, = Jsz a >:._ 

Hence (4-15) 

(Note that D = eE remains finite and therefore D z Ax is zero Jor Ax 
= 0 .) 

Now, if the electric field is zero within a perfect conduc tor, th e 
magnetic fi eld must also be zero (for alternating fields) as th e second 
Maxwe ll_equation (ii) shows. Then in eq. (15)X H y f) must be zeroand 
so 

\H Vl = (4-16) 

Equation (16) states that the current per unit width along the surface 
of a perfect conductor is equal to the magnetic field strength H just 
outside the surface. The magnetic field and surface. current-will be 
parallel to the surface, but perpendicular to each other. In vector nota¬ 
tion this is written _ 

fj s = fl x H | 

where ft is the unit vector along the outward normal to the surface. 

° Conditions on the Normal Components of B and D. The remaining 
boundary conditions are concerned with the normal components of B 
and D. The integral form of the third field equation is 

<f D-«/a = \ p pdV (III) 

When applied to the elementary “pill-box” volume of Fig. 4-3, eq. (Ill) 
becomes 

D nx da — D nt da + 'Ledge = ? Ax da (4-17) 

In this expression da is the area of each of the flat surfaces of the 
pillbox, Ax is their separation, and p is the average charge density 
within the volume Ax da. ''Ledge is the outward electric flux through the 
curved-edge surface of the pillbox. As Ax —* 0, that is, as the flat 
surfaces of the box are squeezed together, always keeping the boundary 
surface between them, ' v L ed?e 0, for finite values of displacement 
density. Also for finite values of average charge density p, the right- 
hand side of (17) approaches zero, and (17) reduces to 

D„, da — D„, da — 0 
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Figure 4-3. A “pill-box’* volume enclosing a portion 
of a boundary surface. 

(for Ax = 0). Then for the case of no surface charge the condition on 
the Aormal components of D is 

Dn t = D nt (4-18) 

That is, if there is no surface charge the normal component of D is 
continuous across the surface. 

In the case of a metallic surface, the charge is considered to reside 
“on the surface.” If this layer of surface charge has a surface charge 
density p, coulombs per square meter, the charge density p of the surface 
layer is given by 

p =s coulomb/cu m 

where Ax is thickness of the surface layer. As Ax approaches zero, the 
charge density approaches infinity in such a manner that 

lim p Ax =s p, 

Ax—0 

Then in Fig. 4-3, if the surface charge is always kept between the two 
flat surfaces as the separation between them is decreased, the right-hand 
side of eq. (17) approaches p, da as Ax approaches zero. Equation (17) 
then reduces to 

Dn I - D nx = p, (4-19) 

When there is a surface charge density p„ the normal component of 
displacement density is discontinuous across the surface by the amount 
of the surface charge density. 

For any metallic conductor the displacement density D = eE within 
the conductor will be a very small quantity (it will be zero in the 
electrostatic case, or in the case of a perfect conductor). Then if me¬ 
dium (2) is a metallic conductor £> n , = 0 and eq. (19) becomes 
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The normal component of displacement density in the dielectric is equal 
to the surface charge density on the conductor. 

In the case of magnetic flux density B, since there are no isolated 
“magnetic charges,” a similar analysis leads at once to 

B? i, = B nt 

The normal component of magnetic flux density is always continuous 
across a boundary surface. 


PROBLEMS 


1. Show that the displacement current through the capacitor is equal to 
the conduction current I (Fig. 4-4). 


V- sin {wt) 



2. Within a perfect conductor E is always.zero. Using Maxwell’s equations, 
show that H must also be zero for time varying fields. Can a steady (unchang¬ 
ing) magnetic field exist within a perfect conductor? Show that the normal 
component of B (and therefore H) must be zero at the surface of a perfect 
conductor. 


3. A “transmission line” consists of two parallel perfectly conducting planes 
of large extent, separated by a distance d meters, and guiding between them a 
uniform plane wave (Fig. 4-5). The conducting planes carry an alternating 

linear current density J s A/m in the y direction, that is, 

y 

J s = Jo cos co(t — 

Applying Maxwell’s first equation in the region between the conductors find 
the electric field strength, and hence the voltage between the planes, when 
<f = 0.1 meter and the effective linear current density is / se rr = 1 A/m. 

4. A square loop of wire, 20 cm by 20 cm, has a voltmeter (of infinite im¬ 
pedance) connected in series with one side. Determine the voltage indicated 
by the meter when the loop is placed in an alternating magnetic field, the 
maximum intensity of which is 1 ampere per meter. The plane of the loop is 
perpendicular to the magnetic field; the frequency is 10 MHz. 
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I Figure 4-5. Parallel-plane “transmission” line. 

5. A No. 10 copper wire carries a conduction current of 1 amp at 60 Hz. 
What is the displacement current in the wire? For copper assume e — e Vy 
fjb — fiv, a — 5.8 X 10 7 . 

6. The electric vector E of an electromagnetic wave in free space is given 
by the expressions 

E x — E z — 0 E y = A cos co (t - 

Using Maxwell’s equations for free-space conditions determine expressions 
for the components of the magnetic vector H. 
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ELECTROMAGNETIC WAVES 


PART-I ELECTROMAGNETIC WAVES 
IN A HOMOGENEOUS MEDIUM 

la the solution of any electromagnetic problem the fundamental 
relations that must be satisfied are the four field equations 


V x H = D 4- j 

(I) 

V x E = -B 

(II) 

V-D = p 

(HI) 

VB = 0 

(IV) 


in which the dot superscript indicates partial differentiation with 
respect to time. In addition there are three relations that concern the 
characteristics of the medium in which the fields exist. These are the 
constitutive relations 


D = eE 

(5-1) 

B = /xH 

(5-2) 

J = crE 

(5-3) 


where e, p, and cr are the permittivity, permeability, and conductivity 
of the medium, which is assumed to be homogeneous, isotropic, and 
source-free. A homogeneous medium is one for which the quantities 
e, fi, and cr are constant throughout the medium. The medium is isotropic 
if e is a scalar constant, so that D and E have everywhere the same 
direction. The form of Maxwell’s equations, given by (I) and (II), is 
for source-free regions, that is, regions in which there are no impressed 
voltages or currents (no generators). The relations of the fields to their 
sources will be considered in chap. 10 and subsequent chapters. 

When the relations (1), (2), and (3) are inserted in (I) and (II), 
Maxwell’s equations become differential equations relating the electric 
and magnetic field strengths E and H. If they are then solved as 
simultaneous equations, they will determine the laws which both E and 
H must obey. 
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5.01 Solution for Free-spoce Conditions. Before obtaining the solu¬ 
tion for the general case it is instructive to consider the simple, but 
important, particular case of electromagnetic phenomena in free space, 
or more generally, in a perfect dielectric containing no charges and 
no conduction currents. For this case the field equations become 


VxH = D (5-4) 

VxE = —6 (5-5) 

V • D = 0 (5-6) 

V • B = 0 (5-7) 


Differentiate (4) with respect to time. Since the curl operation is a 
differentiation with respect to space, the order of differentiation may 


be reversed, 

that is, 



1 


*VxH = Vxft 
ct 


Also since e 

and fi are independent of time 




D =eE 

(5-8) 



B = /iH 

(5-9) 

so that there 

results 





V X H = eE 

(5-10) 

The symbol 

E means 

a 2 E /dt\ 


Take the 

curl of both sides of (5) and using (9), obtain 




V x V x E = — /mV x H 

(5-11) 

Substitute eq. (10) into (11) 




V X V X E — -—yixeE 

(5-12) 


It was shown in identity (1-28) that 


V x V x E = VV • E — V 2 E 
Combine this equation with (12) to obtain 

W • E — V 2 E = — ytteE (5-13) 

But 

V-E = — V • D = 0 

e 

and therefore eq. (13) becomes 

V 2 E = fieE 

This is the law that E must obey. 


(5-14) 
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Differentiating (5) with respect to time and taking the curl of (4) 
it will be found on combining that H obeys the same law, viz., 

V 2 H = /xeH (5-15) 

Equations (14) and (15) are known as the wave equations . Thus the 
first condition on either E or H is that it must satisfy the wave 
equation. (Note that although E and H obey the same law, E is not 
equal to H.) 

5.02 Uniform Plane-wave Propagation. The wave equation reduces 
to a very simple form in the special case where E and H are con¬ 
sidered to be independent of two dimensions, say y and z. Then 

V 2 F _£ 2 e 

VE ~ a? 


so that (14) becomes 


d 2 E _ a 2 E 
dx 2 ^ 6 3t 2 


(5-16) 


Vector eq. (16) is equivalent to three scalar equations, one for 
each of the scalar components of E. In general, for uniform plane 
wave propagation in the x direction, E may have components E y and 
E z , but (as will be seen later) not E x . Without loss of generality at¬ 
tention can be restricted to one of the components, say E y , knowing 
that results for E z will be similar to those obtained for E y , Then the 
equation to be solved has the form 


d 2 E y 

dx 2 



(5-16a) 


Equation (16a) is a second-order partial differential equation, which 
occurs frequently in mechanics and engineering. For example it is the 
differential equation for the displacement from equilibrium along a 
uniform string. Electrical engineers will recognize it as the differential 
equation for voltage or current along a lossless transmission line. Its 
general solution is of the form 

Ey=fi(x — Vo t) + / 2 (x + vot) (5-17) 

where v 0 = and f t and f % are any functions (not necessarily the 

same) of (x — v 0 t) and (x + v 0 t) respectively. The expression f(x — v 0 t) 
means a function / of the variable (x — v 0 t). Examples are: 
A cos (3(x — v 0 t), C e k{x ~ v<>l \ «fx — v 0 t, etc. All of these expressions repre¬ 
sent wave motion. 

A wave* may be defined in the following way: If a physical 


*The terra wave also has an entirely different usage, viz.: a recurrent function of> 
time at a point , as in the expression sinusoidal voltage wave . Usually there will be 
no doubt as to which kind of wave is meant. 
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phenomenon that occurs at one place at a given time is reproduced 
at other places at later times, the time delay being proportional to the 
space separation from the first location, then the group of phenomena 
constitute a wave. Note that a wave is not necessarily a repetitive 
phenomenon in time. Those who survive a tidal wave are thankful for 
this. 

The functions f x (x — v d t) and f 2 (x + v Q t) describe such a wave 
mathematically, the variation of the wave being confined to one dimen¬ 
sion in space. This is shown by Fig. 5-1. 



Figure 5-1. A. wave traveling in the positive x direction. 


If a fixed time is taken, say t u then the function f x (x — v Q t 0 be¬ 
comes a function of * since v Q t { is a constant. Such a function is 
represented by the first curve. If another time, say U , is taken, another 
function of x is obtained, exactly the same shape as the first except 
that the second curve is displaced to the right by a distance Vo(t 2 — fi). 
This shows that the phenomenon has traveled in the positive .t direc¬ 
tion with a velocity v 0 . 

On the other hand, the function f 2 (x + v Q t ) corresponds to a wave 
traveling in the negative .r direction. Thus the general solution of the 
wave equation in this case is seen to consist of two waves, one travel¬ 
ing to the right (away from the source), and the other traveling to 
the left (back toward the source). If there is no reflecting surface 
present to reflect the wave back to the source, the second term of (17) 
is zero and the solution is given by 

E = f x (x - Vo t) 


(5-18) 
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Problem 1. Verify that (17) is a solution of (16a). 

Problem 2. Does the function e k{x ~ Vot) represent a wave if k is a real 
number? Sketch it as a function of * for several instants of time. 

5.03 Uniform Plane Waves. Equation (18) is a solution of the wave 
equation for the particular case where the electric field is independent 
of y and z and is a function of x and t only. Such a wave is called 
a uniform plane wave. Although this is a special case of electromagnetic 
wave propagation, it is a very important one practically and will be 
considered further. 

The plane-wave equation 

d 2 E d 2 E 

d? = ^JF 

may be written in terms of the components of E as 


d*E x _ d*E x 
dx 2 ^ a/ 2 

(5-19a) 

d^E v 

dx 2 ^ dt 2 

(5-19b) 

« ^ 

II 

b 

(5-19c) 


In a region in which there is no charge density 

V • E — —VD = 0 
e 

That is 

3E X 3E V dE 2 _ n 
dx ' dy ' dz ~~ V 

For a uniform plane wave in which E is independent of y and z, the 
last two terms of this relation are equal to zero so that it reduces to 



Therefore there is no variation of E x in the x direction. From eq. (19a) 
it is seen that the second derivative with respect to time of E x must 
then be zero. This requires that E x be either zero, constant in time, 
or increasing uniformly with time. A field satisfying either of the last 
two of these conditions would not be a part of the wave motion, and 
so E x can be put equal to zero. Therefore a uniform plane wave pro¬ 
gressing in the x direction has no x component of E. A similar analysis 
would show that there is no x component of H. It follows, therefore, 
that uniform plane electromagnetic waves are transverse and have 
components of E and H only in directions perpendicular to the direc¬ 
tion of propagation. 
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Relation between E and H in a Uniform Plane Wave . For a uniform 
plane wave traveling in the x direction E and H are both independent 
of y and z, and E and H have no x component. In this case 




dEy 

dx 


V X H = 


3H.. , 8H, 

y + 


Then the first Maxwell Equation (I) can be written 


m,. . dH v , 


dE y . r BE, „ 

jft + Tir 1 


and the second equation (II) becomes 


dE,,. , 8E„ 


(8H V , , 8H, A 


ox 

Equaling the y terms and then the z terms yields the four relations 

(5-20a) 


8x dt 


31li 

dx 

8E , 

dx 


8E, 

dt 

8Hy 

dt 


E- 


8E V _ 8H, 


dx r dt 

Now if E y = _/)(;*: — Vot), where v 0 = 1/V/ie, then 

3(x — v 0 /) 


(5-20b) 

(5-20c) 

(5-20d) 


35, _ a/, 

3? 3(xr — v 0 t) 
This is generally written as 


3r 


-Vo 


dfi 


8(x — v 0 /) 


8E, 


= /((* — = —Vof'iix — Vot ) 


3t J ,v " , ' g ' / 3/ 

where /((x — v 0 /), or more simply /[, means 

3/i(x — y 0 Q 
d(x — v 0 t) 

Substituting for dEjdt in (20a) above gives 


dx 


— 00 e/1 


Then 


f f[ dx + C 
y u, j 
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Now 

dfl _ rf d{x — Vo t) _ w 

dx /l ax 

Hence 

H - = m i 4“ x+c 

= J^-A + c 

= JT Ey + C (5-21) 

The constant of integration C that appears indicates that a field inde¬ 
pendent of x could be present. Inasmuch as this field would not be a 
part of the wave motion, it will be neglected and the relation between 
H z and E y becomes 

H z = J^LE V 

or 

H z - Vt 

Similarly it can be shown that 

_ _ [je 

H v V e 

Since 

E = + El and H = J HI + H\ 

where E and H are the total electric and magnetic field strengths, there 
also results 


(5-22) 

(5-23) 


/ 



(5-24) 


Equation (24) states that in a traveling* plane electromagnetic wave 
there is a definite ratio between the amplitudes of E and H and that 
this ratio is equal to the square root of the ratio of permeability to 
the dielectric constant of the medium. Since the units of E are volts 
per meter and the units of H are amperes per meter, the ratio 


*The term traveling wave is used to indicate that the wave is progressing in one 
direction and there is no standing wave (see section on reflection). When there is a 
reflected wave resulting in a standing-wave distribution, the ratio E/H can have 
any value between zero and infinity. 
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E _ jj 

U~yT 

will have the dimensions of impedance or ohms. For this reason it is 
customary to refer to the ratio V/i/e as the characteristic impedance or 
intrinsic impedance of the (nonconducting) medium. For free space 

fi ~ fL v = 4tc X 10~ 7 henrys/m 

6 = e ” ^ 36 tt x 10 9 f/m 

so that = Jts- as 120* = 377 ohms 

v e v e v 

For any medium, whether conducting or not, the intrinsic impedance 
is designated by the symbol rj. When the medium is free space or a 
vacuum, the subscript v is used. That is, the intrinsic impedance of 
free space is 

rj v = A /& = 377 ohms 

V €v 

The relative orientation of E and H may be determined by taking 
their dot product and using (22) and (23). 

E H = E y H y + E Z H Z = v H y H z - v H y H z = 0 

Thus in a uniform plane wave, E and H are at right angles to each 
other. Further information about the field vectors may be obtained 
from their cross-product 

ExH = *(E y H z - E z H y ) = Z( v Hl + = ± V H 2 

Thus the electric field vector crossed into the magnetic field vector 
gives the direction in which the wave travels. 

Problem 3. Nonuniform plane waves also can exist under special condi¬ 
tions to be discussed later. Show that the function 

F=e' az sin —(x — vt) 

V J 

satisfies the wave equation v 2 F = (l/c 2 )F provided that the wave velocity is 
given by 



5«04 The Wave Equations for a Conducting Medium* In the fore¬ 
going sections Maxwell’s equations were solved for the particular case 
of a perfect dielectric, such as free space, in which there were neither 
charges nor conduction currents. For regions in which the conductivity 
is not zero and conduction currents may exist, the more general solu- 
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tion must be obtained. It follows in a manner similar to the simpler 
case already considered. 

Recall Maxwell’s equations: 

V x H = eE + J (I) 

V x E = -{iH (II) 

If the medium has a conductivity a (mhos/m), the conduction current 
density will be given by Ohm’s law:* 

J = <tE (5-25) 


so that eq. (I) becomes 

V x H = eE + <jE (5-26) 

Take the curl of both sides of eq. (II) and then substitute into it the 
time derivative of (26). 

V x V x E = -p,V x H 

= -“fie E — /wjE 


Recall that 


V x V x E = W E - V 2 E 
Combining these last two equations, there results 

V 2 E - fie E - fwt = W E (5-27) 


Now for any homogeneous medium in which e is constant 

V-E = — VD 

6 


But V-D = p, and since there is no net charge within a conductor 
(although there may be a charge on the surface), the charge density 
p equals zerot and therefore 

V • D = 0 


♦Equation (25) is the vector statement (applicable to an elemental volume) of the 
more familiar relation /= V/R. 

|The statement of no net charge within a conductor is consistent with our notion 
of current flow as a drift of free negative electrons through the positive atomic 
lattice of the conductor. Within any macroscopic element of volume the positive 
and negative charges are equal in number (on the average), and the net charge is 
zero. It is easily shown for steady-state sinusoidal time variations that V-D = 0 
(and therefore p — 0) in conductors is a direct consequence of Maxwell’s equations 
and Ohm’s law (see problem 5). It can also be shown that if a charge ever were 
placed within a conductor (in some manner not explained) the “transient time” or 
“relaxation time” required for this charge to appear on the surface would be ex¬ 
ceedingly small for any materials considered to be conductors (see problem 4). 
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Equation (27) then becomes 

V 2 E — fieE — fwE — 0 (5-28) 


This is the wave equation for E. The wave equation for H is obtained 
in a similar manner. 

VxVxH = eVxE + crVxE 


But 


V x E = -fiH 

W H - V 2 H = -fieti - furtL 


Therefore 


VH=—VB=0 


V 2 H - - /«rH = 0 

This is the wave equation for H. 


(5-29) 


Problem 4. Using V*D = p, Ohm’s law, and the equation of- continuity, 
show that if at any instant a charge density p existed within a conductor, it 
would decrease to 1 je times this value in a time e/or seconds. Calculate this 
time for a copper conductor. 


5.05 Sinusoidal Time Variations. In practice most generators pro¬ 
duce voltages and currents, and hence electric and magnetic fields, 
which vary sinusoidally with time (at least approximately). Even where 
this is not the case any periodic variation can always be analyzed in 
terms of sinusoidal variations with fundamental and harmonic fre¬ 
quencies, so it is customary in most problems to assume sinusoidal 
time variations. This can be expressed by writing, for example, 


E — E 0 cos cot (5-30a) 

E — E 0 sin cot (5-30b) 

where / = a/lx is the frequency of the variation. The above expres¬ 
sions suggest that a sinusoidal time factor would have to be attached 
to every term in any equation. Fortunately this is not necessary since 
the time factor may be suppressed through the use of phasor notation. 
Consider the electric field strength vector as an example. The time 
varying field E(r, t) may be expressed in terms of the corresponding 
phasor quantity E(r) as 

E(r, /) = Re {E(r)e j(ai } (5-31) 

in which the symbol (~) has been placed over the time-varying quan¬ 
tity to distinguish it from the phasor quantity. This distinction will 
be made wherever necessary from this point to the end of the book. 
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In order to understand phasor notation it is necessary to consider 
one component at a time, say the x component. The phasor E x is 
defined by the relation 

S x (t, t) = Re {EJj)e lat } (5-32) 

In general, E x (x) is a complex number and thus at some fixed point r in 
space E x may be represented as a point in the complex plane shown 
in Fig. 5-2. Multiplication by e iai results in a rotation through the 


Imaginary axis 



Figure 5-2. Relationship between time-varying and 
phasor quantities. 

angle cot measured from the angle <£. As time progresses, the point 
E x e jot traces out a circle with center at the origin. Taking the real 
part is the same as taking the projection on the real axis and this 
projection varies sinusoidally with time. The phase of the sinusoid is 
determined by the argument <p of the complex number E x and thus 
the time-varying quantity may be expressed as 

" E x — Re [\E x \e j *e* at } 

= |£*| cos (cot + <f>) (5-33) 

The phasor definition used above is one of many possible definitions. 
For instance, one could just as easily employ the time factor e~ jat or 
make use of the imaginary part instead of the real part. Another 
possibility is to introduce a V~2 factor on the right-hand side of the 
phasor definition, thus making \E X \ the rms value of the sinusoid 
rather than the peak value. 
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Maxwell's Equations Using Phasor Notation . Having already derived 
the general time-varying Maxwell equations, it is desirable now to find 
the corresponding set of phasor equations applicable for sinusoidal 
time variations. Consider for instance the equation given in time-varying 
form by 

Vxfl = | + J (5-34) 

For the sinusoidal steady state we may substitute the phasor relations 
as follows: 

V x Re{He j “‘} = ^Re{De ,- ‘} + Re{Je j "‘} 

The operations of taking the real part and differentiation may be 
interchanged with the result that 

Re {(V x H — jcoD - J)e^} = 0 
If tfie above relation is to be valid for all t , then 

VxH=>D + J (5-35) 

which is the required differential equation in phasor form. Evidently 
the phasor equation may be derived from the time-varying equation 
by replacing each time-varying quantity with a phasor quantity and 
each time derivative with a jco factor. 

To summarize, for sinusoidal time variations Maxwell’s equations 


may be expressed in phasor form as 

V X H = jcoD + J ^H-rfs = JoD + J)-rfa (5-36) 

V X E = -joa B <j> E-<fe = - f jooB-da (5-37) 

VD = p <j> D-c/a = j" p dV (5-38) 

V-B = 0 ^ B-c/a = 0 (5-39) 

The above equations contain the equation of continuity, 

V*J = —jcop or cj>J.^a= — f jcop dV (5-40) 


The constitutive relations retain their forms, being D = eE, B = ^H, 
J = crE. 

For sinusoidal time variations the wave equation (14) for the electric 
field in a lossless medium becomes 

V 2 E - -oj 2 fieE 


(5-41) 
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which is the vector Helmholtz equation . In a conducting medium, the 
wave equation (28) becomes 

V’E 4* (or fie — jcofia )E = 0 (5-42) 

Equations of the same form may be written for H, of course. 

Problem 5. Using Maxwell’s equation (I) show that 
V D = 0 in a conductor, 

if Ohm’s law and sinusoidal time variations (i.e., as e jat ) are assumed. 

Wave Propagation in a Lossless Medium. For the uniform plane wave 
case in which there is no variation with respect to y or z, the wave 
equation in phasor form* may be expressed as 

d 2 E 2 r d 2 E 02ir /c 

w = _6) or aP = ~^ E (5 ’ 43) 

where fi = co\/~pe. Considering the E y component (as was done for time- 
varying fields) the solution may be written in the form 

E y = C,e~ i0x + C 2 e +i0x (5-44) 

in which C 1 and C 2 are arbitrary complex constants. The corresponding 
time-varying field is 

E y (x, t) — Re {E v (x)e^ L } 

= Re {C,e j{at ' $x) + C 2 e j{al+0X) } (5-45) 

By taking the real part in eq. (45) the solution is displayed directly 
in its sinusoidal form. For example when C { and C 2 are real, eq. (45) 
becomes 

E v (x, t) = Ci cos ( cot — fix) + Ci cos ( cot + fix) (5-46) 

It is evident that in a homogeneous, lossless medium the assumption 
of a sinusoidal time variation results in a space variation which is 
also sinusoidal. 

Equations (45) or (46) represent the sum of two waves traveling in 
opposite directions. If = C 2 , the two traveling waves combine to form 
a simple standing wave which does not progress. The wave velocity 
may be obtained by rewriting the expression for E v as a function of 
(x ± ^0- Clearly the velocity must be 



The same result may be obtained by identifying some point in the 

*In phasor form a plane wave is defined as one for which the equiphase surface 
is a plane. If the equiphase surface is also an equiamplitude surface, it is a uniform 
plane wave. Nonuniform plane waves are encountered in wave guides (chap. 8). 
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waveform and observing its velocity. For a wave traveling in the 
positive x direction the point is given by — /3x = a constant. 
Differentiation yields v = dx/dt = o>//5 as above. This velocity of some 
point in the sinusoidal waveform is called the phase velocity . In addi¬ 
tion, f3 is called the phase-shift constant and is a measure of the phase 
shift in radians per unit length. 

Another important quantity is the wavelength X, defined as that 
distance over which the sinusoidal waveform passes through a full cycle 
of 27r radians as illustrated in Fig. 5-3. Since eq. (45) indicates that 



Figure 5-3. A sinusoidal traveling wave. 


the fields vary in space as sinusoidal functions of 
the definition of wavelength that 

/3X ~ 2k 

Substituting for {3 from eq. (47), we have 

coX = 2kv 

and since c o = 2 nf, we have finally 

v=fX (5-49) 

in which / is measured in cycles per second or hertz. The foregoing 
discussion is sufficiently general to apply for any value of {3. For the 
value of /? given in eq. (43), however, the phase velocity must be 

co 1 

Wave Propagation in a Conducting Medium . For sinusoidal time 
variations the use of phasor notation permits a straightforward solution 
to be obtained for the wave equation in a conducting medium. The 


f3x , it is clear by 
(5-48) 
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wave equation (42) may be written in the form of a Helmholtz equa¬ 
tion as 

V 2 E- 7 2 E = 0 (5-50) 

where 7 2 = jcop(cr + ycae). 

The propagation constant 7 is a complex number having real and 
imaginary parts designated by oi and respectively. That is, 7 = oi + j/3. 
Actually, the square root of <y 2 has two values, but for the sake of 
convenience we shall agree that 7 is that value of the square root 
which has a positive real part (given by <x). It may be shown easily 
that if oi is positive, /3 is also positive. 

Returning once again to the uniform plane wave traveling in the 
x direction we note that the electric field strength must satisfy 

g = (5-51) 

which has as one possible solution 

E(x) = E 0 <r 7X (5-52) 

In time-varying form, this becomes 

£(x, t) = Re { E 0 e 

= e~« x Re {E^e^- 0X) } (5-53) 

This is the equation of a wave traveling in the x direction and attenu¬ 
ated by the factor e~ ax . As in the lossless cases, the phase-shift factor 
and the phase velocity are given by 

P = Y and ” = A = f 

In terms of the “primary” constants of the medium, that is cr, p, and 
e, the values of oi and /3 are 

oi — real part of \Z(ja>p)(cr + jcoe) 


Vt(V 1 + J?-i) 

(5-54) 

Vf (V 1 +zh +1 ) 

(5-55) 


Problem 6 . From the expression 7 = V j cop(cr + jcoe) derive expressions 
(54) and (55). 

Problem 7. For any conductive medium, begin with a uniform plane wave 
E(x) = E 0 e" fX 1 H(x) = H 0 e ~ 7a: 
and use Maxwell’s equations to show that 
77 H 0 = £ x E 0 , E 0 = —rj± x Ho, 


&*Eo = 0, 


x • Ho = 0 (5-56) 
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in which rf = jcop/(<r -f jcoe). Note that tj is the root (of rj 2 ) having a posi¬ 
tive real part. Make use of the identities 

V x (oi/'A) = V^Jr X A + ^]rV X A 
V * (t/tA) = A • 4- • A 

5.06 Conductors and Dielectrics. In electromagnetics, materials are 
divided roughly into two classes: conductors and dielectrics or insulators. 
The dividing line between the two classes is not sharp and some media 
(the earth for example) are considered as conductors in one part of the 
radio frequency range, but as dielectrics (with loss) in another part of 
the range. 

In Maxwell’s first equation: 

V X H = crE + jcoe E 

the first term on the right is conduction current density and the second 
tend is displacement current density. The ratio cr/coe is therefore just 
the ratio of conduction current density to displacement current density 
in the medium. Hence, a/coe = 1 can be considered to mark the dividing 
line between conductors and dielectrics. For good conductors such as 
metals cr/coe is very much greater than unity over the entire radio 
frequency spectrum. For example for copper, even at the relatively 
high frequency of 30,000 MHz, cr/coe is about 3.5 x 10 s . For good di¬ 
electrics or insulators cr/coe is very much less than unity in the radio 
frequency range. For example, for mica at audio or radio frequencies 
cr/coe is of the order of 0.0002. For good conductors <r and e are nearly 
independent of frequency, but for most materials classed as dielectrics 
the “constants” a and e are functions of frequency. It has been found 
for these materials that the ratio cr/coe is often relatively constant over 
the frequency range of interest. For this and other reasons the properties 
of dielectrics are usually given in terms of the dielectric “constant” 
e and the ratio a/coe. Under these circumstances the ratio a/coe is 
known as the dissipation factor D of the dielectric. For reasonably good 
dielectrics, that is, those having small values of Z>, the dissipation 
factor is practically the same as the power factor of the dielectric. 
Actually, power factor is given by 

P.F. = sin cf) 

where c fr — tan^ 1 D 

Dissipation factor and power factor differ by less than 1 per cent when 
their values are less than 0.15. 

Most materials used in radio are required either to pass conduction 
currents readily or to prevent the flow of conduction current as com¬ 
pletely as possible. For this reason most materials met with in practice 
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will fall into either the good conductor or the good insulator class. 
The important practical exception is the earth, which occupies an in- 
between position throughout most of the radio frequency spectrum. This 
case will be treated in detail in the chapter on propagation. For both 
good conductors and good dielectrics certain approximations are valid 
which simplify considerably the expressions for oi and /3. 

Wave Propagation in Good Dielectrics. For this case cr/coe 1 so that 
it is possible to write to a very good approximation 



where only the first two terms of the binomial expansion have been 
used. Then expression (54) for a becomes 




(5-57) 


This expression may be compared with the expression for the attenua¬ 
tion factor of a low-loss transmission line having zero series resistance. 
In that case the expression for a is 



The expression for reduces in a similar manner 




1 + 


2 ore 2 


4- 1 


63 a / fl€ ( 1 + 


8 63 2 € : 


(5-58) 


63a /fie is the phase-shift factor for a perfect dielectric. The effect of a 
small amount of loss is to add the second term of (58) as a small 
correction factor. The velocity of the wave in the dielectric is given 
by 


6 ) _ 1 

J v ^( 1 + s 4 ?) 



(5-59) 


where l/'s/Jue is the velocity of the wave in the dielectric when 
the conductivity is zero. The effect of a small amount of loss is to 
reduce slightly the velocity of propagation of the wave. It will be shown 
later that the general expression for the intrinsic or characteristic im¬ 
pedance of a medium which has a finite conductivity is 


cr + jcoe 
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Using the same approximations as above, this becomes for a good 
dielectric 





Since V jx/e is the intrinsic impedance of the dielectric when a = 0, 
it is seen that the chief effect of a small amount of loss is to add a 
small reactive component to the intrinsic impedance. 

Wave Propagation in a Good Conductor. For this case a/a>e 1 so 
that the expression for y may be written 

, 7 = fj<Ofur)(l 

= a/ jCiifJXJ = V 6)/XCT /45° 

Therefore ~ 


The velocity of the wave in the conductor will be 

Gl> / 2<i) 

and the intrinsic impedance of the conductor is 

,=V^=V®/«: 


It is seen that in good conductors where o is very large, both cc and 
/3 are also large. This means that the wave is attenuated greatly as it 
progresses through the conductor and the phase shift per unit length is 
also great. The velocity of the wave, being inversely proportional to 
/3, is very small in a good conductor, and is of the same order of 
magnitude as that of a sound wave in air. The characteristic impedance 
is also very small and has a reactive component. The angle of this 
impedance is always 45 degrees for good conductors. 

Depth of Penetration . In a medium which has conductivity the wave 
is attenuated as it progresses owing to the losses which occur. In a 
good conductor at radio frequencies the rate of attenuation is very 
great and the wave may penetrate only a very short distance before 
being reduced to a negligibly small percentage of its original strength. 
A term that has significance under such circumstances is the depth of 
penetration . The depth of penetration, 8, is defined as that depth in 
which the wave has been attenuated to 1/e or approximately 37 per 
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cent of its original value. Since the amplitude decreases by the factor 
e~ ax it is apparent that at that distance x, which makes otx = 1, the 
amplitude is only l/e times its value at x = 0. By definition this 
distance is equal to 8, the depth of penetration; so 


The general expression for depth of penetration is 

7 i ae f ! ' ~ rr 2 A 


For a good conductor the depth of penetration is 




As an example of the order of magnitude of 8 in metals, the depth 
of penetration of a one-megahertz wave into copper which has a con¬ 
ductivity cr = 5.8 x 10 7 mhos per meter and a permeability approxi¬ 
mately equal to that of free space is 


/ 2 x 10 7 

2tc x 10® x Ait x 5.8 x 10 T 


= 0.0667 mm 


At 100 MHz it is 0.00667 mm, whereas at 60 Hz it is 8.67 mm. For 
comparison, at one MHz the depth of penetration is 25 cm into sea 
water and 7.1 m into fresh water. 

Problem 8. Earth is considered to be a good conductor when coe/cr < 1. 
Determine the highest frequency for which earth can be considered a good 
conductor if ^ 1 means less than 0.1. Assume the following constants: 

cr = 5 x 10~ 3 mho/meter e = lOe*, 

Problem 9. A copper wire carries a conduction current of 1 amp. 
Determine the displacement current in the wire at 100 MHz. (Assume that 
copper has about the same permittivity as free space, that is e = e„. For copper 
cr = 5.8 x 10 7 mhos/m.) ^ 

5.07 Polarization. The polarization of a uniform plane wave refers 
to the time-varying behavior of the electric field strength vector at 
some fixed point in space. Consider, for example, a uniform plane wave 
traveling in the z direction with the £ and ft vectors lying in the 
x-y plane. If £ y = 0 and only £ x is present, the wave is said to be 
polarized in the x direction : A similar statement holds for polarization 
in the y direction. If both £ x and £ y are present and are in phase , the 
resultant electric field has a direction dependent on the relative 
magnitude of £ x and £ y . The angle which this direction makes with 
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the x axis is tan -1 £ v /£ x and this angle will be constant with time 
(see Fig. 5-4). In all the above cases in which the direction of the 
resultant vector is constant with time, the wave is said to be linearly 
polarized. 



If £ x and £ y are not in phase, that is, if they reach their maximum 
values at different instants of time, then the direction of the resultant 
electric vector will vary with time. In this case it can be shown that 
the locus of the endpoint of the resultant £ will be an ellipse and the 
wave is said to be elliptically polarized. In the particular case where 
E x and £ y have equal magnitudes and a 90-degree phase difference, the 
locus of the resultant E is a circle and the wave is circularly polarized. 

The polarization concept outlined above may be developed further 



132 


Electromagnetic Waves 


§ 5.07 


using phasor notation. The electric field of a uniform plane wave 
traveling in the z direction may be expressed in phasor form as 

E(z) = Eo*-'* 

and in time-varying form as 

£(z, t) = Re {Eo-r-^V"'} (5-60) 

Since the wave travels in the z direction, £ lies in the x-y plane. In 
general E 0 is a vector whose components are complex numbers, or in 
other words, E 0 is a complex vector. As a result it may be written 
in the form 

E 0 = E r + jEi (5-61) 

in which E r and E* are both real vectors having (in general) different 
directions. At some point in space (say z = 0) the resultant time- 
varying electric field is 

£(0, /) = Re {(Er + 

= E r cos cot — E t sin cot (5-62) 

It is clear that £ not only changes its magnitude but also changes its 
direction as time varies. 

Circular Polarization . Consider for example the case in which the 
x and y components of the electric field are equal in magnitude. If 
the y component leads the x component by 90 degrees and if both 
components have amplitude E at then the electric field at z = 0 is given 
by the complex vector 

E 0 = (x + jy)E a 

The corresponding time-varying field is given by 
£(0, t) = (x cos cot — y sin cot)E a 
from which it may be seen that the components are 

E x = E a cos cot 
y E y = —E a sin cot 

These components satisfy the relation. 

£% + El = El 

which indicates that the endpoint of E( 0, t) traces out a circle of radius 
E a as time progresses. Furthermore it may be seen that the sense or 
direction of rotation is that of a left-handed screw advancing in the z 
direction (the direction of propagation). Thus the wave is said to be 
left circularly polarized. Similar remarks hold for right circular po¬ 
larization represented by the complex vector 
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E 0 = (* - jy)E a 

It is apparent that a reversal of the sense of rotation may be obtained 
by a 180-degree phase shift applied either to the x component or to 
the y component of the electric field. 

Elliptical Polarization. A somewhat more general example arises 
when the x and y components of the electric field differ in amplitude. 
Assuming again that the y component leads the x component by 90 
degrees, such a field may be represented by the complex vector 

E 0 = xA + jyB 

in which A and B are positive real constants. The corresponding time- 
varying field is given by 

£(0, t) = xA cos cot — y B sin cot 
The components of the time-varying field are 
* E x = A cos cot 

£ y ~—B sin cot 


from which it is evident that 



1 


Thus the endpoint of the E(0, t) vector traces out an ellipse and the 
wave is said to be elliptically polarized. Inspection of the equations 
indicates that the sense of polarization is again left-handed. 

Elliptical polarization is in fact the most general form of polariza¬ 
tion. The polarization is completely specified by the orientation and 
axial ratio of the polarization ellipse and by the sense in which the 
endpoint of the electric field vector moves around the ellipse. Various 
methods for representing the polarization of a wave are covered in 
chap. 12. 

5,08 Direction Cosines* Sometimes it is necessary to write the ex¬ 
pression for a plane wave that is traveling in some arbitrary direction 
with respect to a fixed set of axes. This is most conveniently done in 
terms of the direction cosines of the normal to the plane of the wave. 
By definition of a uniform plane wave the equiphase surfaces are 
planes. Thus in the expression 

EOO = E 0 e' jdx 

for a wave traveling in the x direction, the planes of constant phase 
are given by the equation 


x = a constant 

For a plane wave traveling in some arbitrary direction, say the s 
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direction, it is necessary to replace x with an expression that, when 
put equal to a constant, gives the equiphase surfaces. 

The equation of a plane is given by 

dr = a constant 

where r is the radius vector from the origin to any point P on the 


/ 



plane and n is the unit vector 
normal to the plane (sometimes 
called the wave normal). That 
this is so can be seen from Fig. 
5-5, in which a plane perpendic¬ 
ular to the unit vector ft is seen 
from its side, thus appearing as 
the line F-F. The dot product 
dr is the projection of the radius 
vector r along the normal to the 
plane, and it is apparent that 
this will have the constant value 
OM for all points on the plane. 
Now the dot product of two 
vectors is a scalar equal to the 
sum of the products of the com¬ 
ponents of the vectors along the 
axes of the co-ordinate system. 
Therefore 


d • r = x cos A + y cos B + z cos C 

where x,y,z, are the components of the vector r, and cos A, cos B y 
cos C are the components of the unit vector d along the x, y , and z 
axes. A , B and C are the angles that the unit vector d makes with the 
positive x, y, and z axes, respectively. Their cosines are termed the 
direction cosines or direction components of the vector. 

The equation of a plane wave traveling in the direction d, normal 
to the planes of constant phase, can now be written as 

E(r) = E 0 e~ J ^ n ’ T 

_ cos .4+ycos fl+?cos C) (5-63) 

In time-varying form and assuming E 0 = Er + JE U this becomes 
£(r, 0 = Re{E 0 <r^"* T -*°} 

= E r cos QSil-r — cot) + E t sin (/3d-r — cot) (5-64) 

Wavelength and Phase Velocity. The uniform plane wave expressions 
considered so far all can be broken up into functions of the form 
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where h is some real constant and u represents distance measured along 
a straight line. Referring back to the original discussion on wavelength 
and phase velocity, we see that these quantities can be stated in terms 
of h and go for the given direction u. The wavelength in the u direc¬ 
tion is given by 

^ ^ (5-65) 

and the phase velocity in the u direction is given by 


Vu = 


GO 

T 


(5-66) 


With this information, we can determine the wavelength and phase 
velocity in any direction. 

For the uniform plane wave already discussed, the wavelength and 
phase velocity in the direction of the wave normal ft are given by 


t 



and 



If we look at the uniform plane wave expression in direction cosine 
form, it is easy_to determine the wavelengths and phase velocities in 
the directions of the co-ordinate axes by comparison with the e~ }hu 
form discussed above. Thus we have for the x direction 




2?t _ A, 

ft COS A COS A 


and 


— 6 ) 

>x ~ ft cos A 


v 

cos A 


As long as the angle A is not zero, both the wavelength and the phase 
velocity measured along the x axis are greater than when measured 
along the wave normal. Similar statements hold for the y and z 
directions. These relations between the velocities and wavelengths in 
the various directions are shown more clearly in Fig. 5-6, which shows 





Figure 5-6. Relations between wavelengths and velocities 
in different directions.__ 
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successive crests of an incident wave intersecting the y and z axes. 
For small angles of 6 it is seen that the velocity v yi with which a 
crest moves along the y axis, becomes very great, approaching infinity 
as 6 approaches zero. 


PART il-REFLECTION AND REFRACTION 
OF PLANE WAVES 

5.09 Reflection by a Perfect Conductor—Normal Incidence. When 
an electromagnetic wave traveling in one medium impinges upon a 
second medium having a different dielectric constant, permeability, or 
conductivity, the wave in general will be partially transmitted and 
partially reflected. In the case of a plane wave in air incident normally 
upon the surface of a perfect conductor, the wave is entirely reflected. 
For fields that vary with time neither E nor H can exist within a 
perfect conductor so that none of the energy of the incident wave can 
be transmitted. Since there can be no loss within a perfect conductor, 
none of the energy is absorbed. As a result the amplitudes of E and 
H in the reflected wave are the same as in the incident wave, and the 
only difference is in the direction of power flow. If the expression for 
the electric field of the incident wave is 

E t e-** x 

and the surface of the perfect conductor is taken to be the x = 0 plane 
as shown in Fig. 5-7, the expression for the reflected wave will be 

Ere*** 

where E r must be determined from the boundary conditions. Inasmuch 
as the tangential component of E must be continuous across the bound¬ 
ary and E is zero within the conductor, the tangential component of 
E just outside the conductor must also be zero. This requires that the 
sum of the electric field strengths in the incident and reflected waves 
add to give zero resultant field strength in the plane x = 0. Therefore 

E r = -E t 

The amplitude of the reflected electric field strength is equal to that 
of the incident electric field strength, but its phase has been reversed on 
reflection. 

The resultant electric field strength at any point a distance —x 
from the x = 0 plane will be the sum of the field strengths of the 
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incident and reflected waves at that point and will be given by 
E t (x) = E t e~ J * x + E r e^ x 
= Ei(e-** x - e j0x ) 

= —2jEi sin fix (5-67) 

Ej{x , t) = Re {—2 jE t sin fix e jal ] 

If E t is chosen to be real, 

E t (x, t) = 2 E t sin fix sin cot (5-67a) 

Equation (67) shows that the incident and reflected waves combine 
to produce a standing wave , which does not progress. The magnitude 
of the electric field varies sinusoidally with distance from the reflecting 
plane. It is zero at the surface and at multiples of half wavelength 
from the surface. It has a maximum value of twice the electric field 
strength of the incident wave at distances from the surface that are 
odd multiples of a quarter wavelength. 

Inasmuch as the boundary conditions require that the electric field 
strength be reversed in phase on reflection in order to produce zero 
resultant field at the surface, it follows that the magnetic field strength 
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must be reflected without reversal of phase. If both magnetic and 
electric field strengths were reversed, there would be no reversal of 
direction of energy propagation, which is required in this case. Therefore, 
the phase of the reflected magnetic field strength H r is the same* as 
that of the incident magnetic field strength H x at the surface of re¬ 
flection x — 0. The expression for the resultant magnetic field will be 

Hj(x) = H x e’** x + H r e+ j ** 

= H t (e^ x + e +jf * x ) 

= 2H i cos fix (5-68) 

H x is real since it is in phase with E t . 

H t (x, t) = Re {H r (x)e jt » 1 } 

— 2Hi cos fix cos cot (5-68a) 

The resultant magnetic field strength H also has a standing-wave dis¬ 
tribution. In this case, however, it has maximum value at the surface 
of the conductor and at multiples of a half wavelength from the 
surface, whereas the zero points occur at odd multiples of a quarter 
wavelength from the surface. From the boundary conditions for H it 
follows that there must be a surface current of J s amperes per meter, 
such that J s — Hj {at x = 0). 

Since E t and H t were in time phase in the incident plane wave, a 
comparison of (67) and (68) shows that E T and H T are 90 degrees out 
of time phase because of the factor j in (67). This is as it should be, 
for it indicates no average flow of power. This is the case when the energy 
transmitted in the forward direction is equalled by that reflected back. 

That E t and H T are 90 degrees apart in time phase can be seen 
more clearly by rewriting (67) and (68). Replacing —j by its equivalent 
e ~ Kx/2) and combining this with the e jat term to give eq. (67) 

becomes 

St(x, t) = Re [2E t sin fix e~ j * f *e J<i>t } 

= 2 E t sin fix cos (cot — ?r/2) (5-69) 

s 

*An alternative way of arriving at this same result is from a consideration of 
current flow in the conductor. If it is assumed for the incident wave, which is 
traveling to the right in the positive * direction, that Ei is in the positive y direc¬ 
tion and Hi is in the positive z direction (it will be seen later that the direction 
of energy propagation is always the direction of the vector E x H), the current flow 
in the conductor will be in the same direction as the incident electric field, that is, 
in the positive y direction. This current flow produces an electric field — E y to 
oppose the incident field (Lenz’s law) and produces a magnetic field, which is shown 
by application of the right-hand rule to be in the positive z direction. Therefore 
the magnetic field of the reflected wave has the same direction as in the incident 


wave. 
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Likewise rewriting (68), 

H t = 2 H t cos cos (g>0 (5-70) 

Comparison of (69) and (70) shows that E T and H T differ in time phase 
by 7 t/ 2 radians or 90 degrees. 

5.10 Reflection by a Perfect Conductor—Oblique incidence. 

Whenever a wave is incident obliquely on the interface between two 
media, it is necessary to consider separately two special cases. The 
first of these is the case in which the electric vector is parallel 
to the boundary surface or perpendicular to the plane of incidence. 
(The plane of incidence is the plane containing the incident ray and 
the normal to the surface.) This case is often termed horizontal 
polarization . In the second case the magnetic vector is parallel to the 
boundary surface, and the electric vector is parallel to the plane of 
incidence. This case is often termed vertical polarization. The two 
casesiare shown in Fig. 5-8. The terms ‘‘horizontally and vertically 

/ 2 




Figure 5-8. Reflection and refraction of waves having (a) perpendicular 
(horizontal) polarization and (A) parallel (vertical) polarization. 

polarized waves” refer to the fact that waves from horizontal and 
vertical antennas, respectively, would produce these particular orienta¬ 
tions of electric and magnetic vectors in waves striking the surface of 
the earth. However, it is seen that, whereas the electric vector of a 
“horizontally” polarized wave is horizontal, the electric vector of a 
“vertically” polarized wave is not wholly vertical but has some hori¬ 
zontal component. More significant designations are the terms “per¬ 
pendicular” and “parallel” polarization to indicate that the electric 
vector is perpendicular or parallel to the plane of incidence. In wave¬ 
guide work the terms transverse electric ( TE ) and transverse magnetic 
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(TM) are used to indicate that the electric or magnetic vector respec¬ 
tively is parallel to the boundary plane. The reason for this will be 
discussed later. In the present problem of a wave incident on a perfect 
conductor, the wave is totally reflected with the angle of incidence 
equal to the angle of reflection. 

Case I: E Perpendicular to the Plane of Incidence. Let the incident and 
reflected waves make angles d t = 0 T = 6 with the z axes as in Fig. 5-9. 




Figure 5-9. Field pattern above a reflecting plane when the wave is incident 
at an oblique angle (perpendicular polarization). 

Because these two waves have equal wavelengths and opposite directions along 
the z axis, there must be a standing-wave distribution along this axis. In the 
y direction the incident and reflected waves both progress to the right with 
the same velocity and wavelength so there will be a traveling wave in the 
positive y direction. That these conclusions are correct can be seen by adding 
the expressions representing the two waves. 

With the co-ordinate system chosen as shown in Fig. 5-9, the expression 
for the reflected wave is 

-^reflected — E r e T 

— cos .i+y cos b +z cos C) (5-71) 

where E r is the amplitude of the electric held strength of the reflected wave 
at the origin. For the wave normal of the reflected wave 

A' • r = x cos y cos + z cos 9 — y sin 6 + z cos 6 

so that (71) becomes 

^reflected = E r e~^^ cos (5-72) 

For the incident wave 

A-r = x cos -y + y cos (—• — dj -f- z cos (it — 6) = y sin 0 — z cos 0 

and 

J7. — p, ,,-jj8(ysin0-*cos 0) 

-'-'incident — c 


(5-73) 
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From the boundary conditions 

Er = -El 

Therefore the total electric field strength (sum of incident and reflected field 
strengths) will be 

J? —- sin 0—2 cos 6) e -j0(y sin 0 + z cos 

— 2jEi sin (fiz cos 9 

— 2jEi sin fi z z e' j8 ' v (5-74) 

where /S = co/v = 27T/X is the phase-shift constant of the incident wave, 
/9 Z = /3 cos <9 is the phase-shift constant in the z direction, and = /3 sin (9 
is the phase-shift constant in the y direction. Equation (74) shows a standing- 
wave distribution of electric field strength along the z axis. The wavelength 
X t (twice the distance between nodal points), measured along this axis, is 
greater than the wavelength X of the incident waves. The relation between 
the wavelengths is 

) _27T_ 27r __ X 

z ~~ j3 z ~~ ft cos # ~~ cos 6 

The planes of zero electric field strength occur at multiples of X z j2 from the 
reflecting surface. The planes of maximum electric field strength occur at odd 
multiples of X z /4 from the surface. 

The whole standing-wave distribution of electric field strength is seen from 
eq. (74) to be traveling in the y direction with a velocity 

__ co __ co _ v 
Vy ~~ Wv ~ /3~sln”9 ~ sin 0 

This is the velocity with which a crest of the incident wave moves along the 
y axis. The wavelength in this direction is 

^ ~ sin 6 

Cash II: E Parallel to the Plane of Incidence. In this case Ei and E r will 
have the instantaneous directions shown in Fig. 5-10 because the components 


z 



Figure 5-10. Reflection of a parallel-polarized 
wave. 
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parallel to the perfectly conducting boundary must be equal and opposite. The 
magnetic field strength vector H will be reflected without phase reversal as 
an examination of the direction of current flow will show. The magnitudes of 
E and H will be related by 



For the incident wave the expression for magnetic field strength would be 

indent = ^e-^ sintf - 2co ^> 


and for the reflected wave 

H^necte<l = Hr 


and, since Hi = H r > the total magnetic field strength is 

H = 2H t cos ^ze-^ 

where, as before 


COS 6 
@ v — ft sin 6 


(5-75) 


The magnetic field strength has a standing-wave distribution in the z direction 
with the planes of maximum H located at the conducting surface and at 
multiples of \ z /2 from the surface. The planes of zero magnetic field strength 
occur at odd multiples of X z /4 from the surface. 

In adding together the electric field strengths of the incident and reflected 
waves it is necessary to consider separately the components in the y and z 
directions. For the incident wave 


Et — t]H u E z = rj sin 6Hu E y = rj cos BH t 

For the reflected wave 

H r = H u E z = rj sin 6H r , E v ~ ~rj cos dH r 

The total z component of electric field strength is 

E z = 2 V sin 6Hi cos /3 2 z <r(5-76) 
The total y component of electric field strength is 

E v = 2jr] cos 8Hi sin /3 z z e~ i&yV (5-77) 

where 


= ft cos 0 and /3 y = ft sin 0 

Both components of the electric field strength have a standing-wave distribution 
above the reflecting plane. However, for the normal or z component of E the 
maxima occur at the plane and multiples of X z j 2 from the plane whereas for 
the component of E parallel to the reflecting plane the minima occur at the 
plane and at multiples of X z /2 from the plane. 


Problem 10. Derive (75), (76) and (77) using the boundary condition £ tan 


= 0 . 
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Problem 11. Sketch the planes of zero magnetic field strength, zero E z , 
and zero E y for the case of oblique reflection with E parallel to plane of 
incidence (Fig. 5-10). 


5*1 1 Reflection by a Perfect Dielectric—Normal Incidence* When 
a plane electromagnetic wave is incident normally on the surface of 
a perfect dielectric, part of the energy is transmitted and part of it 
is reflected. A perfect dielectric is one with zero conductivity, so that 
there is no loss or absorption of power in propagation through the 
dielectric. 

As before, consider the case of a plane wave traveling in the x 
direction incident on a boundary that is parallel to the x = 0 plane. 
Let E t be the electric field strength of the incident wave striking the 
boundary, E r be the electric field strength of the reflected wave leaving 
the boundary in the first medium, and E t be the electric field strength of 
the transmitted wave propagated into the second medium. Similar 
subscripts will be applied to the magnetic field strength H. Let and 
be the constants of the first medium and e 2 and be the constants 
of the second medium. Designating by and tj 2 the ratios and 

the following relations will hold 

E t = rji Hi 
E r = —rjiHr 
E t = rj 2 H t 

The continuity of the tangential components of E and H require that 


Hi + H r = H t 
Ei + E r = E t 

Combining these 

H t + H r = J-(£ ( - E r ) = H t = 1(£ ( 4- E r ) 
Vl Vi 

TJ. 2 (Ei — E r ) = rji (E t + E r ) 

Eiiv* — 7 l) = + i]i) 

Et _ rji — Tji 
Ei 7]i + Tji 

Also 

il = Et_±Er ! I Er 

Ei Ei + Ei 

= hi 

Vi + Vi 


(5-78) 


(5-79) 
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Furthermore 

$■ 

I + 

S' R~ 

II 

c 4 W 

I 

II 

tqltq 

(5-80) 


Ht _ Vi E t _ 2771 

Hi 7)2 Ei 7J { + 7)2 

(5-81) 


The permeabilities of all known insulators do not differ appreciably 
from that of free space, so that fh — . Inserting this relation 

the above expressions can be written in terms of the dielectric constants 
as follows: 


Similarly 


Er __ w fiy/ — V fi v /e x 
Ei a/ fi v /e 2 + e i 


E r ___a/ a 

Et 61 "I - e 2 

(5-82) 

E t _ 2V^7 

Ei a/ a / 62" 

(5-83) 

H r *\/ 60 A/ 61 

(5-84) 

Hi 61 -|- V 63 

H t _ 2v^ 

(5-85) 

Hi a J 61 4 “ a/ 62 

Perfect Insulator- 

-Oblique Incidence* If a 


plane wave is incident upon a boundary surface that is not parallel 
to the plane containing E and H, the boundary conditions are more 
complex. Again part of the wave will be transmitted and part of it 
reflected, but in this case the transmitted wave will be refracted; that 
is, the direction of propagation will be altered. Consider Fig. 5-11, 


€ 


1 
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which shows two rays of the wave. (A ray is a line drawn normal to 
the equiphase surfaces.) 

In the diagram incident ray (2) travels the distance CB , whereas 
transmitted ray (1) travels the distance AD and reflected ray (1) travels 
from A to E. If Vi is the velocity of the wave in medium (1) and 
is the velocity in medium ( 2 ), then 

CB __ 

AD Vi 

Now CB = AB sin and AD = AB sin0 2 , so that 

sin 0 t __ 
sin 0 2 Vi 


In terms of the constants of the media, V\ and are given by 


I 


Therefore 




(5-86) 


Furthermore 


AE= CB 


and as a result, sin = sin 0 3 , or 

0i = 0% (5-87) 

The angle of incidence is equal to the angle of reflection; the angle 
of incidence is related to the angle of refraction by eq. ( 86 ), which in 
optics is known as the law of sines , or Snell's law . 

In a later section it will be shown that the power transmitted per 
square meter in a wave is the vector product of E and H. Since E 
and H are at right angles to each other, in this case the power 
transmitted per square meter is equal to E/rj. The power in the incident 
wave striking AB will be proportional to (l/^Ef cos 0 U that reflected 
will be (I/ 771 ) El cos 0 U and that transmitted through the boundary will 
be (I/ 772 ) E\ cos 0 2 * By the conservation of energy 

— E\ COS 0! — — E? r COS 0! + — El cos 0 2 
Vi V I 72 

_ rjxEi cos 0 2 
El ~~ 772 E\ cos 6 X 

_ 1 _ Ej cos 0 2 
El VeT El cos 0 x 


(5-88) 
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Case I: Perpendicular (. Horizontal ) Polarization. In this case the electric 
vector E is perpendicular to the plane of incidence and parallel to the reflecting 
surface. Let the electric field strength E t of the incident wave be in the posi¬ 
tive x direction [outward in Fig. 5-8(a)], and let the assumed positive directions 
for E t and Et in the reflected and transmitted waves also be in the positive 
x direction. Then, applying the boundary condition that the tangential com¬ 
ponent of E is continuous across the boundary, 


Ei 4- E r — Et 



Insert this in eq. (88) 

Ef _ . _ /eT /1 . E£\ 2 cos Ot 
E'i V e» \ Et) cos di 



Ei v €i \ Ei] COS 01 

Et __ COS d\ — a/cT COS 02 

Ei Ve7 cos d\ 4- VF 2 cos 02 

Now from eq. (86) 

VeT cos 02 = — sin 2 0*) = \Ze 2 — ei sin 2 0i 

therefore 


(5-89) 


Er _ a/cT cos 0i — /y/e? — 6i sin 2 0i 
Ei cos 0 t 4- Ve 2 — ei sin 2 0! 

_ cos 0 t — V(e 2 /ei) — sin 2 0 t 
cos 61 + V(e 2 /ei) — sin 2 0i 


(5-90) 

(5-90a) 


Equation (90) gives the ratio of reflected to incident electric field strength for 
the case of a perpendicularly polarized wave. 


Case II: Parallel ( Vertical ) Polarization. In this case E is parallel to the 
plane of incidence and^H is parallel to the reflecting surface. Again applying 
the boundary condition that the tangential component of E is continuous across 
the boundary in this case gives [Fig. 5-8(0)], 

(Ei — E r ) cos 0i — Et cos 0 2 

Et L _ Er\ cos 01 
Ei \ Ej cos 0 2 


(ErV _ 1 _ fl 71 Et\ ~ COS 0 1 

\Ei) ~~ V 6! V Ei) cos 02 


Insert this in eq. (88) 
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Fe 7 /, _ Er \ 1 cos d\ 

Ei ~ Vci V Ei) cos 6-2 

I _L FlI _ /il A __ Er \ COS 0 [ 

Ei~ \ € 1 \ £i/ COS 6'i 

ErF 4 _ /fTcostfA __ fe7 cos <9i __ 
£t\ 1 Y 6 i COS # 2 / \ €\ cos # 2 

Er __ Ve7 cos #1 — V7T COS 
V €2 cos 0 1 -h v7T cos # 2 

— cos fli — v7t(l — sin 2 #•?) 
VT 7 cos 4- Vet(T — sin 2 0 *) 

Recall that sin- d» = eje* sin 2 0i 

Er _ ( 62 / 61 ) cos <9t — V(eg/eQ — sin 2 flt 
£"1 (e 2 /ei)cos ^ 1 4- Vsin *~§[ 


(5-91) 


Equation (91) gives the reflection coefficient for parallel or vertical polariza¬ 
tion, that is, the ratio of reflected to incident electric field strength when E 
is parallel to the plane of incidence. 


Problem 12. Derive E r /Ei and Et/Ei for both polarizations by matching 
both electric and magnetic fields at the boundary (instead of using conservation 
of energy). 

Brewster Angle . Of particular interest is the possibility in eq. (91) 
of obtaining no reflection at a particular angle. This occurs when the 
numerator is zero. For this case 



sin' 2 


€9 * 2 a 

—— sin 2 0 1 

€1 


— COS 81 

e! 


69 

ei 


-4 sin 2 
e I 


(ei — ei) sin 2 d x == e 2 (e! — e 2 ) 


sin 2 


e 2 

ei + e 2 


cos 2 8 X 
tan 0\ 


gi 

+ e 2 



(5-92) 


At this angle, which is called the Brewster angle , there is no reflected 
wave when the incident wave is parallel (or vertically) polarized. If 
the incident wave is not entirely parallel polarized, there will be some 
reflection, but the reflected wave will be entirely of perpendicular (or 
horizontal) polarization. 
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Examination of eq. (90), which is for perpendicular polarization, 
shows that there is no corresponding Brewster angle for this polarization. 

Problem 13. Prove for parallel polarization that 

Er _ tan (#i — i9 2 ) 

Ei tan (Oi £?) 

and for perpendicular polarization that 

Er _ sin (<9o — i9i) 

Ei sin (#2 4" $i) 

Problem 14. The gas laser depicted in Figure 5-12 uses “Brewster angle” 



Figure 5-12. A gas laser with “Brewster angle” 
windows. 


quartz windows on the gas discharge tube in order to minimize reflection 
losses. Determine the angle 0 if the index of refraction for quartz at the 
wavelength of interest is n = 1.45. (For a dielectric, the index of refraction n, 
defined as the ratio of the velocity of light in a vacuum to the phase velocity 
in the dielectric medium, is equal to Ve7.) Because of these windows, the 
laser output is almost completely linearly polarized. What is the direction of 
polarization? 

Total Internal Reflection . If is greater than e 2 both the reflection 
coefficients given by eqs. (90) and (91) become complex numbers when 

sin 6i > J 5- 
v ei 

Both coefficients take on the form (a + jb)/(a — jb) and thus have unit 
magnitude. In other words, the reflection is total provided that d x is 
great enough and also provided that medium (1) is denser than medium 
(2). Total reflection does not imply that there is no field in medium 
(2), however. In this region the fields have the form 

sin 0 s -z cos 0,) 

Snell’s law gives the y variation as 

j/3ty/~ei/e» S in 0i 


and the z variation as 
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gj&ZCMM*! gi&xl\.±V S 2 \ 

e J/3tZ[±jv / (ei/c*) sin 1 


— g+ZizViti/ti) »i'n* 

In the above expression the lower sign must be chosen so that the fields 
decrease exponentially as z becomes increasingly negative. That is, 

cos 8-2 = —jJ — sin 2 B x — 1 — — jJ~^~ J sin 2 6 X — — 

' €-2 * 62 V 

in this problem. Thus under conditions of total internal reflection, a 
field does exist in the less dense medium. This field has a phase pro¬ 
gression along the boundary but decreases exponentially away from it. 
It thus is an example of a nonuniform plane wave. 

The phase velocity along the interface is given by 


_ co _ 

ftVei fe 2 sin 8 X 

which, under conditions of total internal reflection is less than the phase 
velocity g>// 9 2 of a uniform plane wave in medium (2). Consequently 
the nonuniform plane wave in medium (2) is a slow wave. Also, since 
some kind of a surface between two media is necessary to support the 
wave,, it is called a surface wave * 

The reflection coefficients have already been derived. They are 

Er _ Ve7 cos By — Ve7 cos @2 
E t Ve*' cos + Ve, cos 6 2 

for perpendicular polarization and 

Er _ VeT cos 8 X — Ve< cos 
E t a/c7 COS d\ + V €j cos d 2 


for parallel polarization. For total internal reflection, the value of cos 6 2 
derived above may be substituted to yield 


Er _ cos 4 -1 Vs in 2 Q\ — (e^/cQ _ 

Ei cos — jw sin 2 — (e 2 /ej) 

for perpendicular polarization and 

Et _ (e 2 /ei) cos fl t + ;Vsm 2 ^ — (e 2 /ei) _ e j^ 
E t (e^/eO cos d x — sin* 0^ — (e 2 /et) 


(5-93) 


(5-94) 


*This is one type of surface wave. Another type used in ground wave propaga¬ 
tion is covered in chap. 16. In the literature the term “surface wave” has a variety 
of connotations depending upon the problem and the writer. A comprehensive, but 
by no means conclusive discussion of surface waves is given in the “Surface Waves” 
section of the I.E.E.E. Transactions on Antennas and Propagation, AP-7, Dec., 1959. 
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for parallel polarization. Note that <f> ± and <j> t are the phase-shift angles 
for the two polarizations. 

Total internal reflection is widely used in binocular optics where 
glass prisms are employed to shorten the instrument, thus making it 
easier to carry. In such applications it is important to keep dust from 
collecting on the reflecting faces of the glass prisms since the dust 
particles could disturb the exponentially decreasing fields, thus causing 
the image to become dim or blurred. 

Problem 15. The prism shown in Fig. 5-13 is one application of total 




Figure 5-13. Total internal reflection as used in (a) binocular 
optics, and ( b ) laser applications. 

internal reflection. The incident radiation from the right is to pass into the 
prism at the Brewster ^ngle, be totally reflected at S\ and S 2 and return parallel 
to the incident path to within 6 min of arc. Specify the angles for use at 
6328A (the HecNe laser) if the prism is to be constructed from quartz. (Use 
the refractive index n = Ve7 = 1.46.) 

Problem 16. In cases of total internal reflection an incident wave polarized 
linearly at 45 degrees to the plane of incidence can be transformed into a 
circularly polarized wave after reflection. Find the angle of incidence at which 
this occurs for a given value of (ei/e 2 ). Also note the minimum value of (ei/e*) 
required to produce the specified change in polarization. 

5.13 Reflection at the Surface of a Conductive Medium. Suppose 
that a uniform plane wave in a medium with constants is 
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incident normally upon a second 
medium of infinite depth having 
the constants e 2 , ^ 2 , 0 * 2 , as shown in 
Fig. 5-14. At the boundary, conti¬ 
nuity of the tangential field com¬ 
ponents demands that 

Ei + E r = E t 

and 


H t + Hr =s H t 

The latter equation may be modified 
by noting that 



Figure 5-14. Reflection and transmis¬ 
sion at a boundary between two con¬ 
ductive media. 


— Ei, Tj\H T — E r , V2 H t — Et 


Thusf if E t is regarded as known, we have two equations in the two 
unknowns E r and E t . These equations may be expressed as 


E r Et — Ei 

El + Ei — Ei 

??1 ??l 

and their solution yields the reflection and transmission coefficients 


Ei — v% — yi 

Ei t ] 2 + rjx 

Ei — 

^i r\2 + rji 


(5-95) 

(5-96) 


The reflection and transmission coefficients for the magnetic field are 


EE — Vi ~~ V 2 

Hi 7) Z + 7)i 

Ei = 

Hi 772 + ^1 


(5-97) 

(5-98) 


It is interesting to evaluate expressions (95), (96), (97), and (98) for the 
case of an electromagnetic wave in air incident normally upon a copper 
sheet. A frequency of 1 MHz will be assumed. For this example 


- jlv fl'I - 

6 ! = 62 = 6^ 

a v = 0 cr 2 — 5.8 x 10 T mhos/m 

so that 

m = J&- = 377 ohms 
v e* 
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V2 = 


jin x 10 q X 47T x 10~ 


5.8 x 10 7 + ;2tt x 10 6 x 8.8 54 x 10“ 


0.00 0369/45° ohms 


Then the ratio of reflected to incident electric field strengths, as given 
by eq. (95), is 


E z _ 3.69 x 10- 4 /4T - 377 
E t 3.69 x 10“ 4 /45° + 377 

= —0.9999986 /-0.000079 0 

= 

H t 


It is seen that differences between these reflection coefficients for copper 
and the coefficients of minus and plus unity, which would be obtained 
for a perfect reflector, are indeed negligible. For most practical purposes, 
copper can be considered a perfect reflector of radio waves. 

The relative strengths of the transmitted fields for this case are 


E t _ 7.38 x 10 " 4 /45° 

E t ~ 3.69 x 10- 4 /4T + 377 


= 0.00000196 [4 r 


Ht 

Hi 


2 x 377 

377 + 3.69 x 1CT 4 [45*_ ” 


3.9999986 /—0.00004° 


The electric field strength just inside the metal is approximately 2 x 10 " 6 
times that of the initial wave: The magnetic field strength just inside 
the metal is approximately twice the magnetic field strength of the 
initial wave. This last result could be inferred from the fact that, since 
the magnetic field strength is reflected without phase reversal, the total 
magnetic field strength just outside the surface of the copper is ap¬ 
proximately double that of the initial wave and therefore, because of 
continuity requirements, //just inside the copper is also approximately 
twice the magnetic field strength of the incident wave. The ratio of 
E to H just inside the metal is equal to 7 2 , the characteristic impedance 
of the copper. ThaMs 

^± = rj 2 = 0.000369 /45° ohms 

Hi 


For many practical purposes this is sufficiently close to zero to consider 
the copper sheet to be a zero-impedance surface. 

Problem 17. Determine the normal incidence reflection coefficients for sea 
water, fresh water, and “good” earth at frequencies of 60 Hz, 1 MHz, and 
1 GHz. Use € t = 80, cr — 4 mhos/m for sea water; e r = 80, 0 = 5 x 10 -3 for 
fresh water; and e r = 15, o* = 10 X 10~ 3 for good earth. 
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5.14 Surface Impedance. It has been seen that at high frequencies 
the current is confined almost entirely to a very thin sheet at the 
surface of the conductor. In many applications it is convenient to make 
use of a surface impedance defined by 

Z, = if (5-99) 

where £ tan is the electric field strength parallel to, and at the surface 
of, the conductor and J s is the linear current density that flows as a 
result of this £ tan . The linear current density J s represents the total 
conduction current per meter width flowing in the thin sheet. If it is 
assumed that the conductor is a flat plate with its surface at the y = 0 
plane (Fig. 5-15), the current distribution in the y direction will be 
given by 

J= J 0 e~™ 

wherfc J 0 is the current density at the surface. 



Figure 5-15. Current distribution in a thick flat-plate conductor. 


It is assumed that the thickness of the conductor is very much 
greater than the depth of penetration, so that there is no reflection 
from the back surface of the conductor. The total conduction current 
per meter width, that is, the linear current density is 

J, = J^° J dy — J„ 

= -l±{e-™]~=k (5-100) 

ry ry 

But the current density at the surface, is 

Jo = cE tim 
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Therefore 


'7 _ ^tan _ y 

— — 7 ~ — 

J 3 cr 

The constant y for propagation in a conducting medium was found to 
be 


y = V ]cofi(cr -f- jcoe) ^ ^/fcopa 


This gives for a thick conductor 





(for the conducting medium) 


(5-101) 


It is seen that for good conductors the surface impedance of a plane 
conductor that is very much thicker than the skin depth is just equal to 
the characteristic impedance of the conductor. This is also the input 
impedance of the conductor when viewed as a transmission line con¬ 
ducting energy into the interior of the metal (the transmission-line 
analogy will be examined in sec. 5.15). When the thickness of the 
plane conductor is not great compared with the depth of penetration, 
reflection of the wave occurs at the back surface of the conductor. 
Under these conditions, the input impedance is approximately equal 
to the input impedance of a lossy line terminated in an open circuit, 
viz., 


Z in = rj coth yl (5-102) 

where / is the thickness of the conductor, and rj and y are its intrinsic 
impedance and propagation constant respectively. The approximation 
is ordinarily valid because the actual termination rj v = 377 ohms is 
very much greater than rj of the conductor. 

Surface Impedance of Good Conductors. For any material normally 
classed as a good conductor <r^<x>e, and if the conductor thickness is 
very much greater than the depth of penetration, the surface impedance 
of such a conductor is 


Z,^Jht = 

f V a 

/ 45 0 

V (J l- - 

(5-103) 

The surface resistance is 




fcojjb 

2a 

(5-103a) 

and the surface reactance has the same magnitude as 

R s at all frequencies 
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The surface resistance defined by (103a) as the real part of the surface 
impedance is the high-frequency or skin-effect resistance per unit length 
of a flat conductor of unit width. (It has the dimension of ohms and 
its value does not depend upon the units used to measure length and 
width as long as they are the same.) Recalling that the expression for 
depth of penetration in a conductor is 


it is seen that 


nr 

(5-104) 

V CO/iCT 


_ 1 
crS 

(5-105) 


The surface resistance of a flat conductor at any frequency is equal 
to the d-c resistance of a thickness 8 of the same conductor, where 8 
is the depth of penetration or skin depth . This means that the conductor, 
having a thickness very much greater than 8 and having the exponential 
current distribution throughout its depth, has the same resistance as 
would a thickness 8 of the conductor with the current distributed 
uniformly throughout this thickness. From this it follows that the power 
loss per unit area of the plane conductor will be given by where 

R s is its surface resistance and J selT is the linear current density or 
current per meter width (effective value) flowing in the conductor. This 
same conclusion can be obtained from consideration of power flow, a 
subject that will be taken up in the next chapter. 

Problem 18. Show that, when a given uniform plane wave is incident 
normally on a good conductor, the linear current density J s is essentially 
independent of the conductivity a. 

5*15 The Transmission-line Analogy* The student familiar with ordinary 
transmission-line theory cannot have failed to notice the similarity between the 
equations of wave propagation developed in this chapter and those giving 
voltage and current distributions along uniform transmission lines. The simi¬ 
larity is especially marked in the expressions for the reflection coefficients in 
the two cases. This similarity is more than a coincidence. There exists a close 
analogy between the propagation of plane waves in a homogeneous medium 
and the propagation of voltage and current along a uniform transmission line. 
This analogy is so close that it can be used not only as an aid in obtaining 
an understanding of a new subject, but also to obtain the solutions to actual 
problems. Because of his background in transmission-line theory the engineer 
often finds himself able to write directly the solutions to electromagnetic-wave 
problems, or at any rate to set them up in terms of familiar circuit concepts. 
For these reasons the analogy will be considered step-by-step in some detail 
in order that the similarities, and the differences, may be fully understood. 
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For a uniform transmission line having 
the constants R , L y C and G per unit 
length, the voltage and current equa¬ 
tions may be written in the differential 
form as 


dV 
dx ' 


dl 
'dt 


RI=Q 


fj + C §7 + GI?_0 


(5-106a) 


For a homogeneous medium Maxwell's 
equations are 

VX 

VxH = e^ + (jE 

For a uniform plane wave propagating 
in the x direction and having only 
components E y and H z these become 

dE v , dH z 

■FT + ^1T = 0 

3# r , dE v , ~ 
dx + e 3/ + ~ 0 

(5-106b) 


Inspection of these equations shows that the following quantities are analo¬ 
gous: 

V (volt). E (volt/m) 

/ (amp).ff(amp/m) 

C (farad/m).e (farad/m) 

L (henry/m). fx\ (henry/m) 

G (mho/m).cr (mho/m) 

R (ohm/m). 


In this analogy there appears to be nothing corresponding to R . The reason 
for this will be seen later. If the voltages and currents, and electric and 
magnetic field strengths are assumed to vary sinusoidally with time, so that 
phasor notation is applicable, then eqs. (106) become 


£ + (R+ja>L)l= 0 
|[ + + j<aC)V = 0 


(5-107a) 


+ (0 + j<o/i)H, = 0 

3 rjr 

+ + jox)E y = 0 


(5- 107b) 


Differentiating with respect to x , these equations combine to give the follow¬ 
ing second-order differential equations: 


|p - (R + yo)I0(G H- yo)C)K = 0 

- (R + ja>L)(G + jcoC)I = 0 

(5-108a) 


-*—C ~ (ywfi)(cr + yo)e)E y = 0 

- (yo/tXo - + Wft = 0 

(5-108b) 


A possible solution for any of these equations would be of the form 

V, /, £*, or H z = (5-109) 

where <y 2 = (7? + jcoL)(G + ycoC) 

for the eqs. (108a), and 
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Y a = + MO 

for the eqs. (108b). It is customary to take y to mean the particular square 
root (of 7 2 ) which has a positive real part. When the variation with time is 
expressed explicitly, the first term of expression (109) represents a wave traveling 
to the right and the second expression represents a wave traveling to the left. 

An alternative solution to eqs. (108) is often used in transmission-line 
theory. In this solution the exponentials are combined differently and the 
solution appears in terms of hyperbolic functions, and can be written 


V = A 1 cosh yx + Bi sinh yx 
I = Az cosh yx + B 2 sinh yx 

( 5 - 110 a) 


E = Ai cosh yx + B { sinh yx 
H = At cosh yx + Bt sinh yx 

(5-110b) 


Let V = V*, / = 1r at x = 0 

and V = Vs, / = Is at x = Xi 

Substitute these in (110a) and find for 
the coefficients the values 


Let E = Er, H — Hr at x = 0 

and E = Es, H = H s at x = Xi 

Substitute these in (110b) and evaluate 
the coefficients. 


A\ = Vs, B t = 
A 2 — Ir, B‘i — 


-vi 

-V! 


B -f- jcoL 
G -b jcoC 


G -b jcoC 
B -b jo)L 


Ir 


Vr 


A 1 — Er } B\ — 
At — Hr, B 2 = 


4 

4 


jCOjh 
<T -f- jC0€ 


O' ~b jCO€ 
jtofl 


Hr 

Er 


In transmission-line theory it is customary to write 


Z = B + jcoL Y — G + jcoC 
^ _ fZ _ / B 4 “ jcoL 

°“VT “ VgTTSc 

where Z 0 is called the characteristic impedance of the transmission line. 
Similarly in wave theory it is customary to write 


'Vff+K 


jcoe 

where 77 is called the characteristic impedance or intrinsic impedance of the 
medium. 

In terms of these quantities, and writing / = — xi, eqs. (110) become 


Vs = Fijcosh yl + ZqIr sinh 7 /) 


Is = Ir cosh 7 1 sinh yl 

^0 


(5-111a) 


Es = E r cosh 7 / + yH R sinh yl' 


Hs — Hr cosh yl + ~ sinh yl 


(5-11 lb) 


When the line is very long (or the homogeneous medium very thick) so that 
Re ( 7 /} is a large quantity, 

cosh yl ^ -y % sinh yl 


and the ratios of voltage to current and E to H are seen from eqs. (Ill) to 
be 
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Vs 

Is 


Z 0 


Eg __ 

H s 


V 


The characteristic impedance Zo, and intrinsic impedance rj are, respectively, 
the ratios of V to I on a transmission line and E to H in a uniform plane 
wave under conditions where there is no reflected wave from the termination, 
or, in other words, when the wave along the line or in the medium is a 
traveling wave. Equations (111) are the general equations for the propagation 
of waves along uniform transmission lines or plane waves in homogeneous 
media. For the special cases of a “lossless" line or a “lossless" (nonconducting) 
medium the following simplifications occur 


R — G = 0 

z, = JTJc 

7 = *y(ja>L)(ja>C) 
= ja>«/LC 
but 7 = <X + j/3 
Therefore ct = 0 

P = a«/LC 


so that 


but 

Therefore 


or = 0 
rj — 

ry = VO'^/i)(M) 

= 

ey = a+jfi 
a = o 


j3 = co+SJce 


so that 


Under these circumstances, since cosh j/3 — cos /3, and sinh = ysin/3, the 
general eqs. (Ill) reduce to 


V s = Vr cos /3l + jZ 0 Ir sin /3/ 

Is — Ir cos /9/ -f j sin fil 

ZrO 

( 5 - 112 a) 


E s = E r cos pi + jr]H R sin Pi 

H s = Hr cos pi +J'y sin P l 

(5-112b) 


The quantities 1 j^/LC and 1 /a/7 ** have the dimensions of velocity and are 
in fact the velocities of wave propagation along the lossless line and in the 
lossless medium respectively. In either case, when the dielectric is air, so that 
fjb — fifQ and e — e v , 


= c ^ 3 X 10 s meter/sec 

= c^3 X 10 s meter/sec 

It might be expected that a wave of arbitrary shape traversing a conducting 
medium would decrease in amplitude exponentially but would retain its wave¬ 
shape as it progresses. However, it may be shown, by decomposing the wave 
into its fundamental and harmonic components through Fourier analysis, that 
the attenuation factor CL is different at different frequencies. Therefore such a 
waveshape becomes distorted as it progresses. Similar distortion occurs on a 
lossy transmission line. However in the latter case a “distortionless line" can 
be produced by loading the line to obtain a particular relation among the 
line constants R , L } G , C (see problem 27). 

It has been seen that propagation of a uniform plane wave in a homogeneous 


\J fJsi 
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medium is analogous to propagation along a uniform transmission line. If the 
uniform plane wave passes abruptly from one medium to another, the surface 
of discontinuity being a plane perpendicular to the direction of propagation, 
the analogy will continue to hold (see Fig. 5-16). This is so because the 



Surface of 
discontinuity 

1 o ) 



Figure 5-16. Reflection and transmission ( a ) 
at a boundary surface between two media 
and (6) at a junction between two transmis¬ 
sion lines. 

boundary conditions at the surface of discontinuity are the same as those exist¬ 
ing at the junction between two transmission lines having different constants. 
For the latter the continuity requirements are that (1) the voltage be con¬ 
tinuous across the junction and (2) the current be continuous across the 
junction. These are the same requirements that hold for the analogous 
quantities E and H across a boundary surface. The usefulness of the above 
analogy is particularly apparent in solving multi-junction problems, such as 
problems 20, 23, and 24. 

ADDITIONAL PROBLEMS 

19. The electric field strength of a uniform plane electromagnetic wave 
in free space is 1 volt per meter, and the frequency is 300 MHz. If a very 
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large thick flat copper plate is placed normal to the direction of wave prop¬ 
agation, determine (a) the electric field strength at the surface of the plate; 
(b) the magnetic field strength at the surface of the plate; (c) the depth of 
penetration; (d) the conduction current density at the surface; (e) the conduc¬ 
tion current density at a distance of 0.01 mm below the surface; (f) the linear 
current density J s ; (g) the surface impedance; (h) the power loss per square 
meter of surface area. For copper use a = 5.8 x 10 7 , e ^ e*, fjb ^ fi v . 

20. A uniform plane electromagnetic wave is incident normally upon a 
sheet of dielectric material, which has the following constants: e = 4e y , /x, = //,*,, 
cr = 0. If the sheet is 2 cm thick and the amplitude of the electric field strength 
of the incident wave is lOOmv/m, determine the electric field strength of the 
wave after passing through the sheet (a) if the frequency is 3000 MHz; (b) if 
the frequency is 30 MHz. 

21. Determine the reflection coefficients for an electromagnetic wave 
incident normally on (a) a sheet of copper; (b) a sheet of iron. Use /= 1MHz. 
Assume a = 1 X 10 7 mhos/m, fjb = 1000/i v for the iron. 

22. In the analogy between plane wave propagation in a homogeneous 
conducting medium and wave propagation along transmission lines, there ap¬ 
pears to be nothing corresponding to R. Discuss. [Suggestion: Compare eqs. 
(107b).] 

23. A thick brass plate is plated with a 0.0005-inch thickness of silver. 
What is the surface impedance at (a) 10 kHz, (b) 1 MHz, (c) 100 MHz? 
Compare the surface impedance of the plated brass with that of a solid silver 
plate and a solid brass plate. (For silver a — 6.2 X 10 7 ; for brass cr — lx 10 7 ; 
for both assume that fM = fa, e = e y .) 

24. A sheet of glass, having a relative dielectric constant of 8 and negli¬ 
gible conductivity, is coated with a silver plate. Show that at a frequency of 
100 MHz the surface impedance will be less for a 0,001 cm coating than it is 
for a 0.002 cm coating, and explain why. 

25. Determine the voltmeter reading by two different methods. Assume 
that all the conductors are perfect and that the coaxial cable is lossless. 



26. ‘Tree-space cloth” consists of a cloth coated with conducting material 
that has a surface impedance of 377 ohms per square. Show that if the 
thickness of the coating is much greater than the depth of penetration, the 
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surface impedance will be complex, with a reactance equal to the resistance 
(assuming a)cue > 1 for the conducting material). However, if the coating is 
made sufficiently thin, show that the surface impedance will be almost a pure 
resistance. Determine appropriate values for a and /, where I is the thickness 
of the coating. 

27. A transmission line is said to be distortionless if L/R = C/G. (a) 
Show that the distortionless condition is necessary in order to make ¥ = 
e~ ax f(x ~ vt) a solution of eq. (106). It is assumed that CC and v are positive, 
real quantities, (b) Show that for sinusoidal oscillations the distortionless 
condition makes the attenuation constant [that is, the real part of <y in eq. 
(109)] independent of frequency. 

28. Owing to corrosion and tarnishing problems, metallic reflectors 
may prove unsuitable at optical frequencies for applications requiring exposure 
to the atmosphere. An alternative is the use of dielectric mismatching to build 
up a high reflectivity. A typical scheme illustrated in Fig. 5-18 uses alter- 



Figure 5-18. High reflectivity can be obtained through 
dielectric mismatching. 


nating layers of high dielectric material, H f and low dielectric material, L, 
each layer being one-quarter wavelength thick (in the dielectric). Using re¬ 
fractive indices n^ = 1.6 and n L = 1.2, find the power reflection coefficient for 
k = 6, and for k = 25. 

29. A Fabry-Perot cavity consists of parallel plates between which 
an essentially uniform plane wave reflects back and forth. Such a cavity forms 
the feedback system for lasers. The atomic transition at 6328A is 0.04A wide 
and thus can (and does) radiate power into any cavity mode within this width, 
(a) If the cavity length is 100 cm, how many cavity modes are contained 
within this width of the atomic transition? (Because of this, a single transi¬ 
tion laser is almost always a multiple-frequency device. Each of the resonant 
modes within the transition receives power from the radiating atoms and thus 
can act as an independent oscillator.) (b) What should the cavity length be to 
make the laser a single-frequency device? 
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Chapter 6 

POYNTING VECTOR AND THE FLOW 
OF POWER 


6.01 Poynting’s Theorem. As electromagnetic waves propagate 
through space from their source to distant receiving points, there is 
a transfer of energy from the source to the receivers. There exists a 
simple and direct relation between the rate of this energy transfer 
and the amplitudes of electric and magnetic field strengths of the elec¬ 
tromagnetic wave. This relation can be obtained from Maxwell’s 
equations as follows. 

The magnetomotive force equation (I) can be written 

J = V X H - eE (I) 

This expresses a relation between quantities which have the dimen¬ 
sions of current density. If it is multiplied through by E, there will 
result a relation between quantities which will have the dimensions 
of power per unit volume. That is 

E-J = E*V X H — eE E (6-1) 

Recall that for any vectors the following identity holds 
V Ex H = H* V x E — E-V x H 


Therefore 



EJ = HV xE-VExH-eEE 

(6-2) 

Introducing the second field equation. 



VxE= -pil 

(II) 

obtain 

E J = —/iH-H - eE E - V E x H 

(6-3) 

Now 



so that 
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Integrating over a volume K, 

L e ' j ‘ <k “ -wL{i H ' + i E ‘)‘ ly ~l v - SxHdy (6 ’ 4) 

Using the divergence theorem the last term can be changed from a 
volume integral to a surface integral over the surface S surrounding V , 
that is, 

V-E x E x H-rfa 

Then eq. (4) can be written 

L 3dv =— &L (f «■+i- £ ') ^ - £ E * "■* < 6 - s > 

A physical interpretation of eq. (5) leads to some interesting con¬ 
clusions. It will be considered term by term. 

The term on the left-hand side represents (instantaneous) power 
dissipated in the volume V. This result is obtained as a generaliza¬ 
tion of Joule’s law. A conductor of cross-sectional area A, carrying a 
current I and having a voltage drop E per unit length will have a 
power loss of El watts per unit length. The power dissipated per 
unit volume would be 

El 

— = EJ watts per unit volume 
A 

In this case E and J are in the same direction. In general, where this 
may not be true, the power dissipated per unit volume would still be 
given by the product of J and the component of E having the same 
direction as J. That is, the power dissipated per unit volume would 
always be given by 

E-J 

and the total power dissipated in a volume V would be 

J E-J dV (6-6) 

When the E in this expression represents the electric field strength 
required to produce the current density J in the conducting medium, 
the expression (6) represents power dissipated as ohmic ( I 2 R ) loss. 
However, if the E is an electric field strength due to a source of 
power, for example due to a battery, then the power represented by 
the integral expression ( 6 ) would be used up in driving the current 
against the battery voltage and hence charging the battery. If the 
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direction of E were opposite to that of J, the “dissipated” power rep¬ 
resented by (6) would be negative. In this case, the battery would be 
generating electric power. 

Consider next the first term on the right-hand side of eq. (5). In 
the electrostatic field it was found that the quantity £e£ 2 could be 
considered to represent the energy density or stored electric energy per 
unit volume of the electric field. Also for the steady magnetic field 
the quantity \jiH 2 represented the stored energy density of the 
magnetic field. If it is assumed that these quantities continue to rep¬ 
resent stored energy densities when the fields are changing with time 
(and there seems to be no real reason for considering otherwise), the 
integral represents the total stored energy in the volume V. The neg¬ 
ative time derivative of this quantity then represents the rate at 
which the stored energy in the volume is decreasing. 

The interpretation of the remaining term follows from the appli¬ 
cation of the law of conservation of energy. The rate of energy dis¬ 
sipation in the volume V must equal the rate at which the stored 
energy in V is decreasing, plus the rate at which energy is entering 
the volume V from outside. The term 


-O Ex H</a 


therefore must represent the rate of flow of energy inward through 
the surface of the volume. Then this expression without the negative 
sign, 

| Ex H</a (6-7) 


represents rate of flow of energy outward through the surface enclos¬ 
ing the volume. 

The interpretation of eq. (5) leads to the conclusion that the in¬ 
tegral of E x H over any closed surface gives the rate of energy flow 
through that surface. It is seen that the vector 

P = ExH (6-8) 

has the dimensions of watts per square meter. It is Poynting's theorem 
that the vector product P = E X H at any point is a measure of the 
rate of energy flow per unit area at that point. The direction of flow 
is perpendicular to E and H in the direction of the vector E x H. 


Example 1: Power Flow for a Plane Wave. The expression for rate of 
energy flow per unit area is checked very easily in the case of a uniform 
plane wave traveling with a velocity 


1 
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The total energy density due to electric and magnetic fields is given by 

i(e£ 2 + ^tf 2 ) 

For a wave moving with a velocity v 0 the rate of flow of energy per unit 
area would be 

P = £(e£ 2 -h/4if 2 )v 0 (6-9) 

Recalling that for a plane wave the magnitudes of E and H are related by 

e __ nr 

h - Vt 

eq. (9) becomes 

p -t ( e V? £ " + '‘Vi“ / ) v " 

-(f)- 

I = E x H 

Example 2: Power Flow in a Concentric Cable . Consider the transfer of 
power to a load resistance R along a concentric cable which has a d-c volt¬ 
age V between conductors and a steady current I flowing in the inner and 
outer conductors. The conductors are assumed to have negligible resistance. 
The radius of the inner conductor is a and the (inside) radius of the outer 
conductor is b. The magnetic field strength if will be directed in circles about 
the axis. By Ampere’s law the magnetomotive force around any of these 
circles will be equal to the current enclosed, that is, 

| H-rfs= / 

in the region between the conductors. 



Figure 6-1. 

For this case H is constant along any of the circular paths so 

<j> H ds = litrH 

where r is the radius of the circle being considered. Hence 
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H = 


litr 


The electric field strength E will be directed radially. In the example on 
page 52 it was shown that < 

V= ^-log — 

27te & a 

where q was the charge per unit length. Also it was shown that 


E = 


q 

27ter 


Therefore the magnitude of E will be given by 

V 




i b - 

r °g ~a 


The Poynting vector is 


P = ExH 


It is directed parallel to the axis of the cable. Since E and H are everywhere 
at right angles, the magnitude of P is simply 

P — EH 

The total power flow along the cable will be given by the integration of the 
Poynting vector over any cross-sectional surface. If the conductors are con¬ 
sidered to be perfect, E will have value only in the region between them and 
the Poynting vector will have value only in the same region. Let the element 
of area be Irtrdr. Then 


■-j. 

-i 


E x H -da. 


jl 

ar log b/a \l7tr) 
VI V dr 


litr dr 


dr 
aja r 


log b j 

= Vt 

This is the well-known result that the power flow along the cable is the prod¬ 
uct of the voltage and current. It is interesting to observe that this result 
was obtained by an integration over an area that did not include the con¬ 
ductors. According to this picture, for the perfect conductor case the flow of 
power is e ntirel X- external_to the conductors. ,Even when the conductors have 
resistance, there is no contribution within the conductors to the Poynting 
vector in the direction parallel to the axis, for there is no value of E within 
a conductor at right angles to the direction of current flow. In the case of 
the open-wire transmission line, the fields extend throughout all space and 
there is a value of the Poynting vector everywhere in space, except within 
conducting bodies. Therefore the rather remarkable conclusion is reached that 
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when a transmission line is used to deliver power from a generator to a load, 
the power transmission takes place through all the nonconducting regions of 
space and none of the power flows through the conductors that make up the 
transmission line. 


Example 3: Conductor Haying Resistance. When a conductor having 
resistance carries a direct current I, there will be a value of E within the 
conductor. It will be parallel to the direction of the current (E = J/cr), so 
there will still be no radial component of E. Hence there will still be no 
value of the Poynting vector within the wire parallel to the axis, but there will 
now be a radial component of P. Consider a wire of length L having a volt¬ 
age drop Vl along the wire. Let the wire be parallel to the z axis. Then in 
the wire and at its surface 


E z = 


Vl 

L 


The jnagnetic field strength H will be in the <f> direction and at the surface 
of the wire it will have a value 



where a is the radius of the wire. E z and H<t> are are at right angles, so the 
Poynting vector will have a magnitude 


P^E'Ht 


and will be directed radially into the wire. The total power flowing into the 
wire through the surface will be 


-i: 

__ VlI f x 

“ L Jo 


E z H^2na dz 


dz 


= V L 1 


which is the usual expression for loss due to ohmic resistance. This deriva¬ 
tion shows that the power required to supply this loss may be considered as 
coming from the field outside the wire, entering it through the surface of the 
wire. 

It is interesting to observe how the power flow continues inward. Inside 
the wire the value of H does not vary with the radius in the same way as 
outside, because the current enclosed varies with r in this case. If J is the 
current density, the current enclosed at a radius r will be 

Tanc — rcr 3, J 

For a wire of radius a having a total current / 


Tenc — 



I 
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Therefore inside the wire (r < a) 


H — 


r 2 / 

27trar 


The power flowing inward through an imaginary cylindrical shell of radius 
r < a will be 


W = ^ 27T/-LH 

= V L 1£ (6-10) 

Equation (10) shows that the power dissipated within any shell is proportional 
to the volume enclosed by the shell through which the power is flowing. 
Hence the power dissipated per unit volume is uniform throughout the wire. 

The configuration of the electric field about a two-wire line will appear 
somewhat as illustrated in Fig. 6-2 when there is a resistance drop in the con¬ 
ductors. The curvature near the surface of the wire is due to the voltage drop 
along the wire. 



Figure 6-2. Electric-field configuration about a two-wire 
transmission line having resistance. 


Example 4: Poynting Vector about a-c Lines. When a transmission line 
delivers a-c power, the voltage, and therefore the electric and magnetic fields, 
vary with time. Also, if it is a long line, the phases of voltage and current 
(and E and H) will vary along the length of the line. For the simple case of 
a lossless line terminated in its characteristic impedance which is a pure 
resistance, the variation in time and along the line of both voltage and cur- 
rent will be given by the expression for a traveling wave, that is, they are 
proportional to 

COS 6) (t - 

For any value of z and t there will be a certain distribution of the Poynting 
vector over a plane parallel to the * and y axes. At every point in this plane, 
P will be parallel to the z axis. The Poynting vector will be given by an 
expression of the form 

P = E x H = A cos 2 o> (t - f{x, y) 
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The function f(x, y) will not vary with z or t. For a fixed value of time, the 
total power passing through a plane will vary with the position of the plane, 
that is with z, whereas for a fixed value of z the power through the plane 
will vary with time. It will be noted that the power flow past a given plane 
is in pulses of double frequency, a fact readily appreciated when observing 
the flicker of a 25-cycle electric light bulb. 

In a polyphase line a study of the Poynting vector shows that the power 
passing through a plane of fixed z will not vary as a function of time. In 
this case the Poynting vector distribution spirals about the line as it is prop¬ 
agated forward. The value of P integrated over a plane of constant z will 
be found to be independent of time. In such a plane where z = constant, the 
distribution of the Poynting vector would appear to be revolving about the 
line. 

6.02 Note on the Interpretation of E X H. The interpretation of 
E XjH as the power flow per unit area is an extremely useful concept, 
especially in radiation problems. For example, an integration of E x 
H over a surface enclosing a transmitting antenna gives the power 
radiated by the antenna. Although this interpretation of E x H never 
gives an answer which is known to be erroneous, it sometimes leads 
to a picture which the engineer is loath to accept. Most engineers 
find acceptable the concept of energy transmission through space, 
either with or without guiding conductors, when wave motion is pres¬ 
ent. However, for many engineers this picture becomes disturbing for 
transmission line propagation in the d-c case. When E and H are 
static fields produced by unrelated sources, the picture becomes even 
less credible. The classic illustration of a bar magnet on which is 
placed an electric charge is one which is often cited. In this example 
a static electric field is crossed with a steady magnetic field and a 
strict interpretation of Poynting’s theorem seems to require a con¬ 
tinuous circulation of energy around the magnet. This is a picture that 
the engineer generally is not willing to accept (although he usually 
does not question the theory of permanent magnetism, which requires 
a continuous circulation of electric currents within the magnet). For¬ 
tunately, there exists an easy way out of the dilemma posed by this 
last example. 

First, it is observed that the surface integral in eq. (5) is over the 
closed surface surrounding the volume. If any closed surface is taken 
about the bar magnet, it is found that E x H integrated over this 
closed surface is always zero. In other words, the net power flow away 
from the magnet is zero as it should be. Secondly, it is noted that, 
even though the power flow through any closed surface is correctly 
given by eq. (7), it does not necessarily follow that P = E x H rep¬ 
resents correctly the power flow at each point. For, to the vector E 
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X H, could be added any other vector having zero divergence (that is, 
any vector that is the curl of another vector) without changing the 
value of the integral in (7). This can be shown by applying the diver¬ 
gence theorem. Suppose the correct value for power flow at any point 
is not E x H, but rather P = E x H + F, where F is the curl of some 
other vector, say G. Then the net power flow through any closed sur¬ 
face would be 

| (E x H + F)-<ia = $ (ExH)^a+f V-F dV 
J s J s J v 

= (E x H)-</a 

because V-V x G = 0. 

It is seen that even though it may be possible to write an expres¬ 
sion that gives correctly the net flow of power through a closed sur¬ 
face, it is still not possible to state just where the energy is. This 
problem is by no means peculiar to the electromagnetic field. The 
total potential energy of a raised weight is a readily calculable quan¬ 
tity but the “distribution” of this energy is not known. Just where the 
potential energy of a raised weight or a charged body “resides” is a 
question for philosophic speculation only. It cannot be answered on 
the basis of any measurements that the engineer can make. 

6.03 Instantaneous, Average and Complex Poynting Vector. In 
an a-c circuit, the instantaneous power W is always given by the 
product of the instantaneous voltage V and the instantaneous current /. 

= VI 

The quantities V and 1 may be expressed in terms of phasors V and 


I as follows; 

V = Re [Ve jat ] = Re {\V\e jd 'e^} = \ V\ cos (cot + 6 V ) (6-11) 

I = Re {Ie***} = Re [\I\e jdi e j<at ] = |/| cos (cot + & t ) (6-12) 

Now the instantaneous power may be expressed as 
W = | V\ |Ilf cos ( 00 / -p* df) cos (ot-f* di) 

= ■ y ■ [cos ( 8 V — 6 t ) -f- cos (2 cot H~ 9 V ~b ^0] (6-13) 

which consists of an average part and an oscillating part. If we define 
dv — 8i = 6 (see Fig. 6-3) we may write the average power as 

w, r = Mi cos 6 (6-14) 


Another useful quantity is the “reactive power,” or more accurately, 
the reactive volt-amperes (VAR). 
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w^ ct = sin 9 (6-15) 

Sincfe 6 is the phase angle between the voltage and the current, W av 
and Wrezct are the in-phase and out-of-phase components of the volt- 
ampere product. The presence of an out-of-phase or reactive com¬ 
ponent indicates that the instantaneous power changes sign (reverses 
direction of flow) over part of an a-c cycle. 

Consider now the complex power W , defined as one-half the prod¬ 
uct of V and the complex conjugate of I. 

fV=i VI'* =i\V\ e j9 ' |/|* e~ j$i 

= ELt£i j. 

2 e 

= W„+jfr^ (6-16) 

This shows that the average and reactive power may be recovered from 
the complex power by taking the real and imaginary parts. 

W A7 = ±Re{VI*} 

^react = * Im {VI*} 

In electromagnetic field theory there are relations similar to the 
above between the Poynting vector, the electric field strength and 
the magnetic field strength. The instantaneous power flow per square 
meter is 

P = £ x ft 

Following the procedure already outlined for circuit theory, we may 
define the complex Poynting vector P as 


P = ^ExH* 


(6-17) 
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from which we may obtain the average and reactive parts of the power 
flow per square meter. 

P av = i Re {E x H*} 

P react = i Im {E x H*} 

The product of E and H in eq. (17) is a vector product. Only 
mutually perpendicular components of E and H contribute anything 
to power flow, and the direction of the flow is normal to the plane 
containing E and H. Thus in rectangular co-ordinates, the complex 
flow of power per unit area normal to the y-z plane is 

P*=i(E v H*~ E Z H*) (6-18) 

with corresponding expressions for the other directions. In spherical 
co-ordinates, the outward (radial) flow of complex power per unit 
area is 

P r = iiE $ Hf-E+Hn (6-19) 

The Poynting Theorem in Complex Form . Maxwell’s curl equations 
may be expressed in phasor form as 

V x H = (cr + jcoe) E + J and V X E — — jcofi H 

in which J represents nonohmic currents such as convection current 
or specified source current. These equations are used in the following 
derivation of the complex Poynting theorem. 

V-(E X H*) = H* • V x E- E-V X H* 

= — jcofi H'H* - (cr-;coe)E*E* — EJ* (6-20) 
Integrating over the volume V surrounded by surface S , we have 

j! Ex H* • da = ->J -eE-E*)dV 

<rE-E* dV — [ E-J* dV (6-21) 

Note that the time-average stored energy densities (electric and mag¬ 
netic) are given by 

U e = |eE-E* and U m = i pH • H* (6-22) 

The Poynting theorem now may be separated into real and imagi¬ 
nary parts and written as 

Re £ P da + <tE-E* dV = - \ Re E-J* dV (6-23) 
Im <j> Pda + 2co J (U m - U e ) dV = - ± Im E-J* dV (6-24) 
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Problem 1. Verify that 

W\ |/| COS 6 = V re /re +K im / im = Re VI* 


and 


| V\ |/| sin e = Vim Ire ~ K re / im = Im VI* 

Problem 2. A concentric cable (assumed perfectly conducting) is one wave¬ 
length long and is terminated in its characteristic impedance, a pure resis¬ 
tance. 

(a) Indicate the magnitude and direction of the Poynting vector along the 
line at successive one-eighth period intervals of time throughout a cycle. 

(b) Repeat part (a) for the case where the line is terminated by a short 
circuit. 


Problem 3. A short vertical transmitting antenna erected on the surface 
of a perfectly conducting earth produces effective field strength 

E e a = Efaff = 100 sin 6 mv/m 

I 

at points a distance of 1 mile from the antenna (6 is the polar angle). Com¬ 
pute the Poynting vector and the total power radiated. (For the distant field, 
= if* = Ee/ijv) 

6.04 Power Loss in a Plane Conductor. An evaluation of the nor¬ 
mal component of Poynting vector at the surface of a conductor will 
give the power flow per unit area through the surface and hence the 
power loss in the conductor. 

Let there be a tangential component of magnetic field strength H tan 
at the surface of a metallic conductor (assumed for the present to be an 
infinitely large flat plate having a thickness very much greater than 
the skin depth S). From the continuity requirements across the boun¬ 
dary surface the tangential component of H just inside the conductor 
will have this same value H,^. Inside the conductor Et an , the tangen¬ 
tial component of E is related to Htan by 


and 


rfm — 


(T m + jcO€ m 




/45° 


where rj m is the intrinsic impedance of the conductor. (The subscript 
m has been used to indicate that the quantities inside the metallic 
conductor are meant.) Just inside the surface of the conductor E^ = 
ijm H tan and, from the continuity requirements across the boundary, the 
tangential component of electric field strength just outside the surface 
will also be E^ n . Then the average (or real) power flow per unit area 
normal to the surface will be 
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P„(real) = iRe(E tan x H* an ) (6-25) 

When and are at right angles, and since for any good con¬ 
ductor E^n leads H^ n by 45 degrees in time phase, (25) becomes 

P»=i l^tanl l^tanl COS 45° 

— 2^7T ^ 1^“!* 


_ i LgU! 

2VT \7] m \ 


(6-26) 


where the bars | | indicate the absolute magnitude of the complex 

quantity. For a conductor which has a thickness very much greater 
than the skin depth S, the surface impedance Z, is equal to the in¬ 
trinsic impedance 7j m of the conductor, so that 

Pn = JJY l Z >l l^tanl 2 = W" Watt /«1 “ (6 ’ 2?) 


In a conductor the linear current density J, is equal in magnitude 
to the tangential magnetic field strength at the surface, so 

Pn = I Z »IW 2 watt/sq m (6-28) 


In expressions (27) and (28), £ tan , tf tan , and J s are peak values. In terms 
of effective values 


p n = = -77 12,1 |H!(om|2 

= ]p£ l Z »l IW 

= m watt/sq m (6-29) 


This result agrees with that previously obtained in chap. 5. 


y 



Figure 6-4. The parallel-plate resonator. 


Power Loss in a Simple Resonator . 
The cavity resonator is a widely 
used microwave component which 
is equivalent to the familiar “tuned 
circuit” used at low frequencies. 
The simplest type of resonator 
consists of a pair of parallel con¬ 
ducting plates between which a 
standing wave can exist (see Fig. 
6-4). 

For purposes of approximate 
calculation, the fields between 
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the plates will be assumed to be made up of two uniform plane 
waves traveling in opposite directions and numbered 1 and 2. 

Ej y E\ Eo = y E2 e^ x 

H, = z H x e~ } ^ x H 2 = - l H 2 e j * x 

£1 = rjH\ £> = tjH 2 

The conditions of zero tangential electric field at x = 0 and x~ L 
may be applied, assuming the end-plates to be perfect conductors. The 
boundary conditions then may be expressed as 

E x + £’2 = 0 
E x e~>* L + E 2 e j(iL = 0 

If these conditions are to be satisfied, it must be true that 
e mL =1 or fiL = mt 

\ where n is a positive integer. Since /3 = 2rz/X the above relation be- 
\ comes 



which states that source-free fields can exist between the plates only 
when the spacing is an integral number of half-wavelengths. 

Any practical resonator has various forms of power loss associated 
with it and the effect of these losses may be estimated by calculating 
the Q of the resonator. Here we shall take into account only the 
power absorbed by the end-plates, ignoring power loss due to radiation, 
the presence of lossy dielectrics and loss through input and output 
couplings. The Q formula is given (in chap. 8) as 

_ CO U 'y 

in which U T is the total stored energy and W L is the total power lost, 
in this case lost to the end-plates. 

The stored energy is the sum of the electric and magnetic stored 
energies; since they are equal in magnitude, the total stored energy 
is just twice the electric stored energy. The total electric field strength 
is 

E = Ej 4- Eg — f 2 j E 2 sin fix 
Since the electric stored energy density is given by 

U e = 1 eE-E* 

the total stored energy may be calculated as follows: 
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U, = J 2U C dV 

rmt/& 

= 2Ae \E 2 \ 2 sin 2 fix dx 

J 0 

= iAe\E,\ 2 rik 

The power lost is determined by applying (27) at both plates as fol¬ 
lows : 

W L = 2A R, 

= 4 A R, rf 2 1£ 2 | 2 

= 2 Ae l&l 2 

V fUT 

Substitution into the formula for Q yields 

0 = JL .A 

^ 4 8 

in which S is the penetration depth. At a frequency of 10 GHz (X = 
3 cm) and for copper end-plates, the Q for n = 1 is approximately 
11 , 200 . 

Problem 4. A uniform plane wave having field components E x and H y is 
guided in the z direction between a pair of parallel copper planes. If the 
frequency is 100 MHz and the field strength of the transmitted wave is E x = 1 
volt/m, determine by two methods the power loss per square meter in each 
of the conducting planes. 
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Chapter 7 


GUIDED WAVES 


In the wave propagation so far discussed, only uniform plane 
waves, remote from any guiding surfaces, have been considered. In 
many actual cases, propagation is by means of guided waves, that is, 
waves that are guided along or over conducting or dielectric surfaces. 
Common examples of guided electromagnetic waves are the waves 
along ordinary parallel-wire and coaxial transmission lines, waves in 
wave guides, and waves that are guided along the earth’s surface from 
a radio transmitter to the receiving point. The study of such guided 
waves will now be undertaken. 

7*01 Waves between Parallel Planes. For purposes of study a 
simple illustrative example is that of an electromagnetic wave, prop¬ 
agating between- a pair of parallel perfectly conducting planes of 
infinite extent in the y and z directions (Fig. 7-1). In order to deter¬ 
mine the electromagnetic field configurations in the region between 
the planes, Maxwell’s equations will be solved subject to the appro- 


x 



Figure 7-1. Parallel conducting planes. 
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priate boundary conditions. Because perfectly conducting planes have 
been assumed, these boundary conditions are very simple, being 

•^tangential -^normal 0 


at the surfaces of the conductors.* 

In general. Maxwell’s curl equations and the wave equations are 


V X H = (<7 + jcoe) E V X E = — jco/iH (7-1) 

V 2 E = 7 2 E V 2 H = 7 2 H (7-2) 

where 

7 = VV + jcoeXjcofi) (7-3) 

In rectangular co-ordinates, and for the nonconducting region between 
the planes, these equations become 


BH Z 

By 

BHx 

Bz 


BH V . ~ 
^7 = J^eE x 

BH Z • r 
~dx ~ JaeEy 


BE 7 _ 
By 



— ja>fiH x ) 


8E X _ BE, 
Bz Bx 


-jcofiHy > 


BHy BH X 
Bx By 


— jo>e£ z 


BEy _ BE* 
Bx By 


— jcofjuH x J 


B 2 E , a 2 E , B 2 E , - 

Jx 2 + lf + J? = 


B 2 H B 2 H B°K 
Bx 2 + By 2 + Bz 2 ~ 


— o) 2 fie H 


(7-4) 


(7-5) 


It will be assumed that propagation is in the z direction, and that 
the variation of all field components in this direction may be expressed 
in the form e~ 1z , where in general 


7 = & + j$ 


(7-6) 


is a complex propagation constant,! whose value is to be determined. 
This is a quite reasonable assumption because it is easy to show 
(problem 4, page 240)* that for any uniform transmission line or guide 
the fields must obey an exponential law along the line. When the 


*It is easy to show for actual conductors such as copper or brass (which have 
a very high, but not infinite, conductivity) that the finite conductivity has negligi¬ 
ble effect on the field configuration. Therefore it is possible to use the fields calcu¬ 
lated on the basis of perfectly conducting planes to determine the surface currents 
that must flow in these planes. The currents so calculated may then be used to 
compute the losses, and hence the attenuation, which occur with finitely conduct¬ 
ing planes. This is a standard engineering approach. 

fin general y will not be equal to y, defined by eq. (3), but y reduces to y in 
the special case of uniform plane waves. 
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time variation factor is combined with the z variation factor, it is 
seen that the combination 


— e (j«t-72) e -Zz e j(vt~8z) ( 7 - 7 ) 

represents a wave propagating in the z direction. If y happens to be 
an imaginary number, that is if a = 0, expression (5) represents a 
wave without attenuation. On the other hand, if y is real so that /5 
= 0, there is no wave motion but only an exponential decrease in 
amplitude. 

Since the space between the planes is infinite in extent in the y 
direction, there are no boundary conditions to be met in this direc¬ 
tion, and it can be assumed that the field is uniform or constant in 
the y direction. This means that the derivatives with respect to y in 
(4) can be put equal to zero. In the x direction however, there are 
certain boundary conditions which must be met. Therefore it is not 
possible to specify arbitrarily what the distribution of fields in this 
direction will be. This answer must come out of the solution of the 
differential equations when the boundary conditions are applied. 

When the variation in the z direction of each of the field com¬ 
ponents is shown explicitly by writing, for example, 

H y = W v e-^ 

it is seen immediately that 


with similar results for the z derivatives of the other components. 
Making use of this result and remembering that the y derivative of 
any component is zero, eqs. (4) and (5) become 




yH v — ja>eE x 

3H, 


dx 

dHy 

dx 


■ joieE v 


= jCdfiE; 


V Ey — 

Hi - 
7Ex dx 

8Ey_ 

dx 


—jOtflHy 

—jcd/j,H z 


(7-8) 


+ y 2 E = E 

2 2 H 

-foT + 7 H ~ —co- fie H 


(7-9) 


In eqs, (9) it should be remembered that each of these equations is 
really three equations, one for each of the components of E or H. 
Equations (8) can be solved simultaneously to yield the following 
equations 
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H x = 

H v = 

7 8H Z p 7 3E Z 

h 2 dx x “ li l ~dx 

jcoe dE z p . jcofi dH z 

(7-10) 

where 


hr ~ 7 2 + co 2 fie 

(7-11) 


In eqs. (10) the various components of electric and magnetic field 
strengths are expressed in terms of E z and H z . With the exception of 
one possibility, to be discussed later, it will be observed that there 
must be a z component of either E or H; otherwise all the com¬ 
ponents would be zero and there would be no fields at all in the region 
considered. Although in the general case both E z and H z could be 
present at the same time, it is convenient and desirable to divide the 
solutions into two sets. In the first of these, there is a component of 
E in the direction of propagation ( E z ), but no component of H in this 
direction. Such waves are called E waves , or more commonly, transverse 
magnetic (TM) waves, because the magnetic field strength H is entirely 
transverse. The second set of solutions has a component of H in the 
direction of propagation, but no E z component. Such waves are called 
H waves or transverse electric (TE) waves. The solutions to eqs. ( 8 ) 
and (9) for these two cases will now be obtained. Since the differen¬ 
tial equations are linear, the sum of these two sets of solutions yields 
the most general solution. 

7.02 Transverse Electric Waves (E z = 0). Inspection of eqs. (10) 
shows that when E z = 0, but H z does not equal zero, the field com¬ 
ponents H y and E x will also equal zero, whereas, in general, there will 
be nonzero values for the components H x and E y . Since each of the 
field components obeys the wave equation as given by eqs. (9), the 
wave equation can be written for the component E y 

d 2 E y | _o r 2 T? 

-faT + rEy = — © F eE V 


This can be written as 



E 1 F 

—El £2 r 

dx 2 ” n ** 

(7-12) 

Recalling that E y 

= El{x)e~ 1 \ eq. ( 12 ) reduces to 



d 2 F° 

w ^ V / 2 770 

dx* -~ hE V 

(7-12a) 

where as before 

hr = 7 2 -b <x > 2 fie 
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Equation (12a) is the differential equation of simple harmonic motion. 
Its solution can be written in the form 

El = C x sin hx 4* C 2 cos hx (7-13) 

where Ci and C 2 are arbitrary constants. 

Showing the variation with time and in the z direction the expres¬ 
sion for E y is 

E y = (C t sin hx + C 2 cos hx) e~ fz (7-13a) 

The arbitrary constants C x and C 2 can be determined from the bound¬ 
ary conditions. For the parallel-plane wave guide of Fig. 7-1 the 
boundary conditions are quite simple. They require that the tangential 
component of E be zero at the surface of the (perfect) conductors for 
all values of z and time. This requires that 

E y ^ 0 at x = 0] 

> for all values of z (boundary conditions) 

E y = 0 atx = al 

In order for the first of these conditions to be true, it is evident that 
C 2 must be zero. Then the expression for E y is 

E v = Ci sin hx e~ 1z 

Application of the second boundary condition imposes a restriction on 
h. In order for E y to be zero at x = a for all values of z and t it is 
necessary that 



where m = 1, 2, 3,.... 

(The special case of m = 0 will be discussed later.) Therefore 

E y = C, sin ir~x) (7-15) 

The other components of E and H can be obtained by inserting eq. 
(15) in eqs. (8). When this is done, it is seen that the expression for 
the field strengths for transverse electric waves between parallel planes 
are 


Ey = C x sin ( e ~ 1z 

cos tex) (7-16) 

j&fLa \ a 1 
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Each value of m specifies a particular field configuration or mode , 
and the wave associated with the integer m is designated as the TE m0 
wave or TE m0 mode. The second subscript (equal to zero in this case) 
refers to another factor which varies with y, which is found in the 
general case of rectangular guides. It will be noticed that the smallest 
value of m that can be used in eqs. (16) is m = 1, because m = 0 
makes all the fields identically zero. That is, the lowest-order mode 
that can exist in this case is the TE 10 mode. 

In writing expressions for the field components as in eqs. (16), the 
variation of all the fields in the z direction is the same for any par¬ 
ticular value of m and is shown by the factor Rather than carry 
this factor through the entire analysis, it is sometimes convenient to 
make use of the zero superscript notation mentioned earlier in this 
chapter. Thus eqs. (16) can be written 

E° y = C, sin —x 
a 


II 

&! 

-4-C, 

. mn 
sin — x 

(7-17) 


m * 

a 


=^c t 

mn 

cos — x 



j&fia 1 

a 



The factor y is the propagation constant, which is ordinarily com¬ 
plex, the real part ci being the attenuation constant and the im¬ 
aginary part /? being the phase-shift constant. However, it will be 
shown in sec. 7.04 that for the present problem of waves guided by 
perfectly conducting walls, y is either pure real or pure imaginary. 
In that range of frequencies where y is real, & has value but /? is 
zero, so that there is attenuation but no phase shift and, therefore, 
no wave motion. In the range of frequencies where y is imaginary, a 
is zero but ft has value, so that there is propagation by wave motion 
without attenuation. It is this latter range of frequencies that is of 
chief interest in wave guide propagation. Writing y = jft, eqs. (16) for 
TE m0 waves in the propagation range may be written as 

E y — C x sin e~ iBz 


— C t sin (—x) e ~’ 6z 

(DLL \ a I 


(7-16a) 


it __ jm7C ^ 

Hz — - Ci cos 

COfUL 



A sketch of these field distributions at some particular instant of time 
is shown in Fig. 7-2 for the TE 10 mode. 
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Figure 7-2. Electric and magnetic fields between parallel planes for the TEio 
wave. 


7.03 Transverse Magnetic Waves ( H z = 0). The case of transverse 
magnetic waves between parallel planes can be solved in a manner 
similar to that used for TE waves. In this instance H z will be zero, 
and inspection of eqs. (10) shows that H x and E y will also be zero, 
while in general, E z , E x , and H y will have value. Solving the wave 
equation for H y , gives as before 

H y = (C 3 sin hx + C 4 cos hx) e~ 1z (7-18) 

The boundary conditions cannot be applied directly to H y to evaluate 
the constants C z and C 4 , because in general the tangential component 
of H is not zero at the surface of a conductor. However from eqs. 
(8) the expressions for E z can be obtained in terms of H v , and then 
the boundary conditions applied to E z . From eqs. (8) and (18) 

E 7 = -3- [C 3 cos hx — C 4 sin hx ] e~^ z 
jcoe 

Applying the boundary conditions that E z must be zero at * = 0 shows 
that C 3 = 0. The second condition that E z must be zero at x = a 
requires that h = rmc/a where m is any integer. Then the expressions 
for HI, and E x become 
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mitC^ ■ mrc 

—--sin-x 

jcoea a 


TTO 17111 

H Q y = C 4 cos — x 

r’O _ 7^4 W7T 
= 7- COS-X 

7Ct}€ 


(7-19) 


Multiplying by the factor e“ f * to show the variation in the z direc¬ 
tion, and putting 7 = jj3 for the range of frequencies in which wave 
propagation occurs, the expressions for TM waves between parallel 
perfectly conducting planes are 


H v = C 4 cos e~ iSz 

E x = — C 4 cos (^22 x] e~ iSz > 

E! =j™C t sin (™x)e-^ 
coea \ a J 


(7-19a) 


As in the case of transverse electric waves, there is an infinite num¬ 
ber of modes corresponding to the various values of m from 1 to in¬ 
finity. However in this case of transverse magnetic waves there is also 
the possibility of m = 0 , because m — 0 in the above equations does 


x x 



Figure 7-3. The TM 10 wave between parallel planes. 
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not make all the fields vanish. This particular case of m = 0 will be 
discussed in detail in a later section. A sketch of the TM l0 wave 
between parallel planes is shown in Fig. 7-3. 

7.04 Characteristics of TE and TM Waves. The transverse electric 
and transverse magnetic waves between parallel conducting planes ex¬ 
hibit some interesting and rather surprising properties that seem quite 
different from those of uniform plane waves in free space. These 
properties can be studied by investigating the propagation constant y 
for these waves. 

Examination of eqs. (16) for TE waves and eqs. (19a) for TM 
waves shows that for each of the components of E or H there is a 
sinusoidal or cosinusoidal standing-wave distribution across the guide 
in the x direction. That is, each of these components varies in magni¬ 
tude, but not in phase, in the x direction. In the y direction, by 
assumption, there is no variation of either magnitude or phase of any 
of tbte field components. Thus any x-y plane is an equiphase plane 
for each of the field components (that is, any particular component, 
£ v for example, reaches its maximum value in time at the same instant 
for all points on the plane). Also these equiphase surfaces progress 
along the guide in the z direction with a velocity v = co/0, where 0, 
the phase-shift constant, is the imaginary part of the propagation con¬ 
stant y. Now from eq. (11), y can be expressed in terms of h and fre¬ 
quency and the constants of the medium by 

y = V h 2, — Co 2 fie (7-20) 

Inserting the restrictions on h imposed by eq. (14), this becomes 

y = 0)2 C 7 " 21 ) 

Inspection of eq. (21) shows that at frequencies sufficiently high so 
that co 2 /xe > (rmt/df, the quantity under the radical will be negative 
and y will be a pure imaginary equal to J0 , where 

0 = (^) 2 (7-22) 

Under these conditions the fields will progress in the z direction as 
waves, and the attenuation of these waves will be zero (for perfectly 
conducting planes). 

As the frequency is decreased, a critical frequency / c = o) c /2tc will 
be reached at which 

«S/* = iff) (7-23) 

For all frequencies less than f c , the quantity under the radical will 
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be positive and the propagation constant will be a real number. That 
is, d will have value but 0 will equal zero. This means that the 
fields will be attenuated exponentially in the z direction and that 
there will be no wave motion, since the phase shift per unit length 
is now zero. The frequency / c , at which wave motion ceases, is called 
the cut-off frequency of the guide. From eq. (23) 


2a V/xe 


(7-24) 


It is seen that for each value of m 7 there is a corresponding cut-off 
frequency below which wave propagation cannot occur. Above the cut¬ 
off frequency, wave propagation does occur and the attenuation of the 
wave is zero (for perfectly conducting planes). The phase-shift con¬ 
stant 0, in the range where wave propagation occurs, is given by eq. 
(22). It is seen that 0 varies from zero at the cut-off frequency up to 
the value ooV/^e as the frequency approaches infinity. The distance 
required for the phase to shift through 2n radians is a wavelength, 
so that the wavelength X is given in terms of 0 by 


X = 


2n 

0 


(7-25) 


Also the wave or phase velocity is given by the wavelength times the 
frequency, so that 


S = V=^ = -j (7-26) 

When the expression for 0 is put in eqs. (25) and (26), the wavelength 
and wave velocity are given by 


X = 


2n 

V co 2 fie — (mit/af 


(7-27) 


v = 


V co 2 fie — (rmrJa ) 1 


(7-28) 


It is seen that at the cut-off frequency both X and v are infinitely 
large. As the frequency is raised above the cut-off frequency, the veloc¬ 
ity decreases from this very large value. It approaches a lower limit, 

V — Vo = 4= (7-29) 

V/£€ 


as the frequency becomes high enough so that ( imt/af is negligible 
compared with co 2 fie. When the dielectric medium between the plates 
is air, p and e have their free-space values p, v and e*, and the lower 
limit of velocity, given by (29), is just the free-space velocity c, where 

QC 11 < 311.^1 .. . . . 




§7.05 


Guided Waves 


187 



Therefore the phase velocity of the wave varies from a value equal 
to the velocity of light in free-space up to an infinitely large value 
as the frequency is reduced from extremely high values down to the 
cut-off frequency. This wave velocity or phase velocity is different 
from the velocity with which the energy propagates. The distinction 
between these velocities will be considered in sec. 7.06. 


7.05 Transverse Electromagnetic Waves. For transverse electric 
(TE) waves between the parallel planes, it was seen that the lowest 
value of m that could be used without making all the field com¬ 
ponents zero was m = 1. That is, the lowest-order TE wave is the 
TE 10 wave. For transverse magnetic (TM) waves however, a value of 
m equal to zero does not necessarily require that all the fields be zero. 
Putting m = 0 in eqs. (19a) leaves 

H y = C 4 e^ Bz 

E x = Q-Cl e~ iSz 

CO€ 

E z = 0 


(7-30) 


For this special case of transverse magnetic waves the component of 
E in the direction of propagation, that is E z , is also zero so that the 
electromagnetic field is entirely transverse . Consistent with previous 
notation this wave is called the transverse electromagnetic (TEM) 
wave. Although it is a special case of guided-wave propagation, it is 
an extremely important one, because it is the familiar type of wave 
propagated along all ordinary two-conductor transmission lines when 
operating in their customary (low-frequency) manner. It is usually 
called the principal wave. 

There are several interesting properties of TEM waves which fol¬ 
low as special cases of the more general TE or TM types of waves. 
For the TEM waves between the parallel planes it is seen from eqs. 
(30) that not only are the fields entirely transverse, but they are con¬ 
stant in amplitude across a cross section normal to the direction of 
propagation; of course, their ratio is also constant. For m = 0 and 
an air dielectric, the expressions for % /3, v , and X reduce to 
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Unlike TE and TM waves, the velocity of the TEM wave is inde¬ 
pendent of frequency and has the familiar free-space value, c^3 x 
10 8 meter/sec. (It has this value only when the planes are perfectly 
conducting and the space between them is a vacuum. The effect of 
finite conductivity for the conducting planes is to reduce the velocity 
slightly. This effect will be considered in sec. 7.09.) Also from eq. 
(24), the cut-off frequency for the TEM wave is zero. This means 
that for transverse electromagnetic waves, all frequencies down to zero 
can propagate along the guide. The ratio of E to H between the paral¬ 
lel planes for a traveling wave is 


E* -§* _ !L — [E* 

ifj H y coe y e* 


(7-32) 


which is just the intrinsic impedance, rj V9 of free space. 

A sketch of the TEM wave between parallel planes is shown in 
Fig. 7-4. 




Figure 1A. The TEM wave between parallel planes. 
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7.06 Velocities of Propagation. It was seen that except for the 
TEM wave, the velocity with which an electromagnetic wave propa¬ 
gates (in an air dielectric) between a pair of parallel planes is always 
greater than c, the free-space velocity of electromagnetic waves. In 
actual rectangular or cylindrical wave guides (to be considered in chap. 
8), the TEM wave cannot exist and the wave or phase velocity is al¬ 
ways greater than the free-space velocity. On the other hand, the ve¬ 
locity with which the energy propagates along a guide is always less 
than the free-space velocity. The relation between these velocities is 
made clear by consideration of a simple and well-known illustration. 
Figure 7-5 might be considered to represent water waves approaching 



the shore line or a breakwater a-a at an angle 0. The velocity of the 
waves could be determined by measuring the distance X between suc¬ 
cessive crests and recording the frequency / with which the crests 
passed a given observation point. The velocity c with which the waves 
are traveling would be given by 

c = Xf 

Alternatively, if one wished to determine the velocity c without going 
into the water, this could be done by measuring the angle d and the 
velocity v = v z with which the crests move along the shore line (in the 
z direction). This velocity would be given by 

v — Xf 

where X is now the distance between crests along the shore line . Evi- 
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dently v and X are greater than c and X respectively, and are related 
to them by 


X- * 
cos 9 

(7-33a) 

c 

V — - s 

cos 9 

(7-33b) 


When the direction of wave-travel is nearly parallel to the shore, that 
is, when the angle 9 is small, the velocity v with which the crests 
move along the shore line is very nearly equal to c , the free-space 
velocity of the waves. However, when the angle 9 is near 90 degrees 
the velocity with which the crests advance along the shore line is 
very great, and approaches infinity as 9 approaches 90 degrees. 

Consider now wave propagation within a wave guide. It is always 
possible, though sometimes not too practical, to obtain the field con¬ 
figuration within a rectangular guide by superposing two or more plane 
waves in a suitable manner. For the TE^ waves in rectangular guides 
and for these same waves between parallel planes as already consid¬ 
ered, this separation into component waves is quite simple. It is left 
for the student to show (problem 2 on page 240) that two uniform 
plane waves having the same amplitude and frequency, but opposite 
phases can be added to produce the field distributions of the TE m0 
waves. The directions of the component waves are as shown in Fig. 
7-6, where the angle 9 between the walls of the guide and the direc¬ 
tion of the waves depends upon the frequency and the dimension a. 
For each of the component waves the electric vector E will be in the 
y direction and the magnetic vector H will lie in the x-z plane and 
will be perpendicular to the direction of travel of that wave. In order 


x 



Figure 7 Direction of travel of the component 
uniform plane waves between parallel planes. 
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to satisfy the boundary conditions at the walls of the guide, the elec¬ 
tric fields due to the two component waves must add to zero at those 
surfaces. The only way in which it is possible to have E y equal to 
zero at the walls and still have values of E y at points between the 
walls is to have a standing-wave distribution of E y across the guide, 
with the nodal points of the standing wave occurring at the wall sur¬ 
faces. This condition requires that a f the separation between the walls, 
must be some multiple of a half-wavelength measured in the direction 
perpendicular to the walls. Referring again to Fig. 7-5 the required 
condition is that 



where m is an integer and where X 3 is the distance between crests 
measured in the x direction. Since X x = X/sin 8, it is seen that the 
condition on 6 is 

= (7-34) 

Because the sine cannot be greater than unity, it is apparent that a, 
the separation between the walls must be greater than X/2, where X 
is the free-space wavelength of the wave. The wavelength for which 

^ = ^ (7-35) 

m 


is the cut-off wavelength for that value of m. At the cut-off wave¬ 
length sin 6 is unity and 6 is 90 degrees. That is, the waves bounce 
back and forth between the walls of the guide, and there is no wave 
motion parallel to the axis. As X is decreased from the cut-off value, 
6 also decreases, so that at wavelengths much shorter than cut-off 
(very high frequency) the waves travel almost parallel to the axis of 
the guide. 

The wavelength X = X z , parallel to the walls of the guide, which 
is the wavelength ordinarily measured in wave-guide work, is given 
by 

u ^ a 7 T-(^ (7 ' 36) 

This is the distance between equiphase points in the direction of the 
axis of the guide. The phase velocity in this direction is 


_c_ c _ 

cos e VI — (mX/2a) 2 


(7-37) 


It is evident that because of the zig-zag p ath traveled by each of the 
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component waves, the velocity,* v Qi with which the energy propagates 
along the axis of the guide will be less than the free-space velocity 
c. In terms of the angle 9, for a guide with an air dielectric, it will 
be 

v g = c cos 9 

In terms of the width dimension a in wavelengths, it is 

—VHir <7 ' 38> 

It will be noted that the product of the phase velocity and the veloc¬ 
ity with which the energy propagates is equal to the square of the 
free-space velocity, that is, 

vvg = c 2 (7-39) 

As the frequency is reduced toward the cut-off frequency, the angle 9 
approaches 90 degrees, so that the phase velocity v becomes very 
large, and the velocity with which the energy propagates becomes very 
small. At the cut-off frequency v is infinite, but v g is zero, that is 
propagation of energy along the guide by wave motion ceases.t 

For a (lossless) dielectric in the guide having permittivity e and 
permeability /jl, different from and the velocity c must be re¬ 
placed by Vo = 1/V/Ie* 

TmOT Attenuation in Paraiiei-piane Guides. The problem of wave 
propagation between parallel conducting planes has been solved for the 
theoretical case of perfect conductors, and the solutions appear as eqs. 
(16a), (19a), and (30) for the TE^TM^o and TEM modes respectively. 
In actual wave guides the conductivity of the walls is usually very 
large, but it is rarely infinite, and there are usually some losses. These 
losses will modify the results obtained for the lossless case by the in¬ 
troduction of the multiplying factor e~ az in eqs. (16a), (19a), and (30). 
The problem now is to determine this attenuation factor a that is 
caused by losses in the walls of the guide.t 

*This velocity, v g , is the the group velocity. The terms phase velocity, group 
velocity, and signal velocity are discussed in more detail in Appendix I. 

|This is not to say that there are no fields within the guide. In sec. 7,04 it was 
seen that below cut-off frequency f is real, so that a has value and $ is zero. This 
means that the fields then penetrate into the guide with an exponential decrease 
in amplitude, and with no phase shift (for the infinitely long guide with perfectly 
conducting walls). A wave guide operated in this manner is known as an attenua¬ 
tor. 

JThis attenuation factor a for the propagating wave is normally a small quan¬ 
tity. It should not be confused with the very large attenuation factor a given by 
the real part of (21) which applies below the cut-off frequency. 
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la order to see how a may be evaluated for wave guides, consider 
the familiar problem of attenuation in ordinary two-conductor trans¬ 
mission lines. For any line with uniformly distributed constants, the 
voltage and current phasors along the line (when the line is termi¬ 
nated in its characteristic impedance) are 

V = K 0 (7-40) 

J = l 0 e~ az e~ i8z (7-41) 

and the average power transmitted is 

= ± Re{F/*} 


= *R e{VJ Q *}e~ Zaz (7-42) 

The rate of decrease of transmitted power along the line will be 

- d -¥f= + 2ctW„ (7-43) 

The decrease of transmitted power per unit length of line is 

-A W, 7 = 2 aW av 

and this must be equal to the power lost or dissipated per unit length. 
Therefore 

Power lost per unit length _ 2aW AV _ 2 a 
Power transmitted — W &v 


so that 


Power lost per unit length 
2 x power transmitted 


(7-44) 


Using eq. (44), the attenuation factor can be determined for more 
general cases of guided wave transmission where the terms “voltage” 
and “current” may no longer apply. 

The computation of power loss in a wave guide appears at first 
glance to be a rather difficult problem, because the loss depends upon 
the field configuration within the guide, and the field configuration, 
in turn, depends to some extent upon the losses. The attack on this 
problem is one that is used quite often in engineering. It is first as¬ 
sumed that the losses will have negligible effect upon the field distri¬ 
bution within the guide. Using the field distributions calculated for 
the lossless case, the magnetic field strength tangential to each 
conducting surface is used to determine the current flow in that sur¬ 
face. Using this value of current and the known resistance of the 
walls, the losses are computed and a is determined from (44). If 
desired, a second and closer approximation could then be made, using 
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a field distribution corrected to account for the calculated losses. 
However, for metallic conductors of high conductivity such as copper 
or brass, the first approximation yields quite accurate results, and a 
second approximation is rarely necessary. 

Example 1: Attenuation Factor for the TEM Wave. The expressions ob¬ 
tained for magnetic and electric fields between parallel perfectly conducting 
planes (Fig. 7-1) in the case of the TEM mode were 

H y = Ci e~^ z 

E x = 7] C 4 e~ )0z (7-30a) 

The linear current density in each of the conducting planes will be given by 

J, = fi x H 

so the amplitude of the linear current density in each plane is 

= C 4 

The loss per square meter in each conducting plane is 

where 



is the resistive component of the surface impedance given by the expression 

_ / jtofJbn 

Y 0*771 

jLm and cr m refer of course to values in the metallic conductor. The total 
loss in the upper and lower conducting surfaces per meter length for a width 
b meters of the guide is 

C\R s b 

The power transmitted down the guide per unit cross-sectional area is 

> i Re (E X H*) z (7-45) 

E x and H y are at right angles and in time phase and |-i? x | = rj\H y \, so (45) 
reduces to 

iici 

For a spacing a meters between the planes the cross-section area of a width 
b meters of the guide is ba square meters and the power transmitted through 
this area is 

Power transmitted = ^ 7]C\ba 
From (44) the attenuation factor is 
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a CIM 

a ~ 2 X i rjC\ba 

= — = — nepers/meter (7-46) 

rja rja y 2<r m 

This expression should be compared with the corresponding expression for 
the attenuation factor of an ordinary transmission line (eq. 7-121), which is 



where R is the resistance per unit length of the line (that is twice the con¬ 
ductor resistance). 


Example 2 : Attenuation of TE Waves . The expressions for E and H for 
the transverse electric modes between perfectly conducting parallel planes (Fig. 
7-1) are 


E y = Ci sin xj e~ j ^ z 

H x =--@-Ci sin (— at) e- >h > 
cofjb \ a J 

H z = lUdH Ci cos {^x)e-^ 
cofia \ a I 


( 7 - 16 a) 


The amplitude of linear current density in the conducting planes will be equal 
to the tangential component of H (i.e., H z ) at x = 0 and x = a 


\Jsy\ = \Hz\ (at a: = 0, a: = a) 

— m7t Ci 
o)fia 

It is interesting to note in passing that for these modes there is no flow of 
current in the direction of wave propagation. The loss in each plate is 


i 


yRs 


rrPrfCW cojj/m! 2o~Tn 
2 eo 2 /x 2 a 2 


(7-47) 


The power transmitted in the z direction through an element of area da == 
dxdy is 


Power transmitted per unit area = £Re(E X H*)-2 





Power transmitted in the z direction for a guide 1 meter wide with a spacing 
between conductors of a meters is 



sin 2 



i£h 

4 COfJL 


(7-48) 
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Dividing twice expression (47) by twice expression (48), the attenuation factor 
is 



Recalling that /3 — ^/co 2 j'ie — (mTtjaf the expression for attenuation factor for 
TE waves between parallel conducting planes for frequencies above cut-off is 


, _ 2m 2 7t 2 (puller w 


( mit/a ) 2 


The value of this expression decreases from infinity at cut-off to quite low 
values at higher frequencies. For frequencies very much higher than cut-off 
the attenuation varies inversely as the three-halves power of the frequency. 


Attenuation Factor for TM Waves. The expression for the attenua¬ 
tion factor for TM waves between parallel conducting planes can be 
obtained in a similar manner. It differs from expression (49) in that 
the attenuation reaches a minimum at a frequency that is v^3~ times 
the cut-off frequency ( f c ) and then increases with frequency. At fre¬ 
quencies much higher than cut-off the attenuation of the TM modes 
increases directly as the square root of frequency. 

A sketch of variation of attenuation with frequency for different 
modes propagating between parallel conducting planes is shown in 
Fig. 7-7. 



Figure 7-7. Attenuation-versus-frequency characteristics of 
waves guided between parallel conducting plates. 


7.08 Wave Impedances. In ordinary transmission-line theory, ex¬ 
tensive use is made of the “characteristic impedance,” Z 0 , of the line. 
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This impedance gives the ratio of voltage to current (for an infinitely 
long line), and its real part is a measure of the power transmitted for 
a given amplitude of current. In transmission-line theory power is 
propagated along one axis only, and only one impedance constant is 
involved. However, in three-dimensional wave propagation power may 
be transmitted along any or all of the three axes of the co-ordinate 
system, and consequently three impedance constants must be defined. 
For example, in the Cartesian co-ordinate system the complex power 
per unit area transmitted in the x, y, and z directions respectively is 
given by 

P x = &E y H* z - E Z H*) P y - &E Z H* - E X H*) 

P* = #E,H* - E y H*) 

The real or average Poynting vector in any of the three directions is 
given by the real part of the appropriate expression. It is now con¬ 
venient to define the wave impedances at a point by the following 
ratios of electric to magnetic field strengths: 


7 + _ 

^xy TT 

ti y 

Z + — Ey 

VZ ~1T Z 

7 + _ Z 2 

Lzx ~~h x 

N 

II 

1 

7+ _ E, 
2y ~ Hi 

7+ _ E x 

Z ** “ H z 


These are the wave impedances looking along the positive directions 
of the co-ordinates, and this fact is indicated by the superscript plus 
sign. The impedances in the opposite directions are the negative of 
those given above, and the negative direction is indicated by a super¬ 
script minus sign. Thus in the directions of decreasing co-ordinates 



Corresponding definitions would obtain for any orthogonal co-ordinate 
system. In terms of these wave impedances the x, y, and z com¬ 
ponents of the complex Poynting vector are 

P x - HZ?: H z Hi + Z? y H y H*) = - UZ; z H z H* + Z~ H V H*) 

P y = H x Ht + Z xz H z Hi) = - HZ7 X H x Ht + Z« H z H*) 

P z = i(Z+ y H y H* + Zy X H x H*) = - i(Z- y H y H* + Z~ yx H x Ht) 

The subscripts on the wave impedances indicate the particular com¬ 
ponents of E and H involved, and the algebraic signs of the wave 
impedances have been chosen so that, if the real part of any given 
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impedance is positive, the corresponding average power flow is in the 
direction indicated by the impedance. 

Applying these definitions to waves propagating between parallel 
planes the wave impedance in the direction of propagation can be 
found. For the TEM wave (the exceptional case where both E and H 
are transverse), the wave impedance is given by eq. (32), and it is seen 
to be equal to rj v , the same as for a uniform plane wave in free space. 
For TE waves, the wave impedance can be obtained from eq. (17). 
It is 



where 

The wave impedance in the z direction is constant over the cross sec¬ 
tion of the guide. For frequencies below.cut-off for which <y is real, 
the impedance is a pure reactance indicating no acceptance of power 
by the guide and therefore no transmission down the guide. For fre¬ 
quencies above cut-off y is a pure imaginary (under the assumption of 
perfectly conducting walls) and can be written 

v = j& = j V “V - 

so that 


COfl 


COfl 


Vg) 2 /4€ — {mn/af 0 


(7-52) 


The wave impedance is real and decreases from an infinitely large 
value at cut-off toward the asymptotic value of r/ = as the 

frequency increases to values much higher than cut-off. 

These results could equally well have been obtained by considering 
the TE wave as being made of two uniform plane waves reflected 
back and forth between the conducting planes and making an angle 6 
with the axis of propagation (Fig. 7-6). For the TE wave propagating 
in the positive z direction the transverse component of E will be E y , 
whereas the transverse component of H will be —H x =: —H cos 8 ; 
therefore the wave impedance in the z direction is 


Ey _ _ E _ 7 ] 

H x H cos 8 ~ cos 8 


(7-53) 


Making use of eq. (37), this may be written as 



which is the same result as was obtained in (52). 
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For TM waves the transverse component of E will be E x = E cos 8, 
whereas the transverse component of H will be H y . The wave impedance 
for this case is 

ZZv = Jf = — Ji — = V cos 0 (7-54) 

It varies from zero at the cut-off frequency up to the asymptotic value 
rj for frequencies much higher than cut-off. 

There is a marked resemblance between the properties of these 
wave impedances and the characteristic impedances of the prototype 
T or 7t sections in ordinary filter theory. For example, the wave 
impedance for TE waves between parallel planes may be written as 


Z 


yx 


V 

cos 8 



(7-55) 


Making use of the relations 
• a mX 

Sln ^ = ~2a’ 



/« = 


1 



where X e and f G are the cut-off wavelength and cut-off frequency, eq. 
(55) becomes 


Zv+I ~ vi - uTJy 


(7-56) 


This is similar to the expression for the characteristic impedance of 
the prototype it section of a high-pass filter, which is 


^ _ vx/c 

Z/n* — - 


VI — (fc/fY 


(7-57) 


Similarly the expression for the wave impedance for TM waves be¬ 
tween parallel planes may be written as 

Zl v = rjjl - (A) 2 (7-58) 


which corresponds to the expression for characteristic impedance of 
the prototype T section of a high-pass filter. 


z -=V¥V‘ - W (7 ■ 5,, 


The wave impedances for waves between parallel planes are shown as 
functions of frequency in Fig. 7-8. In chap. 8 a general transmission¬ 
line analogy will be developed for TM and TE waves in cylindrical 
guides of any cross-sectional shape* 

In this chapter the characteristics of waves propagating between 
two parallel planes have been considered in some detail. The concepts 
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Figure 7-8. Wave impedances for waves between 
parallel conducting planes. 


developed in the treatment of this simple illustrative system are quite 
general and may be extended to apply to all guided systems, including 
“ordinary” two-conductor transmission lines and also enclosed wave 
guides. Before leaving this simple system some consideration will be 
given to the electric field configuration and current flow within the 
metal walls of the guiding system. 

7.09 Electric Field and Current Flow Within the Conductor* When 
an electromagnetic wave is guided along the surface of a conductor, 
currents flow in the conductor and charges appear and disappear on 
its surface. The current distribution within the conductor and the 
charge distribution on the surface can be obtained from a straightfor¬ 
ward solution of Maxwell’s equations, subject to the appropriate 
boundary conditions at the boundary surface between the dielectric 
and the conductor. However, the results are somewhat complex and 
require interpretation. For this reason, before obtaining the exact sol¬ 
ution, it is advantageous to consider in a qualitative manner, and from 
facts already known, certain features of the problem. 

In Fig. 7-9 a TEM wave is guided along the surface (in the x-z 
plane) of a conductor which, for the moment, will be assumed to be 
perfectly conducting. For the case considered the electric field strength, 
E = yE Vi will be normal to the surface, and the magnetic field strength 
H = — ±H X will be parallel to the surface. There will be a surface 
current /, z , flowing in the z direction, and related to the magnetic 
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v*c 
E= yE y 


H -xH, 




Ps --cEy 

cr = 0 

r 7 7 /"7"/ / / 7 7 7"7 V~ 
<r = oo 


4 


Figure 7-9. Current and surface charge on a perfect 
conductor guiding an electromagnetic wave. 


field strength by the vector relation J s — n x H, which in this case 
becomes J u — — H x . Since E y — —r] v H x , it follows that 

, 4 = ^ (7-60) 

A surface charge density appears on the surface, the value of which 
is given by 

p s = D y = e v E y (7-61) 

From (60) and (61) it is seen that both p s and J sz are proportional to 
E y , so that at any instant of time the position of maximum charge 
occurs at the same value of z as the position of maximum surface 
current. 

When the conductivity of the conductor is reduced from infinity 
to a large but finite value such as obtains for ordinary metallic con¬ 
ductors, the situation is modified in several respects. The chief effect 
is the introduction of a small tangential component of E, which is 
required to drive the linear current density J 3 against the surface 
impedance Z s of the conductor. Making the assumption (known to be 
very good) that H will not be changed appreciably by the finite ra¬ 
ther than infinite conductivity, the tangential component of E can be 
obtained from 

E z — — H x Z s 



The horizontal or tangential component of E is seen to lead — H x 
and therefore E y by an angle of 45 degrees. The conductor is con¬ 
sidered to be sufficiently good that the inequality o* ooe holds for all 
frequencies considered. The depth of penetration, although small for 
good conductors, is not zero, and the linear current density J $z is now 
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distributed throughout the thickness of the conductor, with ap¬ 
proximately two-thirds of it concentrated within the “skin depth” 8. 
The linear current density J 5Z is still in phase with the magnetic field 
strength —H X9 but the current density J z at the surface is in phase 
with E z , and so leads — H x by 45 degrees. 

Rigorous Solution. Having obtained a qualitative picture of what hap¬ 
pens within a conducting medium as an electromagnetic wave is guided along 
its surface, it is now in order to set up and obtain a more rigorous solution 
as a boundary-value problem. The problem is that of finding solutions to 
Maxwell’s equations in regions 0 and 1 (Fig. 7-10), which will fit the bound¬ 
ary conditions at the surface of the conductor. 


y 



Figure 7-10. Equiphase lines (solid) and equiamplitude 
lines (dashed) for an electromagnetic wave guided 
along a conducting plane. 


The following assumptions will be made: 

(1) No variations in the x direction. Therefore d/dx^0. 

(2) Variations in the z direction can be represented by e~ ToZ in the dielec¬ 
tric and by e~ 7iZ in the metal. The values of <ya and yi must come out of 
the solution. 

(3) Variations in the y direction are as yet unknown and must be solved 
for. 


Then Maxwell’s equations become: 
Above the surface (Region O): 
dE z 


dy 


•f 7o Ey= —j(dfj^H x 
• ~ ya>£p Ey 

dH x 


dy 


— ja>€ v E z 


(7-62a) 


Within the conductor (Region 1 ): 
3E Z 


dy 

H, 

3H: 

dy 


+ yiEy = —jcofj, { H x 
(cr i + j<D€i)Ey 
— (o' i + jCd€i)Ez 


(7-62b) 


Combining gives 
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8 2 H X ,, „ _ 2 IT 

£y2 4* 7o^s — fln>€ v U x 

or 

&H* _ 7 2 rr 
^2 — 

where A5 = —7* — 


dy 2 


+ 7?#x = ;'6)/Ai(<7i + jcoei)H x 


m=« H , 


dy 2 


^1 = - 7 ? + 7^ 

and 7 ™ = jo> fifax + y'coei) 

Solutions to these differential equations may be written as 

H x = Ci + C 2 (7-63a) tfx = C 3 e h ' y + C 4 *-** (7-63b) 


In taking the square root of h 2 , if it is agreed that that root which has a 
positive real part will be used, then only the second term of (63a) need be 
considered. The first term represents a field which becomes infinitely large at 
y = co. Since this could not represent a physical field, this first term will be 
discarded by putting Ci — 0. Similarly within the conductor, the second term 
represents a nonphysical field that becomes infinite at y — —co. Therefore C 4 
can be put equal to zero Showing the variation in the z direction, the ex¬ 
pressions for magnetic field strength can now be written: 


Above the surface: 


Below the surface: 


H x = Ci e~ h ' y e 


H x = C 3 e + h * e -*»* 


At the surface (y — 0 ), these expressions must be equal at all instants of time 
and for all values of z, because H x must be continuous across the boundary. 
This requires that C 2 = C 3 and 70 = 71 . Then the expressions for vertical and 
horizontal components of electric field strength can be written: 

Above the surface: In the conductor: 


__ —7 0 C 2 
f jcoe v * 


~hoV t 


e ~ 

ja>e v 


E v = 


£, = — 


70C 2 
+ jcoe 1 

h\C2 ^ 
<T\ 4- jcoei 1 


* 


MV p~ 70 * 


At y = 0 the expressions for E z must be equal. Therefore 

~t ~~— =- 7-^r — ^ “ (for metallic conductors) 

jcoe v <Ti 4- jcoe 1 o’ 1 7 

1 _ J&evhx ,, _ 

h° ~~ o\ h »~-?r hi 

7 0 = - — hi — ~ <o 2 fJr,e v + ^42(— 7 ! + yh) 

U l 

From this, 

7o ^ f—<o 2 fu,e v (l — 


fivCTl 
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For nonferrous metallic conductors fin ^ fii v , ^ €«, so that 

,,2 e 2 v 

JW / . /UJfc,t - w cv , tu / , , a' 

7o : 


2^i ; <? \ + 8a-5j 




__ 6^ / 70)€ v \ 

C 2 \ <7 J 


— 7^ / 7<P€ P _ /, -X_^ / pae? 

c V a-i V J) c y 2(Ti 


h x =« = (1 + ;') ^/^£l 


The resultant expressions for the fields in the two regions are: 


Above the conductor: 
H x — C 2 e' ft ° y e _To2 

£ v = ^ 


7 C 06 Z, 

70 ) 6 ^ 


H x « 

V*. 


E z fJJZh 


H x 


— " 7 ° ~ / gi / 45 0 

E z ho ~y coe v L - 


(7-64a) 


Within the conductor: 
H x = C 2 e h '*e-** 

Ey =-^Si Vv H x 

E, « - //£& if, 

V 0*1 

£\f ^ j CO Cy 


Vf* ffi! 


(7-64b) 


It is seen that in the region of the air dielectric, outside the conductor, the 
electric field strength is almost normal to the surface. The field is elliptically 
polarized, the small horizontal component of E leading the vertical com¬ 
ponent by 45 degrees. Within the conductor the field is almost horizontal or 
parallel to the surface, the very small vertical component leading the hori¬ 
zontal component by 45 degrees. 

The equiphase and equiamplitude surfaces can be obtained from the first 
of eqs. (64a and b). By letting 

7o = Cto + jfi o, ho = po + jqo, hi = p\ + jq\ 
these equations can be written as 

H x = C 2 e ( ~ p#y “ a9Z) (in the dielectric) 

and 

ifx = (in the conductor) 

Equiamplitude surfaces are obtained by setting the real exponents equal to a 
constant. This leads to 

tan 7 q -— = — ^ (in the dielectric) (7-65) 

^ z po y 2 ( 71 

tanyi = — — — ~ (in the conductor) (7-66) 

* z pt <Tx y 2<ri 

Equiphase surfaces are obtained by setting the imaginary exponents equal to 
a constant. The slopes of the equiphase surfaces are given by 



(in the dielectric) 


(7-67) 
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tan ‘xlri — — = — ^ (in the conductor) (7-68) 

z qi y cti 

The angles % 0 , %i, ^o, and ifr i are shown in Fig. 7-10 where the equiphase 
lines are shown solid and the equiamplitude lines are shown dotted. In order 
to show the angles, their sizes have been very much exaggerated in this dia¬ 
gram. It is seen from eqs. (65) and (67) that in the dielectric the equiphase 
and equiamplitude surfaces are mutually perpendicular. In the conductor both 
equiamplitude and equiphase surfaces are nearly parallel to the surface, with 
the equiamplitude surface making a much smaller angle than the equiphase 
surface. Since the equiamplitude and equiphase surfaces are not parallel, the 
wave solutions obtained are examples of nonuniform plane waves . Also, since 
the phase velocity above the conductor and normal to the equiphase surfaces 
is less than c, the wave there may be referred to as a slow wave. Note that 
the phase velocity component along the conducting surface is also less than 
c, being given by 



The above analysis provides a useful description of wave propagation along 
and within the surface of a good conductor. The question of how such waves 
can be excited is beyond the scope of the elementary treatment of this chap¬ 
ter. 

Within the conductor the conduction current density, given by 

J = crE 

is seen to have both horizontal and vertical components. Using eqs. (64b) it 
is possible to make an instantaneous plot of current flow in the conductor as 
the electromagnetic wave is guided along its surface. This has been done in 
Fig. 7-11 for a copper conductor at 100 MHz. In order to show the current 
flow adequately the vertical scale has been expanded by a factor of 100,000. 
The current magnitudes, indicated by the lengths of the arrows, are drawn to 
scale, but the vertical current scale is 10 5 times the horizontal current scale. 
Thus, if a horizontal current density of 1 ampere per square meter is repre¬ 
sented by an arrow of unit length, an arrow of the same length in the ver¬ 
tical direction represents only 10 microamperes per square meter. It is ap¬ 
parent from the figure that the vertical currents are very small compared 
with thd horizontal currents. However, it is these minute vertical currents 
that bring to the surface the charges on which the external electric flux ter¬ 
minates. Since total current normal to the surface must be continuous across 
the boundary surface, the vertical conduction current within the conductor at 
the surface is equal to the displacement current normal to the surface in the 
dielectric (the displacement current in the conductor is negligible). These ver¬ 
tical currents are a maximum at those places where density on the surface 
is zero. 

The plot of Fig. 7-11 is for a single instant of time. As time passes, the 
entire field configuration shown sweeps to the right with a velocity approxi¬ 
mately equal to the velocity of light in free space. 
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Figure 7-11. Instantaneous current distribution within a copper 
conductor as a 100-MHz wave is guided over its surface. The 
vertical scale has been expanded by a factor of 10 5 times the 
horizontal current scale. Length of arrow refers to magnitude 
at tail of arrow. 

7*10 Transmission Lines* la the study of wave propagation between 
parallel planes, it was found that there were many possible modes or 
types of waves which could be propagated. Except for the special case 
of the transverse electromagnetic (TEM) wave, however, all of these 
modes require a certain minimum separation (in wavelengths) between 
the conductors for propagation to be possible. Only for the TEM wave 
could the conductor separation be small compared with a wavelength. 
This statement also holds for practical transmission lines, such as 
coaxial or parallel-wire lines, and it is for this reason that only the 
TEM mode need be considered at low frequencies, that is at power, 
audio, and radio frequencies below 200 or 300 MHz. All other modes 
would require impractically large cross-sectional dimensions of the 
guiding systems. If a system of conductors guides this low-frequency- 
type TEM wave, it is called a transmission line, whereas if it supports 
TE or TM waves, it is called a wave guide. Transmission lines are 
considered in this present chapter and wave guides will be studied in 
chap. 8. Transmission lines always consist of at least two separate 
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conductors between which a voltage can exist, but wave guides may, 
and often do, involve only one conductor; for example, a hollow rec¬ 
tangular or circular cylinder within which the wave propagates. 

Although the TEM transmission-line wave is but one special case 
of guided wave propagation, it is so important practically, that it is 
usually treated as “ordinary transmission-line theory” quite early in 
the training of the electrical engineer. In this treatment, circuit con¬ 
cepts are extended to cover this distributed-constants circuit. It is the 
purpose in the following sections to show how the circuit approach 
follows directly from Maxwell’s equations. 

Actual two-conductor transmission lines usually take the form of 
parallel-wire or coaxial lines. Before considering these practical cases, 
however, circuit concepts will be developed for the simpler case of a 
parallel-plane transmission line carrying the TEM wave. 

7.1 1 Circuit Representation of the Parallel-plane Transmission 
Line.* In communication engineering a transmission line carrying the 
principal (TEM) wave is represented as a distributed-constants net¬ 
work having a series impedance Z = R + jcoL per unit length and a 
shunt admittance Y = G + jcoC per unit length. It is instructive to 
draw the equivalent circuit and evaluate the constants for the parallel- 
plane transmission line of Fig. 7-1. For the special case of perfectly 
conducting planes and a perfect (lossless) dielectric, the series resis¬ 
tance and shunt conductance are 
both zero, so that the equivalent j__ 
circuit representation is that of Fig. 

7-12, where there is an inductance 
L per unit length and a capacitance 
C per unit length. The values of 
these constants in terms of the line 
dimensions and the constants of the 
medium between the planes can be Figure 7-12. Circuit representation of a 
obtained directly from Maxwell’s lossless line, 
equations. 

Consider the various sections of a parallel-plane transmission line 
shown in Fig. 7-13. It is assumed that the line is carrying the TEM 
mode in the positive z direction, so that E == HE X and H — fH v . The 
linear surface current density in the lower plane is J sz — H y : The 
separation between the planes is a meters and, although they are in¬ 
finite in extent in the y direction, a section b meters wide will be 
considered as being the transmission line. (By making this section a 
part of planes of infinite extent the field will not depend on y, and 
edge effects are eliminated.) Applying the emf equation to the closed 
path ABCDA 
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l-»-l 


Figure 7-13. Parallel-plane transmission line. 


becomes 



Vab^t y bc + y cd H - Vda — — jcoB y a Az 

For perfectly conducting planes the tangential component of E is zero 
and so 


which leaves 


y bc — Vda — 0 


y cd — y ba — — jcoB y a Az 


Dividing through by Az and expressing in the differential form 


dV_ 

dz 


— j&B y a 


(7-69) 


B y fifty — ftJtf ^ 


It will be seen that 
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where / is the current flowing in the strip of width b meters. There¬ 
fore, eq. (69) becomes 


dV __ _ jcofia r 
dz b 


(7-70) 


Comparison with the ordinary circuital form of the transmission-line 
equation 


dV 

dz 


— — jcoLI 


shows that for the parallel-plane transmission line of width b meters 
and spacing a meters 


L = 



Similarly, writing the mmf equation for the path FGHK in the y-z 
plane I gives 

bH FG — bH ki i = jcoeE x b A,z 

which becomes 


d(bH y ) 

dz 


— jcoeE x b 


Replace bH y by bJ 5Z — I and E x by V/a . Then 

dl_ __ __ jcoeb 
dz a 


(7-71) 


Comparison with the usual equation 


dl 

dz 


= -jcoCV 


shows that for the parallel-plane transmission line 



a 


It is seen that for a parallel-plane transmission line the inductance 
per unit length is simply the permeability p of the medium multi¬ 
plied by a geometry factor a/b, which in this case is proportional to 
the spacing and inversely proportional to the width of the line. Also 
the capacitance per unit length is the dielectric constant e of the 
medium, multiplied by a geometry factor which, in this case, is pro¬ 
portional to the width and inversely proportional to the spacing. The 
reciprocal of the square root of the product of L and C gives the 
velocity of wave propagation along the line. That is, 

1 


1 
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For lines of different cross section the geometry factors will of 
course be different. However, since the velocity of propagation is given 
by v = 1/VZC for all uniform unloaded lossless transmission lines, and 
since the velocity is independent of the line geometry (whether 
parallel-wire, coaxial, etc.), it follows that the geometry factors for L 
and C must always be reciprocal (for perfect conductors). For example, 
for parallel-wire lines it was found in chap. 2 that the capacitance 
per unit length was 


C = 


7 re 


7re 


In 


b + Vfr 2 — 4 a 1 
2 a 


cosh~ 


\2a) 


Therefore, the inductance per unit length must be 


L = 


7T 


7T 


(7-73) 


(7-74) 


It is, of course, more than just a coincidence that the geometry fac¬ 
tors for the L and C of a line are reciprocal. The significance of this 
relation is discussed in sec. 7.13. 

A clear concept of the meaning of the permeability constant and 
dielectric constant e is obtained from the parallel-plane transmission 
line of Fig. 7-13. If this line has unit width and unit separation, so 
that a = b = 1, then 

L = fi and C — e 

Thus e is the capacitance between conductors of 1 meter length of 
the parallel plane line, which is 1 meter wide and has a separation 
of 1 meter. Similarly, //, is the inductance per meter length of the 
same line. In terms of voltage and current, /i is a measure of the 
change per unit length of the transverse voltage when the current is 
changing at the rate of 1 amp/sec. Also the dielectric constant e is a 
measure of the capacitive (displacement) current flow per unit length 
when the voltage between the planes is changing at the rate of 1 
volt/sec. In terms of electric and magnetic fields, /i is a measure of 
the rate of change of E with distance owing to a change of H with 
time. Similarly, e is a measure of the rate of change of H with dis¬ 
tance owing to a change of E with time. Of course this is just the 
information conveyed by Maxwell's equations in their differential 
form. 

In one respect the equivalent circuit representation of a transmis¬ 
sion line may be misleading. In the equivalent circuit there exists a 
voltage drop L{dl/dt) along each unit length of line. In the actual 
line, since E tangential to the surface of a perfect conductor is al- 
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ways zero, the voltage drop along the surface of the line is necessarily 
zero. Even if the conductors are imperfect so that an E parallel to 
the surface of the conductors is possible, the only voltage drop along 
the line would be that due to the current flow through the surface 
impedance, and this is ordinarily very small as has already been seen. 
The L(dl/dt) drop in the equivalent circuit represents in the actual 
line the change per unit length of the transverse voltage between con¬ 
ductors. With a zero voltage drop along paths tangential to the (per¬ 
fect) conductors, the difference of the transverse voltages AB and 
DC is equal to the induction voltage —d$?/dt around the closed path 
ABCDA (Fig. 7-13). But in the equivalent circuit representation of 
Fig. 7-12, where fields are not considered , the voltage around the closed 
path A l B l C l D l A l is zero. Therefore the induction voltage — d<&/dt 
(which is responsible for the change in transverse voltage along the 
line) is shown as a series voltage drop, —L dl/dt, across a lumped 
inductive reactance. 

The characteristic impedance of the lossless parallel-plane trans¬ 
mission line is 

z, = Vi-”-/? T = ’y < M5 > 

For the line of unit dimensions, a — b — 1, the characteristic imped¬ 
ance is just the intrinsic impedance of the dielectric medium between 
the plates. 

7.12 Parallel-plane Transmission Lines with Loss* If the parallel- 
plane transmission lines have loss, the results obtained above must be 
modified. The loss in the line will be due to the resistance of the 
conductors and to any conductivity of the dielectric between them. 
Again applying the electromotive force equation around the path 
ABCDA of Fig. 7-13, the voltages V BC and V DA will now not be zero 
but will each have a value 

VSC ~ VDA — f Z Z% Az 

This is the voltage drop in length A z of each conductor due to J sz 
flowing against the surface impedance Z 3 . Then around the path, the 
emf equation gives 

Vcd — Vba — — ja)B y a A 2 — 2 J S2 Z $ Az (7-76) 

Writing B y = fiH y = /jlJ sz — fil/b , and putting (76) in the differential 
form 


“f- = —jtdLI - Z'I = -O'coL + Z')I 


( 7 - 77 ) 
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where, as before, 


and 


r — F a 
L b 


z -~5“ 


(7-78) 


is the series impedance per unit length of the line (that is, twice the 
surface impedance of a width b of each conductor). The impedance 
Z' is complex and can be written as Z' = R' + jcoL' where R' will be 
the series resistance per unit length and jcoL ' will be the surface or 
internal reactance per unit length. Then eq. (77) can be written 

= - [R' + ML' + L)]I (7-77a) 


If the dielectric between the conducting plates is not perfect, but 
has a value or, then there will be a transverse conduction current den¬ 
sity crE, which will modify the magnetomotive force around the rec¬ 
tangle FGHK. The mmf equation will now be 

—(bH K3 — bH Fa ) = (<r£* + jcoeE x )b Az 

Then 

= -b(a +M)E X 


Replacing bH y by bJ sz = I and E x by V/a 

dl (bcr . coeb\ 

Tz = -{t + J—) v 

= -(G + jcoC)V (7-79) 

where C = eb/a is the capacitance per unit length and G = bcr/a is 
the conductance per unit length of line. 

Equations (77) and (79) are in the circuital form, familiar to en¬ 
gineers, and may be solved to yield the well-known “transmission-line 
equations.” 

7.13 E and H about Long Parallel Cylindrical Conductors of Arbi¬ 
trary Cross Section. In sec. 7.11 it was found that the geometry 
factors for the L and C of parallel perfectly conducting cylinders were 
always* reciprocal. As might be suspected, this interesting result is not 
just a coincidence, but follows as a logical consequence of the simi¬ 
larity that exists between all two-dimensional electric and magnetic 
field distributions. It is well known that lines of E and H about long 
parallel circular cylinders are always orthogonal, and that the magni¬ 
tudes of E and H are related at all points by a constant factor that 
is dependent on the charge on the conductors and the current flowing 
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Figure 7-14. Parallel cylinders of arbitrary cross 
section. 


through them. It is easy to show that this same correspondence be¬ 
tween electric and magnetic fields must hold even in the more gener¬ 
al case where the parallel cylinders have any arbitrary cross section 
as in Fig. 7-14. 

The static electric field configuration is obtained as a solution to 
Laplace’s equation subject to the boundary conditions of the problem. 
In rectangular co-ordinates, for two-dimensional fields that are inde¬ 
pendent of the z co-ordinate, Laplace’s equation is 


d 2 V d 2 V 
dx 2 + By 2 


(7-80) 


where V is the (electrostatic) potential, the gradient of which gives 
the electric field. Similarly, the magnetic field configuration can be 
obtained as the curl of a magnetic (vector) potential that has the 
direction of the current producing it. When the conductors are entirely 
in 6ne direction, say the z direction, the vector potential has only one 
component A z , and the components of magnetic field strength lie in 
the x-y plane and are given by 

fill. = $ ( 7 * 81 ) 


Under these conditions it can be readily shown that A z also satisfies 
eq. (80). In a region in which there are no currents. Ampere’s law 
indicates that the line integral of H around every closed path is zero. 
That is, 


(j>H*rfs = 0 


The differential vector statement of this law is 


V X H = 0 


(7-82) 
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For this case where there is no z component of H, relation (82) be¬ 
comes 


3H X 3H y _ 
dy dx 

Inserting relations (81) gives 

d 2 A z d 2 A z _ 
3x 2 + 3/ “ U 


(7-83) 


Thus for two-dimensional magnetic fields the potential A z satisfies 
Laplace’s equation, and the configuration of the magnetic field, ob¬ 
tained from (81), is always such that relation (83) is satisfied. In ad¬ 
dition, of course, the boundary conditions of the particular problem 
must also be satisfied. 

Now consider the problem of two parallel cylindrical conductors 
(assumed perfectly conducting) that carry equal and oppositely directed 
currents I. For the d-c case the current is uniformly distributed 
throughout the conductor, but for rapidly alternating fields, because of 
the phenomenon of skin effect, the current exists only near the surface of 
the conductor. Although this is a d-c field analysis, the results will be 
applied chiefly to the alternating field cases, so the assumption of cur¬ 
rent concentrated in a thin sheet at the surface of the conductor will 
be used. Except when the spacing between conductors is large com¬ 
pared with their diameters, the current distribution around the cir¬ 
cumference of the conductor will not be uniform. The actual current 
distribution will be such that the boundary conditions at the surface 
of the conductor are satisfied. This is similar to the electrostatic prob¬ 
lem where the charge distribution around the cylinders was such as 
to make the cylinders equipotential surfaces, and satisfy the condition 
that Ftaa = 0. 

The corresponding boundary condition for the magnetic field 
strength is that H aorm = 0 (for a perfect conductor). That is, the mag¬ 
netic field strength at the surface is entirely tangential. Equations (81) 
indicate that if the magnetic field strength normal to the surface is 
zero, there can be no change of A z in a direction tangential to the 
surface. Therefore the conductor must also be an “equipotential” sur¬ 
face for the magnetic potential A z . Because in this case both A z and 
V satisfy Laplace’s equation, and in addition satisfy the same bound¬ 
ary conditions, it follows that the expressions for A z and V will al¬ 
ways be identical, except for some constant factor. Then, because 


E x 

Ey 


dV 

dx 

dV 

dy 




8A , 

dy 




(7-84) 




§7.14 


Guided Waves 


215 


it follows that E and /iH will always be orthogonal, and that their 
magnitudes will be related to each other by the same factor that 
related V and A z . 

The electric and magnetic field configurations obtained from solu¬ 
tions of Laplace’s equation are for the electrostatic and steady cur¬ 
rent cases, respectively. In general, it would not be expected that these 
same solutions would hold for alternating fields, especially at high 
frequencies. It turns out that for TEM fields, however, the transverse 
field configurations obtained for the static cases also hold for the al¬ 
ternating cases. This is because the general Maxwell emf and mmf 
equations reduce to their steady-field counterparts in the TEM case. 
For example, the mmf equation in the x-y plane for the region outside 
the conductors (no conduction current) is 

(V x H) z = jcoeE z (7-85) 

But for TEM fields in the x-y plane, E z is zero so that for any path 
in this plane this equation reduces to eq. (82), which yielded the 
Laplace equation (83). Similarly the Maxwell emf equation 

(V X E), = — jo)fjbH z 

reduces to 

(V x E), = 0 (7-86) 

for the TEM problem. Equation (86), the integral form of which is 

<j> E-ds = 0 (7-87) 

states that for any path in the x-y plane the electric field is conserv¬ 
ative. Therefore, E is derivable as the gradient of a scalar potential 
V, and in a region in which there are no charges, the relation 

V-E = 0 

leads directly to Laplace’s equation. 

7.14 Transmission-line Theory. For all types of TEM mode trans¬ 
mission lines (coaxial, parallel-wire), the basic equations have the 
same form as eqs. (77a) and (79) for parallel-plate lines. If R , L, G, 
and C are the total resistance, inductance, conductance, and capaci¬ 
tance per unit length, the transmission-line equations may be expressed 
as 


dV 

dz 


-( R+jcoL)I 


(7-88) 


£ = -(G+jaC)V 


(7-89) 
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Differentiating and combining gives 


d 2 V tv 
-d?=^r 


d 2 I 

~d? 


= ri 


(7-90) 

(7-91) 


where 


7 2 - (R + jmLXG + jcoC) 


Solutions to eqs. (90) and (91) may be written in either exponential- 
or hyperbolic-function form. In the exponential form, viz., 

V = V'e-i* + V" e^ z (7-92) 

I=r e~^ z + I n e^ z ( 7 - 93 ) 

the solutions are shown as the sum of two waves, one traveling in 
the positive z direction and the other traveling in the negative z 
direction. The ratio of voltage to current for the wave traveling in 
the positive z direction is 


V* 

— — 7 

-JJ — 


(7-94) 

whereas for the “reflected” wave traveling in the opposite direction 

(7-95) 


V " _ 7 

~J7 — “ Z 0 


Z 0 is the characteristic impedance of the line and is related to the 
so-called primary constants R , L, C, and G by 


_ ! R jcoL 

V G+ jc*C 


(7-96) 


If the line is terminated in an impedance Z R located at z = 0, the 
ratio of V to I at this point will be equal to Z R so that 

v _ V V' + V" ZlT - I") 

R ~ i - r + r - T+ T 

These relations carube recombined to give the reflection coefficients , 
V" Z R - Z 0 r Z 0 - Z R 




(7-97) 


V' - z R + Zo • r ~ z 0 + z s 

In the, hyperbolic-function form the solutions to (90) and (91) are 
V = A t cosh yz + B t sinh yz 

I = A 2 cosh yz + B 2 sinh yz (7-98) 

The constants A u A 2i B x and B 2 are evaluated by applying the bound¬ 
ary conditions. Let 



Tj»p*!P* fpNrvra' 
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y — Vr, I — Ir at z = 0 

V = V s , I = Is at z = z. 

Substituting these relations in (98) and using eqs. ( 88 ) and (89), 

V s = Vr cosh ryzi — Z 0 I S sinh ^z t 

Is = Ir cosh 7 Z 1 — sinh yz x (7-99) 

z 0 

It is usual to make the location of the terminating impedance Z R the 
reference point (z = 0 ), and to consider the sending end as being to 
the left of this reference point, that is, in the — z direction as in Fig. 
7-15. Then letting / = —z^ eqs. (99) become 

V s = V R cosh yl + ZJ R sinh yl (7-100) 

Is = 4 cosh ryl + Xr sinh ryl (7-101) 

| Z 0 

where / is measured from the receiving end of the line. 


4 


Ys 


z 0 *r 


i 



Z-- 0 


Z 


Figure 7-15. 


These are the general transmission-line equations that relate the 
voltages and currents at the two ends of the line. The general ex¬ 
pression for the input impedance of the line is obtained by dividing 
( 100 ) by ( 101 ), that is, 


. _ V s V R cosh yl + Z 0 4 sinh yl 
in ~ 4 " 4 cosh yl + (V R /Z 0 ) sinh yl 


(7-102) 


Certain special cases are of interest. For a line short-circuited at the 
receiving end, Z R — 0, and therefore V R — 0, and the input impedance 
is 

Z 3C = Z 0 tanh yl . (7-103a) 


i On the other hand, for an open-circuited line Z R = oo, I R = 0, so that 
the input impedance is 

Zoe = Z 0 coth yl (7-103b) 

The product of (103a) and (103b) gives 

ZscZqc = Z\ 


(7-104) 
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7*1 5 Low-loss Radio Frequency and UHF Transmission Lines. The 

low-loss transmission line is of special interest to the engineer con¬ 
cerned with the transmission of energy at radio and ultrahigh fre¬ 
quencies. There are two reasons for this. First, most practical lines 
designed for use at these frequencies will be low-loss lines. Second, at 
ultrahigh frequencies, sections of low-loss line are used as circuit ele¬ 
ments, and a knowledge of the operation of such “distributed-constants 
circuits” is of considerable importance. 

A low-loss transmission line is one for which 

R<coL (7-105) 

where R , L, C, and G are the resistance, inductance, capacitance, and 

conductance per unit length of the line. When the above inequalities 
hold, the following approximations are valid: 

Z = R jcoLi ^ jcoL 

Y = G -f- jcoG ~ jcoG 

7 j R -f* jcoLt [U 

° ” V G + jcoC ^ V c 

7 = a /{R ~t“ jcoLXG + jcoG ) ^ jco a/ LC 

Since 7 = a + j/3, this last expression gives 

a^O (7-108) 

/3^cd^/LC (7-109) 

The approximation for /3 is very good for low-loss lines, but occasion¬ 
ally the approximation of zero for a may not be good enough, even 
though a is very small compared with /9. A closer approximation for 
a may be obtained by rearranging the expression for 7 and using the 
binomial expansion. Thus 

~ vre (1 + jjk) (1 + jIj) 

~i“^( l+ 2§TL + 2 %c) 


(7-106) 

(7-107) 
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which gives 

“~t(#. + gz -) (7 - 110) 

/S^o>VLC (7-111) 


The more correct value for a given by (110) need only be used in 
place of (108) when the line losses are being considered. As far as 
voltage and current distributions are concerned, the attenuation of 
most low-loss ultrahigh frequency lines is so small that the approxi¬ 
mation a — 0 gives satisfactory results. This may seem strange in view 
of the fact that R , and therefore <x f increases with frequency, and cl 
is not usually neglected at low (power and audio) frequencies. The 
explanation for this apparent paradox is that although a , the atten¬ 
uation per unit length , increases approximately as the square root of 
frequency, the attenuation per wavelength decreases as the square root 
of thtf frequency. Transmission lines are ordinarily a few wavelengths 
long at most, and cel can usually be neglected (compared with fil) at 
the ultrahigh frequencies. Thus for many purposes, low-loss lines may 
be treated as though they were lossless; that is, as if R = G = a — 0. 

Using the approximate values for the secondary constants given by 
(106), (107), (108), and (109), the general transmission line equations 
become for this low-loss, high-frequency case 

V s = V R cos pi + j'IrZ 0 sin pi (7-112) 

Is = Ir COS 01 + j sin 01 (7-113) 

where now Z 0 ^ a/L/C is a pure resistance. 

The input impedance of such a line is 



/ cos pi + j{ZjZ R ) sin pi \ 
Icos pi + j(Z R /Z 0 ) sin pi) 

( Z R cos pi + JZq sin ftl \ 
\Z„ cos pi + jZ R sin pi) 


(7-114) 


The voltage and current distributions along the line are obtained 
from eqs. (112) and (113) by replacing /, the length of line, by x, the 
distance from the terminating impedance Z R . Since voltmeters and am¬ 
meters read magnitude without regard to phase, the magnitudes of 
expressions (112) and (113) have been used in Fig. 7-16 to show the 
standing-wave distributions for various conditions of the terminating 
impedance Z R . 
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7 -x ^ 
__ 

\v x \--\v m \ - 

=y- 


\V\ * |l£(cos/ft ♦/J^sin /9x) I 

1^1= \Jr[cos/& v^sin^) | 

Figure 7-16. Voltage and current distribution along a lossless line. 

In general the terminating impedance Z R will be a complex im¬ 
pedance having both resistance and reactance, but it will be shown . 
later that the results for the general case may be inferred from those 
obtained for the particular case of a pure-resistance termination. For 
this latter case where Z r = R, eqs. (112) and (113) may be written 
as -i 

\V X \ = Vr Vcos 2 fix + (R 0 /R) 2 sin' fix (7-115) : 

' |/*| = h Vcos 2 fix + (R/R 0 f~ sin 2 fix (7-116) 

For the lossless line being considered Z 0 is a pure resistance 

Z 0 = R 0 = J]l } 

Examination of eqs. (115) and (116) shows that the voltage and ; 
current distributions are given Iby the square root of the sum of a 
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cosine-squared term and a sine-squared term. It is evident that the 
maximum value of voltage or current will occur at that value of x 
that makes the larger of these terms a maximum. In the particular 
case of a line terminated in R 0y that is, for which R = R 0 , the sine 
and cosine terms have equal amplitudes and the square root of the 
sum of their squares has constant value for all values of x. That is, 
there are no standing waves on the line. For all other cases, however, 
the magnitude will vary along the length of the line. When R is less 
than R 0 , the amplitude of the sine term of (115) will be larger than 
that of the cosine term and the voltage maxima will occur at those 
values of x that make sin fix a maximum, viz., at x = X/4, 3A,/4, and 
so on. Also the voltage minima will occur at those values of * that 
make the sine term a minimum, viz., * = 0, X/2 , and so on, also for 
this case of R < R 0 , the current maxima will occur at x = 0, X/2 , and 
so of, and the current minima at x = X/4, 3X/4, and so on. When 
the terminating resistor is larger than R 0 , the conditions for both 
voltage and current are reversed. 

One of the important measurable quantities on a transmission line 
is the standing-wave ratio of voltage or current. When R is less than 
7? 0 , eq. (115) shows that the voltage maximum, which occurs when 
sin fix = 1, will have a value 



Also the voltage minimum, which occurs when sin fix = 0, will 
have a value 

V . = 

" mm v 

The ratio of maximum voltage to minimum voltage is therefore 

= 4 ° (for R < R 0 ) 


Similarly the standing wave of current ratio is given by 



(for R < R 0 ) 


For R > R 0 these expressions are just reversed, that is 




(for R > R 0 ) 


Using these expressions, the value of a terminating resistance may be 
determined in terms of R 0 from relative measurements of voltage or 
current along the line. R 0 is readily calculable from the line dimen¬ 
sions. 
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Case where Z R is not a Pure Resistance . When the terminating im¬ 
pedance Z R is not a pure resistance, standing-wave measurements can 
be still used, and in this case will yield values of both resistance and 
reactance of the termination. From eqs. (115) and (116) it was seen 
that with a resistance termination a voltage maximum or minimum 
always occurred right at the termination (x = 0). However, when the 
terminating impedance has reactance as well as resistance, the maxi¬ 
mum or minimum is always displaced from the position x = 0, and 
the direction and amount of this displacement can be used to deter¬ 
mine the sign and magnitude of the reactance of the load. 

Figure 7-17 shows a transmission line terminated in an impedance 



Figure 7-17. A complex terminating impedance 
in (a) is replaced by a pure resistance termina¬ 
tion in ( b ). 


that has a reactive component. The voltage distribution along the line 
is shown. Because the impedance is not a pure resistance, the voltage 
maximum (or minimum) does not occur at the termination. Now any 
complex impedance can be obtained by placing a pure resistance of 
proper value at the end of an appropriate length of (lossless) trans¬ 
mission line. In part ( b ) of Fig. 7-17, the complex impedance R + jX 
has been replaced by the proper value of resistance R x at the end of 
a length l x of line, such that the impedance at c-c looking towards 
R x is equal to R + jX. The standing wave back from c-c toward 
the source will be unchanged and that toward R t will be just a con¬ 
tinuation of it. Quite evidently the proper position for R x is at a dis¬ 
tance of one-half wavelength from the minimum point a (or the maximum 
point b if R\ is greater than R 0 ), and the proper value of Ri is given 
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by the standing-wave ratio on the line, that is, by 


R\ _ jjj min 

/? v 

JV 0 ' max 


or 


R 1 y max 

Ro 


Because any resistance greater than R 0 can be obtained by a resis¬ 
tance less than R 0 at the end of a quarter-wave section of line (see 
below), it is really only necessary to consider for R x resistances less 
than or equal to R Q . It is then possible to state that any impedance 
whatsoever can be obtained by means of a pure resistance R x (not 
greater than R 0 ) at the end of a length l x of lossless transmission 
line, less than one-half wavelength long. 

The value of the impedance Z = R + jX is given in terms of R x 
and l x by eq. (114). Rationalizing and separating into real and im¬ 
aginary parts, eq. (114) becomes 




RqR\ 

^ R‘o cos 2 /9/ l + R'i sin 2 /3l { 

Y — Ro(Rl — R\) sin /S/ v cos /3/ t 
Rl cos 2 $l x + K\ sin 2 /31, 


(7-117) 

(7-118) 


Equations (117) and (118) make it possible to determine both the 
resistance and reactance values of a terminating impedance from stand¬ 
ing-wave measurements on the transmission line. The sign of the 
reactance, that is, whether inductive (positive) or capacitive (negative) 
can be obtained by inspection as shown in Fig. 7-18. 



Figure 7-18. A terminating impedance that is inductive (a) or 
capacitive ( b ). 


Considering the value of R x to be less than R 0 , eq. (118) shows 
that when l x is less than one-quarter wavelength, the reactance X is 
positive (i.e., inductive), whereas if l x is between one-quarter and one- 
half wavelength, X will be negative (capacitive). From this results the 
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conclusion that, if the standing wave of voltage slopes down toward 
the terminating impedance [Fig. 7-18(a)], the impedance is inductive; 
if the slope is up toward the impedance [Fig. 7-18(6)], the impedance 
is capacitive. Of course, if the slope is zero at the termination, the 
terminating impedance is a pure resistance. 

In practice the measurable quantities are 4, the distance from the 
termination to the minimum point a , and the standing-wave ratio 



In terms of these measurable quantities, the resistance and react¬ 
ance of the terminating impedance are given by 


__ pRo __ 

p 1 cos 2 /3/ 2 + sin 2 £4 

_ — R 0 (p 2 — 1) sin ft4 cos /34 
p 2 cos 2 /34 + sin 2 pit 


(7-119) 

(7-120) 


7.16 UHF Lines as Circuit Elements. The transfer of energy from 
one point to another is only one use of transmission lines. At the ul- 
trahigh frequencies an equally important application is the use of 
sections of lines as circuit elements. Above 150 MHz the ordinary 
lumped-circuit elements become difficult to construct and, at the same 
time, the required physical size of sections of transmission lines has 
become small enough to warrant their use as circuit elements. They 
can be used in this manner up to about 3000 MHz where their phys¬ 
ical size then becomes too small and wave-guide technique begins to 
take over. 

In Fig. 7-19 are shown some line sections and their low-frequency 
equivalents. The magnitude of the input reactance of the first four of 
these sections is given by eq. (114) when the appropriate value of Z R 
is inserted; that is, Z R — 0 for the shorted sections and Z R = co for 
the open sections. The resistive component of the input impedance is 
negligible for the usual low-loss lines used at UHF. Thus it is seen 
that for line lengthsTess than a quarter of a wavelength the shorted 
section is equivalent to an inductance, and the open section to a ca¬ 
pacitance. For lengths of line between a quarter and a half wavelength, 
the shorted section is capacitive and the open section is inductive. 
However, it should be noted that unlike their low-frequency equivalents, 
these “inductances” and “capacitances” change value with frequency. 

The Quarter-wave and Half-wave Sections. For the particular case 
of the shorted quarter-wave line or the open half-wave line, the input 
reactance, given by (114), goes to infinity, and the resistive component 
of the input impedance must be taken into account. This corresponds 
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Figure 7-19. Input impedance of various transmission-line 
sections. 


to conditions in the parallel-resonant circuit (the low-frequency ana¬ 
logue), which has an infinite impedance if resistance is neglected. In 
both cases (the quarter-wave line and the parallel-resonant circuit) 
the actual input impedance when the series resistance is not neglected 
is a pure resistance of very high value. In the case of the line its 
value is given approximately by 


R 


\r 


2 Zl 
~RP 


where is the input resistance of the line at a resonant length and 
R is the series resistance per unit length of the line. / is the length 
of the resonant section, which will be an odd multiple of a quarter 
wavelength for a shorted line or an even multiple of one-quarter 
wavelength for an open line. This expression is obtained directly 
from eqs. (100) and (101) in which the actual line loss is not neglected 
as follows: 

For a shorted line for which V u — 0, eqs. (100) and (101) become 
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V s = I R Z 0 sinh 7 / 

I s — / R cosh 7 / 

Dividing the voltage equation by the current equation gives the input 
impedance of a short-circuited line as 

Z s = Z 0 tanh 7 / 

__ 2 al cos + j cosh at sin ffl 

~~ 0 cosh a/ cos / 3 / + j sinh a;/ sin /?/ 

For line lengths that are an odd multiple of a quarter wavelength, 
sin /3l = ± 1 and cos , 8 / = 0. Under these conditions the input imped¬ 
ance becomes 

7 __ 7 cosh al 
Z * ~ Z ° sinh al 

If al is very small, as is generally true for sections of low-loss line, 
cosh al jss 1 and sin al ^ al so that 




Zo 

al 


When coL^> R and coC G, a is given in terms of the line constants 
by 

a =-H*Vr+ G V§ : ) < 7 - 110) 

For the air-dielectric lines commonly used the losses due to the conduc¬ 
tance G are negligible, so that G can be neglected and 




(7-121) 


Substituting this in the above expression for input impedance of a short- 
circuited line, whose length is an odd multiple of a quarter wavelength, 
gives 



(7-122) 


An identical expression is obtained for an open-ended section that is a 
multiple of a half-wave long. 

Resonance in Line Sections. The shorted quarter-wave section has 
other properties of the parallel-resonant circuit. It is a resonant circuit 
and produces the resonant rise of voltage or current which exists in such 
circuits. The mechanism of resonance is particularly easy to visualize in 
this case. If it is assumed that a small voltage is induced into the 
line near the shorted end, there will be a voltage wave sent down the 
line and reflected without change of phase at the open end. This 
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reflected wave travels back and is reflected again at the shorted end 
with reversal of phase. Because it required one-half cycle to travel 
up and back the line, this twice-reflected wave now will be in 
phase with the original induced voltage and so adds directly to it. 
Evidently those additions continue to increase the voltage (and cur¬ 
rent) in the line until the 1 2 R loss is equal to the power being put 
into the line. A voltage step-up of several hundred times is possible 
depending upon the Q of the line. 

Input Impedance of the Tuned Line. When the quarter-wave section 
is tapped at some point x along its length, a further correspondence 
between this circuit and the simple low-frequency parallel-resonant 
circuit is observed. The reactance looking toward the shorted end will 
be inductive and of value Z sc = jZ 0 tan fix. The reactance looking 
toward the open end will be of equal magnitude but opposite sign, 
i.e., a capacitive reactance. Its value is given by Z oc =— jZ 0 cot £(\/4 
— = — jZ Q tan /3x. The equal but opposite reactances are in par¬ 
allel just as they are in Fig. 7-20(6) and the input impedance will be 



(j) 


Figure 7-20. ( a ) Tapped quarter-wave line and ( b ) its equivalent circuit. 

purely resistive. As the tap point is moved from the shorted end to¬ 
ward the open end of the line, the impedance seen at the tap point 
is a pure resistance that varies from zero to the quite high value 
already given ( R s = 2Z\/Rl). This corresponds in the circuit of Fig. 
7-20(6) to varying the reactances X L and X G from low to high values, 
meanwhile always keeping the circuit tuned (i.e., X L — X c ). 

It is of interest to know how the input resistance varies as 
the tap point is moved along the quarter-wave section. For the rela¬ 
tively high Q circuits used in such applications the voltage distribu¬ 
tion along the line may be considered sinusoidal and it is a simple 
matter to determine the input resistance at any point a distance x 
from the shorted end. For a given magnitude of voltage and current 
on the quarter-wave section a certain fixed amount of power input 
will be required to supply the I 2 R losses, regardless of where this 
power is fed in. This power input is equal to 
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n _ v%ri 

Rs~ 2ZI 

where V s and R s are, respectively, the voltage and input resistance at 
the open end of the section. When the tap point of the feed line is at a 
distance x from the shorted end [Fig. 7-20(a)], the power input is given 
by V*/R Xi where R x is the input resistance at the point x. V x is the volt¬ 
age at this point and equals V s sin fix. Therefore 

VI VI sin 2 fix VIRl 
R x ~ R x “ 2Z\ 

which gives 

R x = ^ f sin 2 fix 

Thus the input resistance varies as the square of the sine of the angular 
distance from the shorted end. 

Q of Resonant Transmission-line Sections . One of the important prop¬ 
erties of any resonant circuit is its selectivity or its ability to pass freely 
some frequencies, but to discriminate against others. The selectivity of a 
resonant circuit may be conveniently stated in terms of the ratio A/// 0 , 
where / 0 is the resonant frequency and A/ = f % — f x is the frequency dif¬ 
ference between the “half-power” frequencies. In the case of a series- 
resonant circuit A//2 represents the amount the frequency must be shift¬ 
ed away from the resonant frequency in order to reduce the current to 
70.7 per cent of 7 0 , its value at the resonant frequency. (A constant volt¬ 
age source is assumed.) Evidently this occurs when the reactance of the 
circuit becomes equal to the resistance and the phase angle of the circuit 
is 45 degrees. For the parallel-resonant case A//2 represents the fre¬ 
quency shift away from unity power factor resonance necessary to reduce 
the voltage across the parallel circuit to 70.7 per cent of its value at res¬ 
onance. (A constant current source is assumed.) This occurs when the 
absolute magnitude of the impedance is 70.7 per cent of the impedance 
at resonance. 

The ratio / 0 /A/ may be used to define the Q of a resonant circuit. 
The Q of a resonant** transmission-line section can be determined as 
follows: 

The input impedance of any shorted line section is given by 
4 Z<$ —— Zq tanh *y/ 

— Z s * Q k cos §j + i cos h sin §j 

~ 0 cosh al cos fil + j sinh al sin fil 

When the frequency is a resonant frequency / 0 , then fil — nit/2 (where n 
is an odd integer), cos fil = 0 and sin fil = ±1.. The expression for the 
input impedance becomes 
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Zs Z r 


cosh al _ Z 0 _ Z_ 0 
sinh al ~ tanh al~~ al 


When the frequency is shifted off resonance by a small amount 8/, that 
is when / = f 0 + 8/, then 

si — inf i „ ^(/o + y) / _ van _[_ ^ s// 

^ v “ v ~ 2 v 

Under these conditions (with n — 1) 

cos /3/= - sin£*§£Q 

sin £/ = cos Q*M) 

-y 

and 


Zs - Zn 


— sinh al sin | 

(lit S/A 

l V / 

+ J cosh al cos | 

(2n S/A 

l V ) 

— cosh al sin 

s/r 

\ + j sinh al cos 1 

(V) 


For moderately high Q circuits the first term in the numerator is the 
product of two small quantities and may be neglected in comparison 
with other terms. Putting 


cosh al ^=55 1, 


sinh al ^ al , cos 

^2 ?r 8/T j ^ ^2 tt 8 /f j 


1, 


gives 


sin 


Z 5 = 


Zo 


al +j 


m 


When the imaginary term in the denominator is equal to the real term, 
the impedance Z s will be 70.7 per cent of its value for a resonant length, 
and the frequency shift required to make this true will be A//2. There¬ 
fore 

2v 

Af— — 2<X f° 

J 7t j3 

The Q of the resonant section is 


/• P 




230 


Guided Waves 


§ 7.16 


Alternative forms of this expression are 




7tfo = 2?r/ 0 Z 0 




(7-124) 


The Q is independent of the number of quarter wavelengths in the res¬ 
onant section as long as al is a small quantity. It is interesting to ob¬ 
serve that the Q of a resonant section of transmission line is equal to 
the ratio of inductive reactance per unit length to resistance per unit 
length. 

A similar analysis could be carried through for an open-ended reso¬ 
nant section (for which the length would be some multiple of a half 
wave-length). The expression for Q in this case would be identical with 
the above. 

The Quarter-wave Line as a Transformer . When a section of transmis¬ 
sion line is used as a reactance, or as a resonant circuit, it is a two-ter¬ 
minal network. The input terminals of the section are connected across 
the generator or load and the other terminals are left open or shorted 
as the case may be. However, a section of line is often used as a four- 
terminal network, in which case it is inserted in series between generator 
and load. Because the input impedance is in general different from the 
load impedance connected across the output terminals, the line section 
is an impedance-transforming network. This is true for all lengths of line, 
but the quarter-wave section has certain particular properties that make 
it very useful in this respect. 

For any impedance termination Z R , the input impedance of a section 
of lossless line is given by eq. (114) as 


/ cos ffl + jZJZ R sin /3l \ 
\cos fil + jZ R /Z 0 sin /9// 


For the particular case of a quarter-wave section, /31 = rtfl, and this 
reduces to 


Z s 


^0 

Zr 


For the case under consideration, where Z 0 is a pure resistance R 0 this is 

Z s = ~ (7-125) 

Thus the quarter-wave section is an impedance transformer, or more 
correctly an impedance inverter. Whatever the terminating impedance may 
be, the inverse impedance will appear at the input. If the output 
impedance consisted of a resistance R t in series with an inductive react¬ 
ance the input impedance would be given by a resistance R x in 
parallel with a capacitive reactance X Cl9 where 
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D2 D2 

Ri = 4° and X Cl = 

A pure resistance termination £ is transformed into a pure resistance of 
value Rl/R. 

This property of matching any two impedances Z u Z 2 such that Z x Z 2 
= Zo finds many practical applications. It can be used to join together, 
without impedance mismatch, lines having different characteristic im¬ 
pedances; it is only necessary to make the characteristic impedance of 
the quarter-wave matching section the geometric mean of the Z 0 ’s to be 
matched. By means of the quarter-wave section a pure resistance load 
can be matched to a generator having a generator impedance that is re¬ 
sistive so long as the geometric mean between the resistances gives a 
value for the required characteristic impedance that is practicable to 
obtain. 

\ioltage Step-up of the Quarter-wave Transformer . As long as the 
quarter-wave transforming section is considered as being lossless, the ratio 
between input and output voltages will just be the square root of the 
ratio of the input and output impedances being matched. From the voltage 
equation (112), for the quarter-wave section 

Vs _ JIrZq jZ 0 . [Z s 
v R Vr z r 7 V Z s 

or calling V R /V S the voltage step-up 

Vr _ I'Zr 

v s V z 5 

For the infinite impedance termination, that is an open circuit, this 
simple relation indicates an infinite voltage step-up, and it becomes nec¬ 
essary to resort to the exact eqs. (100) and (101) for the correct answer 
in this case. For the quarter-wave section the voltage equation of (100) 
becomes 

V s — jV R sinh al + jI R Z 0 cosh al 

In open circuit I R is zero and the voltage step-up is 

J Vr = 1 ^ 1 = 2Zo 
I V s sinh al al Rl 

For the quarter-wave section this may be written 

Vr _ 8Z 0 _ 8Z 0 / 

V s RX Rv 

while for a three-quarter-wave section the voltage step-up would be 

Vr _ 8Z 0 / 

V s 3Rv 
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7.17 Transmission-line Charts. Many transmission-line problems 
may be solved very easily by the use of graphical procedures. Some of 
these procedures emphasize the voltage reflection coefficient at the load, 
r R , as defined in (97). In order to develop these procedures it is necessary 
to use r R and rewrite the voltage and current expressions (92) and (93) 
in the following form (setting z — —/): 

V = V'(e +7i +V R e~ 7L ) 

= V'e +7l (l + r M e“ frt ) (7-126) 

J=f (e +Tt - r s e~ r ‘) 

ZrQ 

= -V R e-* 1 ) (7-127) 


The input impedance Z in at a distance / from the load is thus given by 



. 1 +r R e~ 271 
0 1 - r R e -* 71 


(7-128) 


which is identical to (102). The impedance expression (128) may be sim¬ 
plified by defining the normalized impedance z: 



A further simplification may be realized if one defines V to be the coef¬ 
ficient at a point on the line distant / from the load. It is easy to show 
that 


r = r R e- 2rl 

and thus that (128) may be expressed as 


z = 


i + r 
i —r 


(7-129) 


The quantities z and V are complex numbers with real and imaginary 
parts given by 

z — r + jx 
V — u + jv 


Frequently it is convenient to write V in polar co-ordinates, 

T = Ke j$ 


and at the load. 
Since 


r H = K r e»* 


v = oc+jf 3 

it is clear that 
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e = d R - 2/3/ 

K= K R e~ 2al 

Equation (129) is of central importance because it states the relation¬ 
ship between the normalized impedance and the reflection coefficient at 
any distance from the load. The quantities z and F may be plotted in 
their respective complex planes having axes r, x and w, v. Equation (129) 
gives the relationship or mapping between points in the two complex 
planes. Since (129) is a bilinear transformation ,* it has the property that 
circles map into circles (remember that a straight line is a degenerate 
circle) and furthermore it is a conformal transformation which means 
that the angle between two line segments is preserved in mapping be¬ 
tween the z plane and the F plane. 

The mapping between the z plane and the F plane is illustrated in 
Fig. 7-21. The reader should verify for himself that the points ABCDE 

l x v 



Figure 7-21. The mapping between the normalized impedance plane (a) and 
the reflection coefficient plane (A). 



it 

jjr 

*- 

r 

k 


map as shown and that the region r > 0 in the impedance plane . maps 
into the interior of the unit circle in the reflection coefficient plane. The 
mapping of the constant-resistance and constant-reactance lines into the 
r plane may be studied by first equating the real and imaginary parts of 
(129) to give 


1 - u % - v- 
(1 - uf + V 1 


2v 

(1 - uf + 


(7-130) 


which may be written as follows: 




(7-131) 


*See, for instance, R. V. Churchill, Introduction to Complex Variables and Ap¬ 
plications, McGraw-Hill Book Company, New York, 1948. 
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(«- D ! + (»- j)* = p (7-132) 

Equation (131) represents a circle with center [r/(r + 1), 0] and radius 
l/(r + 1) while (132) represents a circle with center (1, l/x) and radius 
1/|jc|. These circles of constant resistance and constant reactance are 
evident in Fig. 7-22 which shows them in the interior of the unit circle 



Figure 7-22. Smith chart for transmission-line calculations. 

in the reflection coefficient plane. The chart of Fig. 7-22 is useful in 
transmission-line calculations and is known as the Smith chart * There 
are several types of transmission-line charts but the Smith chart is the 
most widely used. 

The admittance at any point on the line may be dealt with just as 
easily as the impedance. The input admittance, characteristic admittance, 

*P. H. Smith, “An Improved Transmission-Line Calculator,” Electronics, Y], 130 
(Jan.,1944); also 12, 29 (Jan., 1939). 
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and normalized admittance are Y = 1/Z, 7 0 = 1/Z 0 and y — l/z. Using 
these definitions, (129) may be expressed as 


y = LzL 
y i + r 


(7-133) 


Note that replacing T by —T in (133) results in the same expression as 
in (129). This means that the normalized admittance may be found by 
rotating the appropriate point on the Smith chart by 180 degrees and 
using the same numerical chart scales as are used for normalized im¬ 
pedance. For the sake of completeness, it should be mentioned that (129) 
and (133) have inverse forms given respectively by 


I 


r = 


z — 1 
Z + 1 


r = ] — y 
i +7 


(7-134) 

(7-135) 


Equations (134) and (135) are frequently useful when mapping from the 
r plane to the z plane or the y plane. 

The variation of voltage and current magnitudes along a transmission 
line also may be studied graphically. This is especially easy to do for a 
lossless line whose voltage and current magnitudes from (126) and (127) 
are 


\y\ = \Y'\ |i +r| 

IH 




|i-r| 


(7-136) 

(7-137) 


Fig. 7-23 shows how the Smith chart may be used to obtain the expres¬ 


sions |1 + F| and |1 — T|. This 
diagram is sometimes referred 
to as the “crank diagram” be¬ 
cause of the crank-like clock¬ 
wise rotation which occurs as 
the observation point moves 
along the line away from the 
load. Inspection of the diagram 
reveals that the voltage standing- 
wave ratio is given by 


1 4- 

r 

| 1 +K 

l - | 

r 

\-l-K 



Figure 7-23. Use of the Smith chart for 
calculation of voltage and current on a 
lossless line. 


and the discussion of sec. 7.15 

indicates that the numerical value of p may be read from the Smith chart 
resistance scale to the right of the origin. 
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7.1 8 Impedance Matching by Means of Stub Lines. When a line is 
terminated in an impedance other than its characteristic impedance Z 0 , 
reflection will occur and there will be standing waves of voltage and cur¬ 
rent along the line which may be very large if there is considerable 
“mismatch.” In general, these standing waves are undesirable because 
they prevent maximum transfer of power and because they increase the 
line losses. It is possible to obtain an impedance match between the line 
and its load by use of a properly located “stub line.” 

Consider the problem of matching a known load admittance on the 
end of a lossless line using a single, shorted shunt stub as illustrated in 
Fig. 7-24. Varying the stub length L varies only the shunt susceptance so 
the line length / must be so chosen that the input admittance may be 
brought to the center of the chart by the addition of a shunt suscep¬ 
tance. Thus transformation over the distance / changes the admittance 
to which lies on the constant-conductance circle passing through the 
origin. The stub input admittance y s (susceptance) is determined by the 



Figure 7-24. Matching a lossless line by means of a 
single, shorted shunt stub. 
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length L chosen as shown to give y 2 = 1. Note that the line may also be 
matched using the point y\ instead of y x . The standing-wave ratio be¬ 
tween load and stub may be read off the resistance (conductance) scale at 
the point where it is crossed by the dashed arc y x — y{. 

The single stub device described above has the advantage that it will 
match any load but it has the disadvantage that the line length / needs 
to be adjustable, a requirement which is often very awkward particularly 
for coaxial lines. One solution to this problem is to use the double stub 
tuner shown in Fig. 7-25. The stub of length L x adds susceptance to bring 
the point y x over to y 2 on the circle lying in the lower half of the Smith 
chart; this circle is the unity-conductance circle rotated by f A,. Trans¬ 
formation by f A, brings the admittance to the point y 3 which can then 



Figure 7-25. The double stub tuner on a lossless line. 





Table 7-1 

Numerical Data on UHF Transmission Lines 


to 

u> 

oo 


Parallel Wire Lines 
Conductor radius = a 
Conductor spacing 
(between centers) == b 


Coaxial Lines 

Outer radius of inner conductor = a 
Inner radius of outer conductor = b 


Inductance L (henry/m length of line) 

^~cosh~ l ^~ or 
n 2 a 

— In — for b » a 
n a 

2n a 

Capacitance C (F/m length of line) 

ne 

cosh -1 b/2a 



107 5 f ° r b>>a 

In b/a 


Resistance R (ohms/unit length of line) 


— = — ohms/m 

na nay 2a 

For copper lines 

= ohms/m 


: ohms/1000 ft 


— (— 4- — jt- a /—- (— 4- 4-'l ohms/m 

2 7C \ a ' b) 2n \J 2a \ a ' b ) 

For copper lines 

R = 4.16 x 10-a/ 1 / 2 (“ + -y) ohms/m 


Conductance G (mhos/m length of line) 


o>C (dissipation factor) ^ o>C (power factor of dielectric) 
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Table 7-1 —Continued 


Parallel Wire Lines 
Conductor radius =a 
Conductor spacing 
(between centers) = b 


Coaxial Lines 

Outer radius of inner conductor = a 
Inner radius of outer conductor = b 


Characteristic impedance Z Q — ^ ^jofc ' 


(air dielectric) 

120 cosh-‘A 

2 a 


V . b 138 . b 

2^ ln ir=vr 10810 7 


276 logio — for b > a 
a 


Attenuation constant a (neper/m) 

R , GZo 
“ 2Z 0 + 2 

Phase-shift constant /3 (radians/m) 

A Vo 

Phase velocity i?o (meter/sec) 

1 3 x 10* . . . .. 

vo ^ — 7 === % —, ■ - for low-loss lines 

VCC VMrfr 


For air 

Mr ^ 1; 

e r ^ 

For copper 

Mr ^ 1 J 

fr 


ji v = 4* x 10~ 7 

^ 


a-= 5.8 x 10 7 


1 


36* x 10 9 


to 

OJ 

VO 
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be changed to 1 by the addition of the susceptance due to the stub of 
length L 2 . If a particular load cannot be matched (i.e., if falls within 
the shaded region in Fig. 7-25), a change in the length / will make a 
match possible. The stub lengths and the standing-wave ratios on the 
line may be found in much the same way as for the case of the single 
stub tuner. For the double stub tuner it should be noted that there are 
two sets of stub lengths which will match the load to the line. The read¬ 
er should work out the alternative procedure in the same way as was 
done in Fig. 7-25. 


PROBLEMS 

1. A TEM wave is guided between two perfectly conducting parallel planes 
(Fig. 7-26). The frequency is 300 MHz. Determine the voltage reading of the 
(infinite impedance) voltmeter (a) by using Maxwell’s electromotive force law 
(Faraday’s induction law); (b) in terms of voltages induced in conductors 
which are parallel to the electric field. 



Figure 7-26. 


2. Show that the field configuration of the TE m0 wave between parallel 
planes can be obtained by superposing two plane waves that are reflected back 
and forth between the walls of the guide as indicated in Fig. 7-6. 

3. (a) Derive an expression for the attenuation factor for the TMio wave 
between parallel conducting planes. 

(b) Verify that the attenuation is a minimum at a frequency which is 
VT times the cut-off frequency. 

4. For any uniform transmission line, for which R y L, C, and G per unit 
length are independent of position along the line (and, of course, independent 
of the magnitude of voltage and current), show that variation along the line 
of V and / can always be represented by an exponential law. 

5. Use Maxwell’s equations to show that it is impossible for the TEM 
wave to exist within any single-conductor wave guide (such as an ordinary 
rectangular or circular guide). 

Hint: For j> H*cfs to have value in the transverse plane, there must be 
a longitudinal flow of current (conduction or displacement). 
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6 . A plane wave propagating in a dielectric medium of permittivity ei and 
permeability fii = fiv is incident at an angle 6 \ upon a second dielectric of 
permittivity 62 and permeability /i 2 = The wave is polarized parallel to 
the plane of incidence. Then, if the electric and magnetic field strengths of 
the incident wave are £1 and Hi, the component of £1 parallel to the bound¬ 
ary surface will be E x cos 6 \ and the component of H x parallel to the sur¬ 
face will be Hi, so that the “wave impedance” of medium (1) in a direction 
normal to the surface would be £1 cos 6 \jH\ = 771 cos 0 1 . Similarly the “wave 
impedance” for the refracted ray in medium (2) in the direction normal to 
the surface would be £ 2 cos 62 /Hi = 77*2 cos 0*. It would be expected when 
these impedances normal to the boundary surface are equal that there would 
be no reflection at the surface. Show that the condition that these impedances 
be equal is the same condition that led to the Brewster angle in eq. (5-91). 

7. (a) In chap. 8 (eq. 8-56), the expression for phase velocity in a rectan¬ 
gular guide of any cross section is shown to be v = v 0 /\/l — col/co 2 where co c 
is a constant which depends upon the dimensions of the guide. Show that the 
group! velocity defined by v g — do)/d 0 is given by v g = v 0 V1 — o^f/coK 

(b) Using the definition v g = dcd/dj3, show that eq. (7-38) follows from 
(7-37). 

8. The analysis in sec. 7.09 results in expressions for the fields both inside 
and outside the conductor. Find the fields outside a good conductor by equat¬ 
ing the wave impedance with the surface impedance of the conductor (see 
sec. 5.13). Compare with the results of sec. 7.09. 

9. Show how to develop parallel-plate wave-guide theory without assum¬ 
ing the variation in the direction of propagation (use the separation of 
variables technique). 

10. Derive an expression for the inductance and capacitance per unit length 
of a coaxial transmission line. 

11. Repeat for a parallel-wire line (assume perfect conductors). 

12. Compute the line “constants” per unit length, £, L, C, G, CL, and /3, 
and the characteristic impedance, Z 0 , for each of the following lines at the 
frequencies indicated. 

(a) No. 12 wires (diameter = 0.0808 in.) spaced 3 in. apart at 10 MHz; 
at 100 MHz. 

(b) f-in. diameter rods spaced 1 in. apart at 100 MHz; at 1000 MHz. 

(c) A coaxial line having a i -in. diameter inner conductor and J-in. outer 
conductor, at 1000 MHz. 

13. (a) A dipole antenna is fed by a transmission line consisting of No. 
12 wires at 3-in. spacing. The measured ratio K max /K m i n = 4, and the location 
of a voltage minimum is 2.8 meters from the antenna feed point. /= 112 
MHz. Determine the antenna impedance. 

(b) If a current indicator is used instead of a voltage indicator, where 
will the maximum and minimum readings be obtained, and what will be 
their ratio? 
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14. A shorted length of a parallel-rod transmission line is connected be¬ 
tween grid and plate of a tube to make a UHF oscillator. What should be 
the length of the line to tune to 300 MHz, if the effective capacitance be¬ 
tween grid and plate is 3 pF? The rods are J in. in diameter and are spaced 
1 in. apart. 

15. A lossless transmission line has a characteristic impedance of 300 
ohms and is one-quarter wavelength long. What will be the voltage at the 
open-circuited receiving end, when the sending end is connected to a gener¬ 
ator which has 50-ohm internal impedance and a generated voltage of 10 
volts ? 


16. For low-loss transmission-line sections which are much shorter than 
one-quarter wavelength show that the input reactance can be represented by 

when the line is shorted, and 

when the line is open 

1 

V vZq 

are the inductance and capacitance per unit length of the line. 


2fjn ^ U)Z#j n 

= co LI 

, and 


1 

1 

X,n *“ aC to 

~a oCl 

L — — and 

C = 


17. Derive the expression for Q [eq. (123)] for an open-end half-wave line. 

18. Show that a coaxial line having an outer conductor of radius b will 
have minimum attenuation when the radius a of the inner conductor satisfies 
the ratio bfa = 3.6. 

19. In the 37 plane any straight line passing through u = 2, v = 0 may be 
written in the form u — kv + 2 where k is any real number. In the z plane 
this line maps into a circle; find its equation, its center, and its radius and 
illustrate your result with a rough sketch. In the sketch, show typical circles 
and indicate the parts of the circles which map into the interior of the 
Smith-chart unit circle. 


20 . 


R = 10 /? 0 
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In the stub-matching problem shown in Fig. 7-27, use the Smith chart to find 
the values of d and L which will result in a match (y 4 = 1), making d as 
short as possible. On the chart mark the points yu yu yu writing them in the 
form y — g + jb. What is the VSWR on the line section of length dl 
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Chapter 8 


WAVE GUIDES 


8*01 Rectangular Guides* Practical wave guides usually take the 
form of rectangular or circular cylinders. Other cross-sectional shapes 
are possible, but in general these other shapes offer no electrical 
advantages over the simpler forms in use and are more expensive to 
manufacture. 

In order to determine the electromagnetic field configuration within 
the guide, Maxwell’s equations are solved subject to the appropriate 
boundary conditions at the walls of the guide. Again assuming perfect 
conductivity for the walls of the guide, the boundary conditions are 
simply that £ tan and H norm will be zero at the surface of the conductors. 
For rectangular guides Maxwell’s equations and the wave equations 
are expressed in rectangular co-ordinates and the solution follows almost 
exactly as for waves between parallel planes. Assuming that variations in 
the 2 direction may be expressed as where <y = a + j0, Maxwell’s 
equations become (for the loss-free region within the guide) 



* ‘for■ t* < itH 
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7 dHj _ . coe dE z 

fi 2 dy J h 2 dx 

? (8-3) 

7 dE, _ . cop dH i 
h 2 dx J h 2 dy 

7 BE Z , .cofi dH z 
h 2 dy ' J lF~87l 

where h 2 = <y 2 + co 2 fie 

These equations give the relationships among the fields within the guide. 
It will be noticed that, if E z and H z are both zero, all the fields within 
the guide will vanish. Therefore, for wave-guide transmission (no inner 
conductor) there must exist either an E z or an H z component. As in the 
case of waves between parallel planes, it is convenient to divide the 

possible field configurations within the guide into two sets, transverse 
magnetic (TM) waves for which H z = 0, and transverse electric (TE) 
waves*for which E s = 0. For the rectangular guide shown in Fig. 8-1 the 
boundary conditions are: 

E x = E z = 0 at y = 0 and y = b 

E y — E z = 0 at x = 0 and x = a 



y 



1 8.02 Transverse Magnetic Waves in Rectangular Guides* The 

I ^ wave equations ( 2 ) are partial differential equations that can be solved 
by the usual technique of assuming a product solution. This procedure 
leads to two ordinary differential equations, the solutions of which are 
|known. Noting that 



EJjx, y 9 z) = E%x, y) e~ 1z 


El = XY 


(8-4) 
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where X is a function of x alone, and 7 is a function of y alone. 
Inserting (4) in (2) gives 

Y + fXY = -c o-f^XY 

Putting h 2 = y 2 + co 2 fie as before, this becomes 

Y^4+ X^n + h 2 XY = 0 
dx 2 dy 2 

K A u w 1^7, , 2 1 d l Y 

Divide by XY , Yd¥ ” ~~THf ( 8 ‘ 5 ) 

Equation (5) equates a function of x alone to a function of y alone. 
The only way in which such a relation can hold for all values of x and 
y is to have each of these functions equal to some constant, say A 2 . 
Then 


1 d 2 X 
X dx 2 


+ h 2 


1 cPY 
Y dy 2 


- A 2 


A solution of eq. (6) is 

X = Ci cos Bx + C 2 sin Bx 
where B 2 = /z 2 - 

The solution of eq. (7) is 

7 = C 3 cos ^4y + C 4 sin ,4y 


This gives 


(8-6) 

(8-7) 


E° z = XY = C t C 3 cos Bx cos Ay + C t C 4 cos £x sin ,4y 

+ C z C 3 sin f?x cos Ay + C 2 C 4 sin Bx sin Ay (8-8) 

The constants C u C 2 , C 3 , C 4 , A, and B must now be selected to fit the 
boundary conditions, viz., 

El = 0 when x — 0, x — a, y = 0, y = & 

If x = 0, the general expression (8) becomes 

= Ci C 3 cos + Ci C 4 sin ,4y 

For £? to vanish (for all values of y) it is evident that C x must be zero. 
Then the general expression for El will be 

E° 2 = C 2 C 3 sin Bx cos Ay + C 2 C 4 sin Bx sin Ay 
When y = 0, eq. (9) reduces to 

.. E\ = C 2 C 3 sin £x 


(8-9) 
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For this to be zero for all values of x it is possible to have either C 2 
or C 3 equal to zero (assuming B ^ 0). Putting C> — 0 in (9) would make 
E\ identically zero, so instead C 3 will be put equal to zero. Then the 
general expression (9) for El reduces to 

E\ = C,C 4 sin Bx sin Ay (8-10) 

In addition to the amplitude constant C — C 2 C 4 , there are still two 
unknown constants, A and B. However, there are two more boundary 
conditions to be applied. 

If x = a 

E\ — C sin Ba sin Ay 

In order for this to vanish for all values of y (and assuming A ^ 0, 
because A = 0 would make E\ identically zero) the constant B must have 
the vplue 

B — where m — 1, 2, 3,. .. 

a 

Again if y = b, 

El — C sin — x sin Ab 
a 

and for this to vanish for all values of x, A must have the value 


A = — where n — 1, 2, 3,. .. 
b 


Therefore the final expression for El is 

E\ = Csin^-xsia — y (8-11) 

Making use of eqs. (3) and putting 7 = j/3 (as in sec. 7.02) for 
frequencies above the cut-off frequency, the following expressions are 
obtained: 


El — — jp— B cos Bx sin Ay 
By ~ — A sin Bx cos Ay 
HI — A sm Bx cos Ay 
HI = ~^ 2 e - B cos Bx sin Ay 


( 8 - 12 ) 


B = 


mit 


and 


A = BE 


where 


(8-13) 
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These expressions show how each of the components of electric and 
magnetic field strengths varies with x and y. The variation with time 
and along the axis of the guide, that is in the z direction, is shown by 
putting back into each of these expressions the factor and then 

taking the real part. 

In the derivation of the fields it was found necessary to restrict the 
constants A and B to the values given by expressions (13). In these 
expressions a and b are the width and height of the guide, and m and n 
are integers. Now, by definition, 

A 2 + 3 2 = h 2 

and hr = y 2 + ay fie 

Therefore, 


7 — \J K 2 — or fie 
— a /A 2 + 




or fie 


(8-14) 


Equation (14) defines the propagation constant for a rectangular guide 
for TM waves. For low frequencies, where or fie is small, y will be a 
real number. The propagation constant met with in ordinary transmis¬ 
sion-line theory is a complex number, that is y = & + J 0 > where & is 
the attenuation constant (attenuation per unit length) and 0 is the phase- 
shift constant (phase shift per unit length). If y is real, 0 must be zero, 
and there can be no phase shift along the tube. This means there can 
be no wave motion along the tube for low frequencies. However, as the 
frequency is increased, a value for co will be reached that will make the 
expression under the radical in (14) equal to zero. If this value of a> is 
called eo c , then for all values of c o greater than co e , the propagation con¬ 
stant y will be imaginary and will have the form y = j0. For the case 
under consideration (perfectly conducting walls) the attenuation constant 
& is zero for all frequencies such that co > av For these frequencies 



The value of co c is given by 



(8-16) 


The cut-off frequency, that is the frequency below which wave propaga¬ 
tion will not occur, is 
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and the corresponding cut-off wavelength is 



from which it is clear that 

f c \ — Vo 

The velocity of wave propagation will be given by 

0) O) 



(8-17) 


(8-18) 


(8-19) 


This ^ast expression indicates that the velocity of propagation of the wave 
in the guide is greater than the phase velocity in free space. As the 
frequency is increased above cut-off, the phase velocity decreases from an 
infinitely large value and approaches v 0 (v 0 = c in free space) as the fre¬ 
quency increases without limit. 

Since the wavelength in the guide is given by A, = v/f, it will be 
longer than the corresponding free-space wavelength. From the expression 
for v 


X = 


2rt 



( 8 - 20 ) 


In the above expressions the only restriction on m and n is that they 
be integers. However from eqs. (12) and (13) it is seen that if either m 
or n is zero the fields will all be identically zero. Therefore the lowest 
possible value for either m or n (for TM waves) is unity. From eq. (17) 
it is evident that the lowest cut-off frequency will occur for m — n— 1. 
Substituting these values in eqs. (13) gives the fields for the lowest 
frequency TM wave which can be propagated through the guide. This 
particular wave is called the TM n wave for obvious reasons. Higher-order 
waves (larger values of m and n) require higher frequencies in order to 
be propagated along a guide of given dimensions. 

8.03 Transverse Electric Waves in Rectangular Guides. The equa¬ 
tions for transverse electric waves (E z — 0) can be derived in a manner 
similar to that for transverse magnetic waves. This is left as an exercise 
for the student. H° z will be found to have the same general form as eq. 
(8). This is differentiated with respect to x and y to find El, EHI , and 
Hy. The boundary conditions are then applied to El and ££ to give the 
resulting expressions: 
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HI — C cos Bx cos Ay 
HI sin Bx cos Ay 

H° CA cos Bx sin Ay 

El ~ CA cos Bx sin Ay 

El = CB sin Bx cos Ay 

B = ™ 
a 



( 8 - 21 ) 


In the above expression <y has been put equal to j0 y which is valid for 
frequencies above cut-off. 

For TE waves the equations for 0, / c , A. c , v, and X are found to be 
identical to those for TM waves. However, in eqs. (21) for TE waves it 
will be found possible to make either m or n (but not both) equal to 
zero without causing all the fields to vanish. That is, a lower order is 
possible than in the TM wave case. The lowest-order TE wave in rec¬ 
tangular guides is therefore the TE l0 wave. This wave which has the 
lowest cut-off frequency is called the dominant wave. 

It is seen that the subscripts m and n represent the number of half¬ 
period variations of the field along the x and y co-ordinates respectively. 
By convention,* the x co-ordinate is assumed to coincide with the larger 
transverse dimension, so the TE 10 wave has a lower cut-off frequency than 
the TE 01 . 

For practical reasons in most experimental work with rectangular 
guides the dominant TE l0 wave is used. For this wave, substituting m — 1 
and n = 0, the fields are 



( 8 - 22 ) 


*“Definition of Terms Relating to Wave Guides,” IRE Standards on Radio Wave 
Propagation, 1945. 
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TE U Wave 



Figure 8-2. Electric (solid) and magnetic (dashed) field configurations for the lower- 
order modes in a rectangular guide. 
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guide. For the TE l0 wave the cut-off frequency is independent of the 
dimension b. 

In Fig. 8-2 are sketched the field configurations for the lower-order 
TE and TM waves in rectangular guides. 

Possible methods for feeding rectangular guides so that these waves 
may be initiated are shown in Fig. 8-3. In order to launch a particular 





Figure 8-3.'Excitation methods for various modes. 


mode, a type of probe is chosen which will produce lines of E and H 
that are roughly parallel to the lines of E and H for that mode. Thus 
in Fig. 8-3(a) the probe is parallel to the y axis and so produces lines 
of E in the y direction and lines of H which lie in the x-z plane. This 
is the correct field configuration for the TE l0 mode. In (6), the parallel 
probes fed with opposite phase tend to set up the TE. 20 mode. In ( d ) the 
probe parallel to the z axis produces magnetic field lines in the x-y plane, 
which is correct for the TM modes. The field configuration due to probes 
and antennas is the subject of chap. 10. 

Tt k nnssible for several modes to exist simultaneously in a guide 
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if the frequency is above cut-off for those particular modes. However 
the guide dimensions are often chosen so that only the dominant mode 
can exist. 


Problem 1. A rectangular guide has cross-section dimensions 
a = 7 cm b = 4 cm 


Determine all the modes which will propagate at a frequency of (a) 3000 MHz, 
(b) 5000 MHz. 


Problem 2. 


Starting with expressions (8-16) and (8-20) derive the relation 

^_ AAc 


where A, is the free-space wavelength (\ = c//), A, is the wavelength measured 
in the guide, and X c is the cut-off wavelength. 


Problem 3. Show by means of arrows the directions of the instantaneous 
Poynjing vector for the TE i0 wave in a rectangular guide. 


Problem 4. (a) Indicate the (instantaneous) directions of current flow in 

all the walls of a rectangular guide carrying a TEi 0 wave. 

(b) Where in the guide could slots be cut without affecting operation? 


Problem 5. Starting with eqs. (8-2) and (8-3) derive expressions (8-21) for 
TE waves. 


8.04 Impossibility of TEM Wave in Wave Guides. The waves that 
will propagate inside hollow rectangular cylinders have been divided into 
two sets: the transverse magnetic waves of eqs. (11) and (12) which have 
no z component of H , and the transverse electric waves of eqs. (21) that 
have no z component of E. It will be found that corresponding sets of 
TM and TE waves can also propagate within circular wave guides, or 
indeed, in cylindrical guides of any cross-sectional shape. It is easily shown, 
however, that the familiar TEM wave, for which there is no axial com¬ 
ponent of either E or H , cannot possibly propagate within a single¬ 
conductor wave guide. 

Suppose a TEM wave is assumed to exist within a hollow guide of 
any shape. Then lines of H must lie entirely in the transverse plane. 
Also in a nonmagnetic material, 

V-H = 0 


which requires that the lines of H be closed loops. Therefore, if a TEM 
wave exists in the guide, the lines of H will be closed loops in plane 
perpendicular to the axis. Now by Maxwell’s first equation the magne¬ 
tomotive force around each of these closed loops must equal the axial 
current (conduction or displacement) through the loop. In the case of a 
“guide” with an inner conductor, e.g., a coaxial transmission line, this 
axial current through the H loops is the conduction current in the inner 
conductor. However, for a hollow wave guide having no inner conductor, 
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this axial current must be a displacement current. But an axial displace¬ 
ment current requires an axial component of E , something not present in 
a TEM wave. Therefore the TEM wave cannot exist in a single-conductor 
wave guide. 

8.05 Bessel Functions, In solving for the electromagnetic fields within 
guides of circular cross section, a differential equation known as Bessel’s 
equation is encountered. The solution of the equation leads to Bessel 
Functions. These functions will be considered briefly in this section in 
preparation for the following section on circular wave guides. These same 
functions can be expected to appear in any two-dimensional problem in 
which there is circular symmetry. Examples of such problems are the 
vibrations of a circular membrane, the propagation of waves within a 
circular cylinder, and the electromagnetic field distribution about an in¬ 
finitely long wire. 

The differential equation involved in these problems has the form 


d 2 P . 1 dP , 

d? + JT P + 


1 -~)P= 0 


(8-23) 


where n is any integer.* One solution to this equation can be obtained 
by assuming a power-series solution 

P = £o ~b #ip + + .. ■ (8-24) 


Substitution of this assumed solution back into (23) and equating the 
coefficients of like powers leads to a series solution for the differential 
equation. For example in the special case where n = 0, eq. (23) is 


d 1 P . ±dP 

dp 2 ^ p dp 


+ P= 0 


(8-25) 


When the power series (24) is inserted in (25) and the sums of the 
coefficients of each power of p are equated to zero, the following series 
is obtained 


P - Px = Q 


i _ / pY i M. (*pr i 

V 2 / ^ ( 2!)' 2 ( 3 !) 2 ^'“ 

6 


1 - 


+ 


2 2 2 2 -4 2 

Aip) 2r 


2} • 4 2 • 6 


2 + 




( 8 - 26 ) 


This series is convergent for all values of p, either real or complex. It is 
called Bessel’s function of the first kind of order zero and is denoted by 
the symbol 

Mp) 

The zero order refers to the fact that it is the solution of (23) for the 


*If n is not restricted to integral values, the symbol v is used. See Appendix II. 
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case of n = 0. The corresponding solutions for n = 1,2,3, etc., are 
designated Ji(p), «Z 2 (p), Ja(p), where the subscript « denotes the order of 
the Bessel function. Since eq. (23) is a second-order differential equation, 
there must be two linearly independent solutions for each value of n. 
The second solution may be obtained in a manner somewhat similar to 
that used for the first, but starting with a slightly different series that is 
suitably manipulated to yield a solution.* This second solution is known 
as Bessel’s function of the second kind , or Neumann’s function, and is 
designated by the symbolt 

AUp) 

where again n indicates the order of the function. For the zero order of 
this solution of the second kind, the following series is obtained 

N 0 (p) = J- [in (-£) + 7 }j 0 (p) 

' -|l, < - 1) ' < ^ : ( 1+ T + T + " + f) < 8 - 27) 

The complete solution of (25) is then 

P= AJ 0 (p) + BN 0 (p) (8-28) 

A plot of J 0 (p) and N 0 (p) is shown in Fig. 8-4. Because all the Neumann 
functions become infinite at p = 0, these second solutions cannot be 



Figure 8-4. Zero-order Bessel functions of the first and second 
kinds. 


*N.W. McLachlan, Bessel Functions for Engineers , Oxford University Press, New 
York, 1934. 

fThe symbol Y(p) is used in some texts and tables. It should be noted that there 
are other forms for this second solution which differ by a constant from the one 
given. 
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used for any physical problem in which the origin is included, as for 
example the hollow wave-guide problem. 

It is apparent that [except near the origin for N 0 (p)] these curves 
bear a marked similarity to damped cosine and sine curves. Indeed, for 
large values of (p) these functions do approach the sinusoidal forms. 
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Figure 8-5. (a) Higher-order Bessel functions of the first 
kind. ( b ) Higher-order Bessel functions of the second kind 
(Neumann functions). 
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As p becomes very large 


cos [p — 


p ~~ T, 


(8-29) 


(8-30) 


Figs. 8-5(a) and ( b ) show Bessel functions of the first and second kinds 
for the higher orders. A further discussion of these functions is given in 
Appendix II. 

8.06 Solution of the Field Equations: Cylindrical Co-ordinates. 

The method of solution of the electromagnetic equations for guides of 
circular cross section is similar to that followed for rectangular guides. 
However, in order to simplify the application of the boundary condi¬ 
tions (electric field tangential to the surface equals zero), it is expedient 
to express the field equations and the wave equations in the cylindrical 
co-ordinate system. 

Ir^ cylindrical co-ordinates in a nonconducting region (and again assuming 
the variation with z to be given by e^ z \ Maxwell’s equations are 

™s + yH<=j<oeE, 

+ y E *= —jcofjjHp 


■ jcoeEt 


—V E P - -gp = —jtofJ-Hi, 


dp 


p\ dp d<f> J 

l (8(pEj) 8EA _ 

p \ dp 8<p J 

These equations can be combined to give 

r .2 _ • G>€ 8E Z _ -C 

^ **(> j t y- 


= jo)eE z 


= — j(opH z 


12 IT • dE z 7 dH z 

jjf-7"j?- 

dp p d<p 

,* r? 7 dE z , . BH Z 

h 2 = y 2 + co 2 fie 


(8-31) 


(8-32) 
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The wave equation in cylindrical co-ordinates for E z is 


3 2 E 7 , 1 d 2 E z d*E z . 1 BE, 

d P 2 ^ P “ + az 2 P a P 


—(o 2 peE z 


(8-33) 


Proceeding in a manner similar to that followed in the rectangular case, 
let 


E z = P(p) 0(<£)*' fz = (8-34) 

where P(p) is a function of p alone and QW>) is a function of <£ alone. 
Substituting the expression for E z in the wave equation gives 


ntl + Q d -l + L d lQ 

~ dp 1 ' p dp ^ p l d& 


+ PQv* + CO 2 fiePQ = 0 


Divide by PQ, 


1 d l P . 1 dP J_ 

P dp 2 + pP dp gp ! # 


+ /,» _ 0 


(8-35) 


As before, eq. (35) can be broken up into two ordinary differential 
equations 


d t Q 

d4> 2 


-n-Q 



(8-36) 

(8-37) 


where n is a constant. The solution of eq. (36) is 
Q = (A n cos n<j> + B n sin ncj)) 
Dividing through by /z 2 , eq. (37) is transformed into 
d 2 P , 1 dP 


d(phf + (ph)d(ph) 


+ i 


(phf 


0 


(8-38) 


(8-39) 


This is a standard form of Bessel’s equation in terms of (p/z). Using 
only the solution that is finite at (ph) — 0, gives 


P(ph) = JJtph) (8-40) 

where J n (ph) is Bessel’s function of the first kind of order n. Substituting 
the solutions (38) and (40) in (34), 


E z = J n (ph)(A n cos mj> + B n sin (8-41) 

The solution for H z will have exactly the same form as for E z and 
can therefore be written 


H z — J n (ph){C n cos n<f> + D n sin (8-42) 

For TM waves the remaining field components can be obtained by 
inserting (41) into (32). For TE waves (42) must be inserted into the 
set corresponding to (32). 
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8.07 TM and TE Waves in Circular Guides. As in the case of 
rectangular guides, it is convenient to divide the possible solutions for 
circular guides into transverse magnetic and transverse electric waves. 
For the TM waves H z is identically zero and the wave equation for 
E z is used. The boundary conditions require that E z must vanish at the 
surface of the guide. Therefore, from (41) 

Uha) = 0 (8-43) 

where a is the radius of the guide. There is an infinite number of 
possible TM waves corresponding to the infinite number of roots of 
(43). As before h 2 = <y 2 + co 2 fie, and, as in the case of rectangular guides, 
h 2 must be less than co 2 fie for transmission to occur. This means that 
h must be small or else extremely high frequencies will be required. 
This in turn means that only the first few roots of (43) will be of 
practical interest. The first few roots are 

(ha\ x = 2.405 (**)„ = 3.851 /G ^ 

1 f (8-44) 

(ha) 02 = 5.52 (h a) 12 = 7.02/ 

The first subscript refers to the value of n and the second refers to the 
roots in their order of magnitude. The various TM waves will be referred 
to as TMoi, TM I2 , etc. 

Since y = VA 2 — co 2 fie, this gives for 0 

0nm = V CO 2 fie — h 2 ^ 

The cut-off or critical frequency below which transmission of a wave 
will not occur is 


fc = 


27 t'sfjie 


where 



The phase velocity is 

_ oj _ _ Cd _ 

0 VV fie “ h 2 nm 


From eqs. (32) the various components of TM waves can be com¬ 
puted in terms of E z . The expressions for TM waves in circular guides 
are 


E z = AnJ^hp) cos n<f> 
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H°„ = — tdpj^ Jniph) sin ntf> 


TO — jArfiX 


■J'niph) COS n<p 


El = £. HI 

coe 


(8-45) 


El =-HHl I 

coe ) 

The variations of each of these field components with time and in the 
z direction are shown by multiplying each of the expressions of (45) 
by the factor e K ° c ~^ z) and taking the real part. In the original expres¬ 
sion (41) for E zy the arbitrary constant B n has been put equal to zero. 
The relative amplitudes of A n and B n determine the orientation of the 
field in the guide, and for a circular guide and any particular value 
of n , the <f> = 0 axis can always be oriented to make either A„ or B n 
equal to zero. 

For transverse electric waves E z is identically zero and H z is given 
by eq. (42). By substituting (42) into eqs. (32), the remaining field 
components can be found. The expressions for TE waves in circular 
guides are 

H\ = C n J n (hp) cos n$ 

HI = ~l£ £«J' n (hp) cos n<t> 

, (g.46) 

El = ?gHl 

P 

ei = - 2 £/ r ; 


The boundary conditions to be met for TE waves are that E$ — 0 
at p = a. From (32) El is proportional to dH z /dp , and therefore to f n (hp\ 
where the prime denotes the derivative with respect to ( hp ). Therefore, 
for TE waves the boundary conditions require that 

J' n {ha) = 0 (8-47) 

and it is the roots of (47) which must be determined. The first few of 
these roots are 

(ha)\ n = 3.83 (Mi = 1.84) 

(ha% 2 = 7.02 (Ms = 5.33 j 

The corresponding TE waves are referred to as TE 01> TE U , and so on. 
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The equations for / c , /3, A,, and v are identical to those for the TM 
waves. It is understood, of course, that the roots of eq. (47) are to be 
used in connection with TE waves only. 



TM 01 



TE 01 Wave 



Top view 



Side view 

TE U 


Figure 8-6. TE and TM waves in circular guides. 
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Inspection of eqs. (44) and (48) shows that the wave having the 
lowest cut-off frequency is the TE n wave. The wave having the next 
lowest cut-off frequency is the TM 0 i. Some representative TM and TE 
waves are shown in Fig. 8-6. 

8.08 Wave Impedances and Characteristic Impedances. The wave 
impedances at a point have been defined by eqs. (7-50) on page 197. 
For waves guided by transmission lines or wave guides, interest centers 
on the wave impedance which is seen when looking in the direction 
of propagation, that is, along the z axis. Inspection of expressions (12) 
for the transverse field components of a TM wave in a rectangular 
guide shows that 

E z _ _ V E\ + E z y __ 0_ 

H y ~ H x VH f+Hl Coe 

Therefore 


Z 


xy 



Z z 


(8-49) 


The wave impedances looking in the z direction are equal and may be 
put equal to Z 2 , where 


Z 2 = 


E 

•^trans 
H trans 


vgr + e % 

VHT+tFy 


(8-50) 


is the ratio of the total transverse electric field strength to the total 
transverse magnetic field strength. 

A similar inspection of eqs. (45) for TM waves in circular guides 
shows that for them also 


Z 2 — Z p * — 



(8-51) 


It is seen that for TM waves in rectangular or circular guides, or indeed 
in cylindrical guides of any cross section, the wave impedance in the 
direction of propagation is constant over the cross section of the guide , 
and is the same for guides of different shapes. Recalling that 

0 = \f r jf fJb€ — T? 

and that the cut-off angular frequency a> c has been defined as that 
frequency that makes 

o>c/xe = hr 

it follows that 0 can be expressed in terms of the cut-off frequency by 

0 = V1 — (8-52) 

Then from (49) or (51) the wave impedance in the z direction for TM 
waves is 
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Z-(TM) = J^-Vl - (colfa 2 ) 
v e 

~ 7]V 1 — (col/co 2 ) (8-53) 

Thus for any cylindrical guide the wave impedance for TM waves is 
dependent only on the intrinsic impedance of the dielectric and the ratio 
of the frequency to the cut-off frequency. 

For TE waves the same conclusion can be reached. However for TE 
waves it is found that 


Z,(TE) = = 

P 


(8-54) 


For TEM waves between parallel planes or on ordinary parallel-wire 
or coaxial transmission lines the cut-off frequency is zero, and the wave 
impedance reduces to 


| Z,(TEM) = v (8-55) 

The dependence of 0 on the ratio of frequency to cut-off frequency 
as shown by (52) affects the phase velocity and the wavelength in a 
corresponding manner. Thus the phase or wave velocity in a cylindrical 
guide of any cross section is given by 


-_ co _ 1 _ Vo (8-56) 

0 V/Ie V 1 — (col/co 2 ) V1 — (co'l/co 1 ) 

where v 0 = 1 /v7^> and p and e are the constants of the dielectric. The 
wavelength in the guide, measured in the direction of propagation, is 


V _ 27T _ 1 

f 0 V I — (col/co 2 ) 


V1 — (col/co 1 ) 

where X 0 is the wavelength of a TEM wave of frequency / in a dielectric 
having the constants fi and e. Since col/co 2 = Xl/Xl it follows that 


X = 


XqX c 




or 


X 0 — 


xx c 


(8-58) 


A quantity of great usefulness in connection with ordinary two- 
conductor transmission lines is the (integrated) characteristic impedance , 
Z 0 , of the line. For such lines, Z 0 can be defined in terms of the 
voltage-current ratio or in terms of the power transmitted for a given 
voltage or a given current. That is, for an infinitely long line 
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(8-59) 


where V and / are peak phasors. For ordinary transmission lines these 
definitions are equivalent, but for wave guides they lead to three values 
that depend upon the guide dimensions in the same way, but which 
differ by a constant. 

For example, consider the three definitions given by (59) for the case 
of the TE 10 mode in a rectangular guide (Fig. 8-1). The voltage will be 
taken as the maximum voltage from the lower face of the guide to the 
upper face. This occurs at x = a/2 and has a value 

V m = r £y(max) dy = 6£ v (max) = (8-60) 

JO 7t 

The longitudinal linear current density in the lower face is 

J 2 = -H x = S i n E (8-61) 

7t a 


The total longitudinal current in the lower face is 



- j2a 2 0C 
_.2 


Then the “integrated” characteristic impedance by the first definition 
is 


ry f T/ r J ^ __ 7 tb G)fL __ 7tb ry _ 7 11?] 

Zo(K ’ ~ TaT ~ Ta Zz - WT 


(fW) 


(8-62) 


In terms of the second definition, the characteristic impedance for 
the TE 10 wave in a rectangular guide is found to be 


z o(^,/)-^ z , = ^ Zo( K, /) 


(8-63) 


In terms of the third definition the integrated characteristic impedance 
is 


Z„( W, V) = —Z 2 = — Z Q (V, /) (8-64) 

a 7 x 

In the next section the utility of the concept of characteristic impedance 
for cylindrical wave guides will be demonstrated. 

8*09 Transmission-line Analogy for Wave Guides* There exists a 
useful analogy between the electric and magnetic field strengths of TM 
and TE waves and the voltages and currents on suitably loaded trans¬ 
mission lines. This analogy enables the engineer to draw “equivalent 
circuits,” which are often helpful to him in dealing with unfamiliar 
electromagnetic problems. 
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For TM waves ( H z — 0) in rectangular co-ordinates the field equations 


-2 = —jcoeE x 


— jcoeEy 


3H y dH x . 

si-sf = lmE - 


d_E,_SE 1 
dy dz 


~jcofiH x 


dE x dE z . rr 

si- si = 

dE y 3E X . tt | 

si ~ sf = 


(8-65) 


d JI* + d 2Iy^ 0 

ax ^ a.y 

Now since H* = 0, 

(V x E) 2 = 0 

That is, in the x-y plane the electric field has no curl (the voltage 
around a closed path is zero) and so in this plane E may be written as 
the gradient of some scalar potential V. Then 


E - -K E — —— 
x ~ 3x y ~ dy 

From the first equations of (65) and (66) and using (3) 


( 8 - 66 ) 


a (jcoe dE. 


whence 


dz\h 2 dxj J0)€ dx 




(8-67) 


From the fifth of (65) and the first of (66) and using (3) 


whence 


dE x dE z or ae dE z 
TT ~dx~ ~W'~dx 


)e. 




(8-68) 


The quantity jcoeE z is the longitudinal displacement current density 
and l/h 2 has the dimensions of area, so jcoeE z /h 2 represents a current 
in the z direction and will be designated by I z . Then (67) and (68) 
become 


. jr dV f. , h*] T 
= - JCO eV 


(8-69) 
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These are the differential equations for a lossless transmission line 
having a series impedance per unit length Z = Jcd/jl + (h 2 / /me) and a 
shunt admittance per unit length Y = /me. The “equivalent circuit” for 
such a transmission line is that shown in Fig. 8-7. 


_A1 
joj/l jdJ€ 



Figure 8-7. Equivalent transmission-line circuit representation 
for TM waves. 


For TE waves the two equations of interest from the set correspond¬ 
ing to (65) are 

BE V . tt BH Z dH v v VfV . 

~di = sf - si = J aeE * ( 8 - 7 °) 

Since E z = 0, (V x H) z = 0; then in the x-y plane it is possible to define 
a scalar (magnetic) potential U such that 


(8-70) 


_3U rr _ _3U 
dx v dy 


(8-71) 


From (70) and (71) and using eqs. (3) 


3 / jou, 8H 2 \ . dU dH z 3H y tfiiedH, 

TzKlFOx) = Si l3T-lf = -#l7 


whence 


h (?"■) —» u 


+ jOK 


-)(#*■) 


(8-72) 


The quantity jcofiHjh 2 has the dimensions of voltage and U has the 
dimensions of current, so (72) may be written 


where now 


\ _ _ nr] 

dz 


V — jvpH, 

1 TT 


g = -YV, 


(8-73) 


Z = jcDLL Y = /me + -— 

J JCDfM 

The “equivalent circuit” for TE waves is shown in Fig. 8-8. 

The “loaded” transmission-line circuits of Figs. 8-7 and 8-8 have 
high-pass filter characteristics. The cut-off frequency for the line of 
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JW/1 



Figure 8-8. Equivalent transmission-line circuit representation 
for TE waves. 


Fig. 8-7 occurs when the series reactance equals zero, whereas for the 
line of Fig. 8-8, the cut-off frequency is that which makes the shunt 
susceptance equal to zero. Both of these equalities require that 

hr — (o\jie 

as was already obtained from wave theory. The characteristic impedance 
of the^ line of Fig. 8-7 is 

Z„(TM) = J^r = / >/* ± i h 2 . l M - JK Ji = z 2 ( TM) 

V Y V jcoe V e V or 

(8-74) 


The characteristic impedance of the line of Fig. 8-8 is 
Zo(TE) = X 




jcoe + ( h 2 /jcofi ) 


Jt 

e 


1 


1 — ( col/co-) 


= Z,(TE) (8-75) 


The characteristic impedances of the equivalent transmission lines are 
equal to the corresponding wave impedances as would be expected. 

The concept of a wave guide as an equivalent transmission line with 
a certain characteristic impedance and propagation constant is a 
powerful tool in the solution of many wave-guide problems because it 
enables the engineer to obtain the solution by means of well-known 
circuit and transmission-line theory. For example, the wave-guide 
problems, illustrated in Fig. 8-9, can be solved in terms of the “equiv- 



(o ) 1 b) 



t c ) 

Figure 8-9. Typical discontinuities in wave guides: (a) Iris 
with edges perpendicular to E; (b) Iris with edges parallel 
to E; (c) Change of wave-guide dimensions. 
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alent circuits” shown in 8-10. Thus an iris in a wave guide behaves as 
a shunt reactance on the equivalent line. The reactance is positive or 
inductive when the edges of the iris are parallel to E [Fig. 8-9(6)]; 
it is negative or capacitive when the edges are perpendicular to E 
[Fig. 8-9(a)]. An abrupt change in wave-guide dimensions [Fig. 8-9(c)] 
is represented by the equivalent circuit of Fig. 8-10(c), in which two 
equivalent transmission lines are joined together, with an appropriate 
reactance shunted across the junction. 



[a) 1 b) 




/ 

r- Shunting 

reactance 

Zg i 

4)1 4 

JL 

z oz 

\ Z * 



{C ) 




Figure 8-10. “Equivalent circuits” for wave-guide discontinuities 
illustrated in Fig. 8-9. 


In these examples the calculation of the actual value of shunting 
reactance to be used in any particular case is, of course, a field prob¬ 
lem. However, it is a field problem which can be solved in a fairly 
straightforward manner by matching solutions at the boundary.* The 
procedure is to represent the field at the junction or discontinuity 
by the sum of principal and higher-order waves, the relative amplitudes 
of which are obtained by matching the tangential components of E 
and H at the boundary. The higher-order waves are set up by the 
discontinuity and are required in order to meet the boundary conditions. 
However, in general, they have cut-off frequencies higher than the 
frequency of transmission and so are attenuated rapidly. The load 
impedance and the generator are assumed to be sufficiently far removed 
from the iris or junction to be out of the field of these higher-order 
waves. It is for this reason that the problem can be treated in terms 
of the effect of the discontinuity on the principal wave only , which fact, 
in turn, makes valid the circuit representation by means of an ordinary 

*J. R. Whinnery and H. W. Jamieson, “Equivalent Circuits for Discontinuities in 
Transmission Lines,” Proc. IRE , 32, 98-114, February, 1944; S. A. Schelkunoff. 
Electromagnetic Waves , D. Van Nostrand Co., Inc., Princeton, N. J., 1943, p. 492. 




§ 8.10 


Wave Guides 


269 


transmission line. (Otherwise, a transmission line having a different set 
of “constants” for each mode would be required.) It is found that the 
higher-order modes make no contribution to the voltage at the junction, 
and therefore the total voltage is just the voltage of the principal wave. 
However, in the region of the junction the higher-order waves do make 
contributions to the current. Although the total current must be con¬ 
tinuous across the junction, the principal-wave current is discontinuous 
by the amount of the higher-order mode current. This discontinuity of 
principal-wave current is accounted for by the effect of the equivalent 
shunting reactance. 

The values for equivalent shunting reactances have been calculated 
in terms of the iris or junction dimensions for many cases and may be 
found in handbooks.* Using this known reactance, together with the 
known characteristic impedance for the guide [as given, for example, by 
eq. (75) for the TE I0 wave], the wave-guide problems of Fig. 8-9 are 
readily solved in terms of the well-known circuit problems of Fig. 8-10. 
8.10 Attenuation Factor and Q of Wave Guides. In solving 
Maxwell’s equations for the region within rectangular or circular wave 

guides, the assumptions were made that the dielectric was lossless and 

that the walls of the guide were perfectly conducting. Under these 
conditions an expression was obtained for the propagation constant 7 
which was 

7 — V k l — ar/xe 

The quantity h 2 is a real number, the value of which depends upon the 
guide dimensions and the order of the mode being considered. For 
example, for rectangular guides H 1 is given by 

*• - (=?)' + (f)' 

For frequencies below cut-off ay 1 fie is less than h 2 , and 7 is a real num¬ 
ber, which is then put equal to a. That is, below cut-off, 

7 = & = h 1 — co 2 fie 

In general, for frequencies well below cut-off d is a large number, and 
the fields decrease exponentially at a rapid rate. At the cut-off frequency 
7 becomes equal to zero; for all frequencies above cut-off 7 is a pure 
imaginary and the attenuation constant d is zero. This result is correct 
for the assumed conditions. However, whereas the dielectric within the 
guide may be very nearly lossless (air, for example), the walls of an 
actual guide do have some loss. Therefore a finite, though perhaps 

*N. Marcuvitz, Waveguide Handbook, Radiation Laboratory Series, Vol. 10, 
McGraw-Hill Book Company, New York, 1948. 
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small, value of attenuation would be expected in the range of frequencies 
above cut-off. 

The actual attenuation factor for waves propagating within cylindrical 
guides may be calculated to a very good approximation by the method 
already outlined for parallel-plane guides. In this approach it is assumed 
that the finite conductivity of the walls will have only a small effect on 
the configurations within the guide: In particular the magnetic field 
tangential to the wall is expected to depend only slightly on the con¬ 
ductivity of the walls. This is very nearly true as long as the conductivity 
is high, as it is for metals. Then the tangential magnetic field strength 
computed for perfectly conducting walls is used to determine the linear 
current density in the walls. This linear current density, squared and 
multiplied by the actual surface resistance of the walls, gives the actual 
power loss per unit area in the walls. The attenuation factor in the 
range of propagation is then given by 

— P ower l QS t per unit length 
2 X power transmitted 

The power transmitted is obtained by integrating the axial component 
of the Poynting vector over the cross section of the guide. Because the 
transverse components of E and H have been found to be in phase and 
normal to each other, the axial Poynting vector is given simply as 

= i l^transll^transl 

Using (50), this may be written 


a 


(8-76) 


P* = iZ,\H tr& J 


or 


P, = ~ Imrans! 2 

The total power transmitted is 

W, = iZ, f \H mns \ 2 da (8-77) 

v area 

where the integration is over the cross-section area of the guide. The 
power lost per unit length of guide is 

W lost - ±R S f \J\ 2 da 

* J surf 

= Itftanl 2 ^ (8-78) 

J aurf 

where the integration is taken over the wall surface of a unit length of 
the guide. 

Formulas for attenuation factors for rectangular and circular guides 
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computed by this or equivalent methods can be found in many textbooks 
and handbooks. For the dominant TE I0 mode in rectangular guides the 
result is 


where 


b Vo K 

8.7 R, 
b v *K 


i 


1 + 

2 bfl] 
af-l 

nepers/m 

1 + 

2 bm 

J 

db/m 


R< 


r 


V 2cr m 


(8-79) 


Attenuation vs. frequency curves are sketched for typical rectangular 
brass guides in Fig. 8-11, and for circular guides in Fig. 8-12. The 
attenuation is very high near the cut-off frequency, but decreases to 
a quite low value at frequencies somewhat above cut-off. For TM 

> 



Figure 8-11. Attenuation vs. frequency curves for various modes in a typical 
rectangular brass guide. 
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Frequency - Gigahertz 

Figure 8-12. Attenuation vs. frequency curves in a circular guide. 


waves in cylindrical guides of any shape, there is a frequency of minimum 
attenuation that occurs at \/~T times the critical frequency. In general, 
for still higher frequencies, the attenuation again increases (approximately 
as the square root of frequency for very high frequencies). An exception 
to this last statement appears to occur for the TE 0m waves in circular 
guides. For these waves in perfectly circular guides the wall currents 
decrease as the frequency increases, and the attenuation theoretically 
decreases indefinitely with increasing frequency. Unfortunately, slight 
deformations of the guide produce additional wall currents that nullify this 
desirable characteristic. 

A quantity closely related to the attenuation factor a is the “quality” 
factor Q. * 

n — energy stored per unit length f8-80) 

^ ~~ energy lost per unit length per second 

Expression (80) may be considered as a general definition for Q, applicable 
to wave guides and to ordinary transmission lines. It should be compared 
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with the circuit definition of Q , which may be stated as 

energy stored in circuit (8-81) 

^ 00 energy lost per second 

For the TEM wave on the lossless or distortionless transmission line, 
the velocity v represented both the phase velocity and the group velocity. 
For wave guides these two velocities are different, the group velocity, v g , 
being related to the phase velocity v by 


where v 0 = 


(8-82) 


For a wave guide, 

energy transmitted per second 

= v g x (energy stored per unit length) 

or 

Energy stored per unit length = -i- x power transmitted (8-83) 

V Q 

Using (80), (83), and (76), the Q of a wave guide is given by 


Q = -(- 
% V 


power transmitted 
power lost per unit length, 


(8-84) 


This also may be written in the following equivalent forms 


2 = 


cov _ _ co _ 

2<xv\ 2 av 0 Vl —■ col/co 2 


(8-84a) 


Because of the low attenuation factors obtainable with wave guides com¬ 
pared to transmission lines, it is possible to construct wave-guide sections 
having extremely high Q’s . This is of importance when such sections are 
used as resonators, or as the elements of wave-guide filters. 

8*11 Dielectric Slab Wave Guide* The discussion of total internal 
reflection in chap. 5 suggests that a dielectric slab or rod may be able 
to support guided wave modes similar to those in completely enclosed 
metallic wave guides. Under conditions of total internal reflection and with 
a reflection coefficient of suitable phase shift, it seems possible that waves 
could propagate unattenuated by “bouncing” between the two surfaces of 
a dielectric slab. This is true in fact as will be shown in the following 
analysis of wave propagation along a flat dielectric slab in a vacuum 
(see Fig. 8-13). 

The problem is similar to that of propagation over a conducting 
plane and therefore the method of solution used will be the same as 
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Figure 8-13. Dielectric wave guide. 

in sec. 7.09. For TM modes the analysis proceeds as follows: 


Outside the slab (y > a/2): 
H x = Hie-™ 


8* HI 


= h\H% 


df 

where hi = —70 — a) 2 fie v 
HI = Ce~ h *v 


Inside the slab : 

H x = Hle~™ 

Note: yi = 70 in order for fields to 
match across surface 


8 2 H° X 

dy 2 


= -k\H% 


where k\ = <yl + co 2 jiei (8-85) 

H% = sinkiy or H% = cos k\y 



E 


<x>€ v dy 



Ce~ h * v 


The surface impedance looking down on the surface of the slab is given by 



(8-86) 


If ho is positive real (which is necessary for the existence of a guided wave), 
Z s is a positive reactance. Thus in general, a surface wave can exist over a 
reactive surface and in particular, a TM surface wave can exist over an in¬ 
ductive surface. For the dielectric slab, further information can be obtained 
only by matching tangential field components at the dielectric surface. 


Case I: HI = sin k\y 

Continuity of tangential magnetic field gives 


C = Sin(^) 
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and continuity of tangential electric field gives 

- ^ cot (^r) = h » (8-87) 

Equations (85) for ho and k x may be combined to give 

hi 4 - k\ ~ cd 2 fi(e 1 — e„) ( 8 - 88 ) 

Finally ho may be eliminated from (87) and ( 88 ) to give a transcendental 
equation which may be solved graphically to yield values of ki, the transverse 
phase-shift constant within the dielectric. The longitudinal propagation constant 
70 and the transverse attenuation constant ho then may be obtained from (85). 

Case II: HI ~ cos k { y 

Continuity of tangential magnetic field gives 

C = <? Aoa/2 cos 

and continuity of tangential electric field gives 



which may be combined with ( 88 ) to give a transcendental equation for k x as 
before. It is important to note that in this case the z component of electric 
field is zero at y — 0 so that the solution applies as well to a dielectric slab 
of thickness a /2 over a perfectly conducting plane. 

The dielectric slab is an example of a continuous reactive surface which 
can support a guided wave; a similar guided wave effect is present in the 
dielectric rod “light pipes’* used to guide light around corners. Surface waves 
are also supported by corrugated periodic surfaces such as the surface consist¬ 
ing of thin, vertical conducting strips attached to a horizontal conducting 
plate. If the strips are close together they may be regarded as shorted 
parallel-plate transmission lines. Thus it is easy to see that such a corrugated 
surface could approximate a continuous surface with a reactive surface 
impedance and thus could support a surface wave. 

Problem 6 . Derive the TE mode field equations for wave propagation along 
a dielectric slab. Discuss the applicability of the above results to the problem 
* of wave propagation over a dielectric-coated, perfectly conducting plane. Show 
1 that the TE surface impedance is capacitive and that the guided waves are 
l slow waves. 


ADDITIONAL PROBLEMS 

7. Verify the results obtained in eqs. (63) and (64). 

8 . Show that for a coil the definition for Q given by (81) reduces to 

t Q = coL/R . 
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9. Show that at frequencies much higher than the cut-off frequency, the Q 
of a rectangular guide carrying the dominant TEio wave approaches the value 

Q —► bdm 

where a m = 2 is the attenuation factor for a wave propagating in 

the metal of the guide walls. (Note: Assume ^ /v) 
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Chapter 9 


INTERACTION OF FIELDS AND MATTER 


Up to this point the electromagnetic properties of matter have been 
given in terms of e, fi and < 7 ; these are respectively the permittivity, 
permeability and conductivity of the material and they may be found 
tabulated in reference books for an enormous number of different ma¬ 
terials. The quantities e, fi and a express the macroscopic properties of 
a substance and in many cases they may be used without giving any 
thou^it to the microscopic (atomic and molecular) effects which are 
responsible for the macroscopic behavior. However, the increasing impor¬ 
tance of properties of materials in electrical engineering has made it highly 
desirable that the engineer have some understanding of how these prop¬ 
erties arise and why they differ in different materials. This understanding 
requires a consideration of the interaction of fields and matter on a 
microscopic scale. 

It has been known for many years that electric charge plays a very 
important part in the constitution of matter. The Bohr model of the atom 
postulates negatively charged electrons whirling about a nucleus consisting 
of positively charged protons and uncharged neutrons; in this model the 
Coulomb attractive force between opposite charges is balanced by the 
outward centrifugal force to maintain the electrons in stable orbits. If 
external energy is available (ultraviolet light, for instance) the atoms of a 
gas may become ionized\ that is, electrons may be freed from an atom, 
leaving it as an ion with a net positive charge. On the other hand, electrons 
may attach themselves to an atom, thus forming a negative ion. In a 
metal, some of the electrons are free to move from one atom to the next, 
giving rise to the conduction of electricity; heating of the metal may cause 
some of these electrons to be given off into space, as in the case of radio 
tubes with thermionic cathodes. 

Since matter is made up largely of charged “particles,” external 
electric and magnetic fields must exert some kind of influence on matter. 
This influence will be present whether the particles are free to move about 
(such as electrons in a conductor, or electrons and ions in a dilute gas) 
or are tightly bound together (as in the atoms or molecules of a dielectric). 
Each charged particle is subject not only to external fields but also to the 
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fields of the other particles including the long-range Coulomb fields of 
charged particles and the short-range fields of neutral particles. This brief 
discussion suggests that a study of fields and matter should begin by 
considering the manner in which charged particles respond to the applica¬ 
tion of electric and magnetic fields. To do this, it is necessary to examine 
the equation of motion which states precisely how the motion of a particle 
changes under the influence of an applied force. 

9,01 Charged-particle Equation of Motion. The velocity v of a 
particle of mass m under the influence of an external force F is governed 
by the equation of motion, 

F = ~ (my) (9-1) 

which states that the rate of change of momentum is equal to the applied 
force. The velocity v is defined as the rate of change of the position 
vector r which denotes the location of the particle. That is, 



Under nonrelativistic conditions, m is a constant and (1) reduces to 
the familiar force equation 

F = m~ = my (9-3) 

dt 

The external force F could be electric, magnetic, gravitational or 
mechanical and it is through this force that the external world acts 
upon the particle. The acceleration v represents the response of the 
particle to the applied force. Before seeking the response to specific 
physical forces, it is necessary to examine the possible forms of v. A good 
deal of information about the acceleration may be uncovered simply by 
expressing it first in rectangular co-ordinates and then in cylindrical co¬ 
ordinates. 

Rectangular Co-ordinates . In terms of their rectangular components, 
force, velocity and position may be expressed as 


F = 5L F x + $F y + z F z 

(a) 


V = ±V X + $Vy + lv z 

(b) 

(9-4) 

r = ±x + fy + zz 

(c) 



The unit vectors f and t are constant in both magnitude and direction 
so that substitution of the position vector into (2) gives 

v = ±x + fy + zi 

and substitution of (5) into (3) gives 


(9-5) 
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F = m[Hv x + fv y + U z ] = m[xx + yy + zz] (9-6) 

for the force equation. For a given force two successive integrations of 
( 6 ) give the orbit of the particle. 

Cylindrical Co-ordinates . In terms of their cylindrical components, the 
force, velocity and position may be expressed as 


F = pF„ + + zF z 

(a) 


v = pv p + 91 ;* + iv z 

(b) 

(9-7) 

t = pp + zz 

(c) 



The co-ordinate directions are as shown in Fig. 9-1. Expression of the 





Figure 9-1. 


velocity in terms of the co-ordinates is complicated by the fact that the 
direction of p is not constant. Thus, substitution of the position vector 
(7c) into (2) gives 

v = it + lf) 


-*%+?%+*§ < 9 - s > 

The time derivative of p may be expressed as 

dp - ?£dp 4- M# 4- ^£<*1 
dt dp dt T 3(f) dt ^ dz dt 

The first and last terms on the right-hand side are zero because the 
direction of p remains fixed as either p or z is varied. The change in 
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Figure 9-2. 


p with cf> is depicted in Fig. 9-2 which shows that 


4 !fc A6 $ 

(9-9) 

and consequently that 


dp t dcf> 

W~ ^lt 

(9-10) 

Substitution of (10) into (8) gives finally 


v = pp + $p(j> + 

(9-11) 


The quantity <j> is the angular velocity and is usually written as thus 
from (11) one may write 

v<f> = p<i> = pa) (9-12) 


The time derivative of velocity may be treated similarly as follows; 


dt 

*dv t 
~ P ~dt 


(pv„ + $V+ + zv z ) 






(9-13) 


The time derivative of may be expressed as 

d<p __ d<f> dp , d<f> d(f> , d<j> dz 
dt ~ dp dt dip dt dz dt 

and the first and last terms on the right-hand side are zero as before. 
The change in <£ may be depicted as in Fig. 9-3 which shows that 


d 4 = lim £4 = -/ 

0<p Acp 


(9-14) 


and consequently that 


d<j> _ 

dt ~ P dt 



(9-15) 
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Substitution of (15) and (10) into (13) gives 

y — p {v p — ^ + 4> (v<f> + + zv z (9-16) 

liquation (16) may be expressed in terms of the space co-ordinates 

p, cf>, z using the relations 

v P = p 

** = 3f (p§) = + & (9 ' 17) 

v z = z 

Thus (16) becomes 

v = p(p — pc£ 2 ) + <j>(p4> + 2pc£) + z z (9-18) 

= Pip - p^ 2 ) + 4 J £ (p-co) +rz (9-19) 

Expressions (16), (18) and (19) all are used frequently for the acceleration 
in the nonrelativistic equation of motion. 

The acceleration expressed in cylindrical co-ordinates evidently is 
much more complicated than when expressed in rectangular co-ordinates. 
Nevertheless, the cylindrical co-ordinate expression displays clearly certain 
effects of rotational motion which are hidden by use of rectangular co¬ 
ordinates. These effects become evident when the equation of motion (3) 
is written as follows: 

F + pmpoy — <f>mv p co ~ m{pv p + + zv 2 ) (9-20) 

Equation (20) is the equation of motion written with two of the 
acceleration terms brought over to the force side of the equation. The 
right-hand side of (20) is the mass times the acceleration that would 
be measured in a frame of reference rotating with the particle at the 
angular velocity co. Thus, the left-hand side represents the force on the 
particle as measured in the rotating frame of reference. Two of the force 
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terms are not external but are due solely to the rotation of the particle; 
as a result they are sometimes referred to as “fictitious” forces despite 
the fact that their existence is by no means fictitious. The quantity 
pmpoy is the familiar centrifugal force directed outward from the center 
of rotation. The quantity — <j>mv p co is the less familiar Coriolis force 
which tends to give an angular acceleration to a particle with an 
inward velocity component (negative v p ) and an angular deceleration 
to a particle with an outward velocity component (positive v p ). The 
Coriolis force is used regularly by figure skaters who begin spins with 
arms and one leg outstretched and draw them in close to the body to 
accelerate the spin; the resulting rapid spin is stopped simply by once 
again extending the arms. 

The equation of motion states that the rate of change of momentum 
is proportional to the applied force; this statement may be applied not 
only to the equation as a whole, but also to its vector components. In 
the case of the <j> component in cylindrical co-ordinates, a slightly 
different statement applies when the force equation is multiplied by the 
radius p. Using (19) for the acceleration, this procedure gives 

pF* = 

which states that the rate of change of angular momentum is equal to 
the applied torque. 

9.0 2 Force and Energy. The principal forces which act on a charged 
particle are electric and magnetic. The electric force is proportional to 
the electric field strength and the magnetic force is proportional to the 
magnetic flux density as shown by the force relation 

F = e(E + v X B) (9-21) 

in which e is the charge on the particle (e is negative for an electron). 
It is important to note that the magnetic force acts only on a particle 
in motion and it acts in a direction perpendicular to the direction of 
motion. Insertion of (21) into (3) gives the nonrelativistic equation of 
motion 

e(E + v x B) = m\ (9-22) 

In sec. 9.01, v was expressed in rectangular and cylindrical co-ordinates. 
The force also may be expressed quite simply in the two co-ordinate 
systems. In rectangular co-ordinates, the determinant form of the cross- 
product 

x y 1 
v x B = v x v v v 2 

B x B y B z 
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is helpful in writing the force as 

F = e[x(E z + v y B z — v z B y ) + y (E y + v z B x — v x B z ) 

+ z (E z + v x B y — v y B x )] 

In cylindrical co-ordinates, the cross-product may be expressed as 

| p <i> zl 


(9-23) 


v x B = 


»p v* v z 

B z 


B p B 


from which the force may be written in the form 

F = e[p(E p + v+B t — v z Bf) + <fi(E+ + v z B p - Vp B z ) 

(9-24) 

+ z(E z 4* v p B — v<t>B p )] 

Expressions (23) and (24) when substituted into eqs. (6) and (20) 
give the complete equation of motion in both rectangular and cylindrical 
co-ortlinates; in these forms the equation of motion may be used in a 
wide variety of situations involving charged particles. The simplest of 
these situations is the one in which an external field (E, B) is applied 
and the number of charged particles is so small that their presence 
does not alter the field; in such a case F is a given function and two 
successive integrations of the equation of motion (with respect to time) 
give the velocity and position of the particle as functions of time. 
Then, elimination of time from the position relations gives the orbit of 
the charged particle. However, in many situations, the charged-particle 
density is sufficient to alter the applied field, thus making it necessary to 
solve the equation of motion simultaneously with Maxwell’s equations. 

Before proceeding to specific examples of particle motion, it must be 
noted that work is done (energy is expended) when a charged particle 
is moved from one point to another in the presence of an external field. 
Suppose a field F acts on a charged particle as the particle moves from 

point (1) to point (2). The work done by the field on the particle is 

expressed as 

W u = f F • </s (9-25) 

Substitution of (3) into (25) gives 

W 12 = m j* ^•rfs = /ttjrfv‘ 2 y = mjv*rfv==^/nj d(y * v) 

= i m J d(v 2 ) = i m{v\ — v?) (9-26) 

Equation (26) states that the work done is equal to the increase in 

kinetic energy , 
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In order to see how the work done is shared between the electric and 
magnetic fields, substitute (21) into (25). 

w u = e J\e + V x B) ds (9-27) 

It is important to note that 

v X B ds = ds-v x B = ds x v-B = 0 
because ds and v are in the same direction. Thus 

W a = eJ*E-</s (9-28) 

which states that the work is done entirely by the electric field. 

In many cases of interest the electric field is either steady or varying 
so slowly that electromagnetic effects are negligible. Under such conditions, 
the electric field strength may be written as the gradient of a scalar 
potential, that is 

E = - VV (9-29) 

Substitution of (29) into (28) gives 

W xt - -e(V 2 - V x ) (9-30) 

which states that the work done is proportional to the potential difference 
between points (2) and (1). A particularly useful relation may be obtained 
by combining (30) with (26): 

im(vl - v\) = —e(V 2 - V x ) (9-31) 

Equation (31) indicates that the increase in kinetic energy from point 
(1) to point (2) is proportional to the potential difference between the two 
points. 

Problem 1. Two parallel metal plates lie in the planes z = 0 and z = d. 
The plates are at the potential V = 0 and V = — Vo respectively. An electron 
enters the region between the plates at the origin and at t = 0. The initial 
velocity is 

v = fv a -f il'D 

Find the velocity and position as functions of time. Determine the orbit and 
show that it is in the form of a parabola. Find the point of deepest pene¬ 
tration into the parallel-plate region both from the orbit and from energy 
considerations. 

9.03 Circular Motion in a Magnetic Field. Consider the motion of 
a charged particle in a steady magnetic field given by 

B = IB (9-32) 

Suppose that the velocity is constant in time and is entirely in the <f> 
direction. Under these conditions, the equation of motion has only a p 
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component obtained by substituting (24) into (20): 

ev+B 4- mpco 2 — 0 (9-33) 

Equation (33) states the radial force condition under which uniform 
circular motion may exist. This condition may be simplified using (12) with 
the result 

eB + mod ~ 0 (9-34) 

stating that a particle with a negative charge must rotate in the 
direction. This rotation is at a fixed angular frequency a> c , called the 
cyclotron frequency because of its importance in the design of cyclotrons 
for nuclear research. The cyclotron frequency is given by 

£o c = (9-35) 

m 

Equation (12) states that the radius of the circular orbit is proportional 
to the velocity (since the frequency is a constant). 

The acceleration of a moving electron in a steady magnetic field is 
utilized in some cathode ray tubes to produce deflection of an electron 
beam. After emission from the cathode and after acceleration to a fixed 
velocity, the electrons enter a region in which there is a nearly uniform, 
transverse magnetic field. The electrons then follow a circular orbit until 
they leave the magnetic field region, whereupon they move in a straight 
line which is at an angle to their original path. Deflection of an electron 
beam also may be accomplished if the beam is passed through a nearly 
uniform, transverse electric field such as that between a pair of parallel, 
flat-plate electrodes having a potential difference between them. Between 
the electrodes the electron path is approximately parabolic but beyond 
the electric field region the electron path reverts to a straight line at an 
angle to the original path. Electron beam deflection by electric and 
magnetic fields is also fundamental to the operation of the electron 
microscope. In this instrument regions of nonuniform electric or 
magnetic fields act as lenses which have essentially the same effects on 
electron beams as glass lenses have on light waves. In an electron 
microscope the electron beam passes through the specimen and is then 
focused by field lenses to form a real image on a photographic plate. 
For further discussion of electric and magnetic lenses the reader is 
referred to the literature.* 

Problem 2. A positively charged particle has a velocity v = — xt*o at the 
origin in the presence of the magnetic field given by (32). Find the rectangular 
components of velocity and position as functions of time by integrating the 
equation of motion in rectangular co-ordinates. Also find the orbit in rectangu- 

*See W. W. Harman, Fundamentals of Electronic Motion , McGraw-Hill Book 
Company, New York, 1953. 
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lar co-ordinates and check your result with the orbit you would expect from 
the foregoing discussion of circular motion. 

9*04 Crossed-field Motion of a Charged Particle* An interesting 
and useful form of charged-particle motion occurs under the influence 
of crossed electric and magnetic fields. Suppose that the crossed fields 
are steady and uniform, given by 

B = IB and E = y E 

Suppose also that a positively charged particle of e coulombs and mass 
m is initially at the origin and traveling in the £ direction with a 
velocity v Q as shown in Fig. 9-4. The problem is to find the velocity 
and position of the particle at all subsequent times. 


K 

®S 


Particle of I 

mass m — 
and * 

charge e 




x 


Figure 9-4. Initial conditions for crossed-field 
motion. 


In rectangular co-ordinates, the equation of motion may be expressed 
as 

m y s e[±v y B + y (E — v x B)] (9-36) 

The cyclotron frequency definition co c = — - e(B/m ) permits expression of 
(36) in component form as 

v x — —co c v y (9-37) 

v y — — E + <o e v x (9-38) 

= 0 (9-39) 

The z component may be dealt with immediately. Since there is no 
initial velocity in the z direction, v z = 0. Also, since the particle starts 
at the origin, z = 0 at all points along its path. 

Equations (37) and (38) are coupled and thus must be combined to 
obtain a differential equation in one unknown. Taking the time deriva¬ 
tive of (38) and eliminating v x gives 

v y = — (o\v y 


(9-40) 
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which has the general solution 

v y = Ci sin co c t + C 2 cos o) c t (9-41) 

The arbitrary constant C 2 must be zero since v y = 0 at t = 0. The x 
component of velocity may be found by substituting (41) into (38). This 
gives 

CO c V x = ^ ^ ^ COS 0) c t 

Since v x =v 0 at t — 0, the arbitrary constant C { must be given by 

Cl —E + Vo = + v 0 

me t) c B 

Thus, the velocity at any time t may be expressed in component form 
as 

v x = ~ + (vo ~ r) cos 0 ) c t (9-42) 

* v y — (v 0 — sin o) c t (9-43) 

The position of the particle may be found by integrating the velocity 
components with respect to time. Integrating (42) gives 

x = -jgt + sin o) c t (9-44) 

with the arbitrary constant of integration set equal to zero since x = 0 
at t = 0. Integrating (43) gives 

y — ^0 — -j) COS co c t + C 3 

The arbitrary constant C 3 is determined by the condition y = 0 at t = 0 
which gives 

y = i ( v ° ~ 4)' (1 ~ cos (9 ' 45) 

With v 0 = 0, (44) and (45) are the parametric equations of a cycloid 
with t as the parameter; a cycloid is the path traced by a point on the 
rim of a rolling wheel. The cycloidal trajectory of the particle is shown 
in Fig. 9-5 along with the trajectories (known as trochoids) for several 
initial velocities different from = 0. It is especially interesting to note 
the focusing effect which causes the charged particles to pass through a 
succession of fixed points on the x axis for any value of initial velocity 
v 0 . These focal points are given by cos co c t = 1 or co c t = nix where n 
is a positive or negative integer or zero; the focal point positions are thus 
given by 


2it E 
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Figure 9-5. Crossed-field particle trajectories (a) as calculated and ( b ) as deter¬ 
mined by tracing the paths of points on the spoke of a rolling wheel. 

Further points of interest are that the time of flight between focal 
points is independent of and that the condition v 0 — E/B gives a 
straight-line trajectory. The properties of crossed-field trajectories are 
utilized in the design of traveling-wave magnetrons and microwave 
photomultipliers. * 

There is a simple alternative approach to the motion of charged 
particles in crossed electric and magnetic fields that provides additional 
insight and an easy means for obtaining quick answers on what at first 

*O.L. Gaddy and D.F. Holshouser. “A Microwave Frequency Dynamic Crossed- 
Field Photomultiplier,” Proc. IEEE , 51, No. 1, pp. 153-162, January, 1963. 
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appears to be a rather complicated set of trajectories. From eqs. (42) 
and (43) it is noted that if the electron is injected with an initial 
velocity v 0 = v 0 = E/B, the particle continues at velocity v 0 on a straight- 
line path along y = 0. This is because the electric force Ee is just 
cancelled by the y-directed magnetic force ev x B, and all accelerating 
forces are reduced to zero. For an injection velocity v 0 different from 
v 0 , the magnetic force can be considered as the sum of e\ 0 x B and 
e[y — v 0 ) x B. The first of these components cancels the effect of the 
electric field, and the second force component produces the typical 
circular motion of a particle in a magnetic field (sec. 9.03), with an 
angular frequency co c = —e(B/m) and a radius p — m(v 0 — v 0 )/eB. Hence 
the particle motion is the sum of a straight-line motion along the x 
axis at a velocity v 0 and the circular motion just described. Such motion 
is exactly that described by a point on the spoke of a wheel of radius 
p = mvo/eB = mE/eB 2 rolling along a straight line as depicted in Fig. 
9-5(6). Different injection velocities v 0 provide the trajectories shown. 

Problem 3. Assume that the crossed-field motion discussed above takes 
place between parallel plates lying in the y = 0 and y = d planes. The plates 
are at potentials V ~ 0 and V — — Vo, respectively. Use (31) to find the value 
of B such that the charged particle will just graze the plate at y = d. Check 
your result using the trajectory equations (44) and (45). 

Problem 4. A magnetron consists of two coaxial cylindrical electrodes 
with radii p = a and p = b (a < b) in a region permeated by a magnetic field 
B = zB. Suppose that the inner electrode (cathode) is at zero potential and 
the outer electrode (anode) is at potential V. Find the value of B such that 
electrons leaving the cathode with zero initial velocity will just graze the 
surface of the anode. 

9.05 Space-charge-limited Diode. In the problems discussed so 
far, attention has been confined to the motion of a single particle. The 
conclusions reached also apply to a number of charged particles pro¬ 
vided the number is not so great as to modify the field. However, if 
the charged-particle density is great enough, the field acting on any 
one particle will be modified by the 
presence of all the others. Under these 
latter conditions, the equation of motion Cath °d e 
must be solved simultaneously with Max- 
well’s equations subject to the appropriate 
boundary conditions. 

This method of analysis may be used 
with the parallel-plane d-c diode depicted 

in Fig. 9-6. It will be assumed that Figure 9-6. Parallel-plane 

electrons are given off by the cathode and diode. 
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that they have zero initial velocity. Thus, for any value of x, one may 
write (31) as 

£ mxr = —eV (9-46) 

Equation (46) makes use of the equation of motion plus the approxi¬ 
mation that E = — VK which is valid for steady fields. The notion of 
a steady field might well be questioned for the case of the diode since 

the field at any point must surely fluctuate as electrons shoot by. Because 

of the large number of electrons present, however, the total effect of the 
electrons moving from cathode to anode is essentially that of a con¬ 
tinuous, charged fluid flowing in a steady stream. The current density 
in this stream is 

J = pv = Nev (9-47) 

in which p is the charge density and N is the number density of the 
charged particles. 

Maxwell’s equations now may be brought into the picture. Under 
steady-field conditions, they contain Poisson’s equation 

V 2 V = —2- (9-48) 

e 

and the equation of continuity which may be written in differential and 
integral form as 


V-J = 0 and J J-rfa = 0 (9-49) 

If the surface 5 is a rectangular box located between the cathode and 
the anode, (49) indicates that the current entering the left face of the 
box must be equal to the current leaving the right face, a condition 
requiring that the current density be constant everywhere between the 
two electrodes; thus we may write J(x) — J 0 . 

Poisson’s equation now may be rewritten using (46) and (47), noting 
that the field quantities vary only in the x direction. 

d 2 V _ _J 0 
dx 2 ev 


JJ _ mV* 
e \ 2eV} 


(9-50) 


= KV~ W) 


in which 




In order to solve (50) note that 


d_ (dVV = 2 dVd l V 
dx \dx ) dx dx 1 
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Evaluation of the arbitrary constant C : requires a consideration of 
the effect of space charge on the potential gradient dV/dx. In Fig. 
9-7, curve (1) is a straight line representing the potential with no 


1/ 



Figure 9-7. The effect of space charge on 
potential. 


charges present. Some negative charge between the plates will tend to 
repel electrons near the cathode (decrease the potential gradient) and 
accelerate electrons near the anode (increase the potential gradient), 
thus causing the potential to vary as in curve (2). As the number of 
electrons increases, a limiting case [curve (3)] is reached in which 
there is zero potential gradient at the cathode. Further change in the 
potential curve would produce a potential barrier near the cathode which 
could be overcome only if the electrons had a finite initial velocity. This 
discussion leads to the space-charge-limited boundary condition: 

= 0 at x = 0 (9-52) 

dx v 

Thus, the arbitrary constant in (51) is zero and we have 

dV __ 2K XI1 V XIK 

dx 


(9-53) 
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Equation (53) may be integrated to give 

K 3/4 = %K U2 x (9-54) 

after setting the arbitrary constant to zero since V = 0 at x = 0. From 
(54) it is clear that 



giving curve (3) of Fig. 9-7. In addition, if (54) is evaluated at x = d 
and the substitution for K is made, then it may be noted that 


\Jo\ oc vr 


(9-55) 


Equation (55) gives the current-voltage curve for the diode and it is 
known as the Child-Langmuir law or the three-halves-power law. 


Problem 5. Find an expression for the transit time (time taken for an 
electron to pass from one electrode to the other) for a space-charge-limited, 
parallel-plane diode. 


9.06 Plasma Oscillations. The word plasma as used here denotes an 
assembly of charged particles in which the time-average charge density 
is zero. That is, the number of negative particles per unit volume is 
equal to the number of positive particles per unit volume if all particles 
have the same magnitude of charge. Thus, a plasma forms whenever 
the atoms in a gas are ionized to produce equal numbers of ions and 
electrons, as for example in the earth's ionosphere or in certain regions 
of a gas discharge tube. If a plasma is disturbed, powerful restoring 
forces can be set up, tending to make the particles go into oscillatory 
motions about their equilibrium positions. 

By far the most elementary plasma motion is the oscillation of an 
infinite plasma slab. Suppose that the positive and negative particles 
are displaced from each other a small distance x as shown in Fig. 9-8. 

If the thickness d is small, the time-varying 
field E within the slab may be calculated using 
concepts from electrostatics. The excess charges 
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on either side of the slab constitute charge sheets 
and if the charged-particle density (either positive 
or negative) is N, then the surface charge density 
on each sheet is 

p s = Nex coulomb/m 2 


Figure 9-8. Displace¬ 
ment of positive and 
negative particles in 
a plasma slab. 


in which e is positive for the left-hand sheet 
and negative for the right-hand sheet. Applica¬ 
tion of Gauss’s law gives the field inside the 
slab as 
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N\e\x 


(9-56) 


which states that the restoring force is proportional to the displacement, 
the condition for simple harmonic motion , 

In a plasma the positive particles are usually ions and because their 
mass is much greater than that of the negative electrons, they may be 
considered to be stationary. Thus for the electrons, the equation of 
motion is of the form 


Ne 2 

mx =- x 


(9-57) 


Equation (57) is valid provided the charged particles do not collide with 
each other or with any neutral particles which may be present. This 
equation describes oscillations occurring at a fixed frequency co p called 
the plasma frequency and given by 

o>* = — (9-58) 


Equation (58) permits (57) to be written in the form 


which has the solution 


C { sin co P t + C 2 cos co p t 


(9-59) 


(9-60) 


This solution gives the displacement x for free oscillations of the 
plasma slab, oscillations which can exist only at the plasma frequency. 
Oscillations can occur at other frequencies but only if the slab is driven 
by an external oscillating field, 

9*07 Wave Propagation in a Plasma. Electromagnetic waves propa¬ 
gate through a plasma in much the same manner as through any 
dielectric material. To begin an analysis of this wave propagation, let 
us assume that the plasma is made up of electrons and ions and that 
the ions are relatively immobile (due to their mass) in comparison with 
the electrons.. Maxwell’s equations in time-varying form must be com¬ 
bined with the equation of motion for electrons in order to analyze the 
oscillations which are possible. The electron motions enter Maxwell’s 
equations in the electron current density and electron charge density. 
These are given by 

J — hey (9-61) 

and p = he (9-62) 


in which h and v are time-varying electron density and electron velocity. 
If it is assumed that the electron oscillations are small in amplitude and 
sinusoidal in form, h and v may be written as 
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n = N + R c{ne j<ot } (9-63) 

v — Re {\e 3( * 1 } (9-64) 

in which N is the steady (or ambient) electron density; the velocity is 
assumed to have no steady (or drift) component. Since the oscillations 
are small in amplitude, (61) may be approximated by 

J = Ne Re {\e Jat } (9-65) 

in which the product of two small quantities is assumed to be negligible. 
Similar relations also may be written for the ions but since they are assumed 
to be immobile, they contribute no current-density term to Maxwell’s 
equations. However, while the ions do contribute a steady charge density 
term to Maxwell’s equations, this term serves only to cancel out the 
steady part of the electron charge density in Gauss’s law, thus assuring 
us that no steady electric fields will arise within the plasma. 

The equation of motion and Maxwell’s equations now may be written 
for sinusoidal oscillations by the use of (65), (62) and (63). These may 
be expressed in phasor form by a straightforward manipulation. With 
the phasor velocity v and the phasor electron-density variation «, the 
equation of motion and Maxwell’s equations with zero external magnetic 
field are 

eE = jcomy (9-66) 

VxH = jcoe v E + Nev (9-67) 

V x E = — jcDp v H (9-68) 

(9-69) 

(9-70) 

Equations (67) and (69) contain the equation of continuity, 

V * (JVv) = -jeon (9-71) 

The above equations may be solved directly for any given problem. 
However, a major simplification may be achieved by first substituting 
the equation of motion into Maxwell’s equations. Eliminating v from (66) 
and (67) gives 

(9-72) 

which suggests that the plasma can be represented by a dielectric permit¬ 
tivity given by 


V-E = — 
€„ 

V-H = 0 
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in which G) p is as given by (58). In ionospheric work the relative per¬ 
mittivity usually is written as 

J- = Ko = 1 - X where X = ^ (9-74) 

e v oo' 

The permittivity concept also enters into Gauss's law (69) as may be 
shown by eliminating v from (66) and (71) and then using this relation 
to eliminate n from (69). This procedure permits (69) to be expressed 
as 

V-(eE) = 0 (9-75) 

which is completely consistent with the idea that a plasma can be rep¬ 
resented by the new permittivity given by (73). 

The great advantage of the plasma-permittivity concept is that we 
can use all the existing solutions for wave propagation in a dielectric in 
order to study wave propagation in a plasma. For instance, the phasor 
Helmholtz equation 


d 2 E v o r d d 

—£L = —co-fieEy (with ^-^ = 0) 

(9-76) 

has the solution 


E = C x -j- 

(9-77) 

For electrons in a vacuum, (77) may be expressed as 



(9-78) 


in which f3 v = co(fi v e v ) l/2 . Equation (78) demonstrates that wave propa¬ 
gation in a plasma is similar to wave propagation in an ordinary di¬ 
electric provided X is less than unity, that is provided co > co p . If X 
is greater than unity, that is if co < co P , then (78) carries more meaning 
if written as 

E v = C 3 e~ MX - l)U2x + C i e +MX ~ l)W2x (9-79) 

Thus when co < co p , electromagnetic waves are attenuated by a plasma. 
By analogy with a wave guide, co P may be regarded as the cut-off fre¬ 
quency of a plasma. 

One must appreciate that attenuation in a cut-off plasma as described 
above is not accompanied by the absorption of power and its subsequent 
conversion into heat; in this respect the plasma is like a cut-off wave 
guide. Thus a wave passing from free space into a cut-off plasma is not 
absorbed or transmitted but rather totally reflected. It is this type of 
reflection which causes radio waves to “bounce” off the ionosphere, thus 
making long-range radio communication possible. 

Of course, some power loss is always present in a plasma due to 
the fact that the electrons frequently collide with gas molecules, ions, 
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or even other electrons. Such collisions cause some of the power carried 
by an electromagnetic wave to be transformed into heat. At frequencies 
above the plasma frequency these collisional losses cause a propagating 
wave to be attenuated, and below the plasma frequency the losses cause 
total reflection to become partial reflection. 

Problem 6. Collisional effects in a plasma may be taken into account 
approximately by including in the equation of motion the frictional force term 
—mvy in which v is the collision frequency of the electrons with other 
particles. Show that the concept of a plasma permittivity is valid with col¬ 
lisions included and also show that the relative permittivity is given by 

Ko ~ 1 ~ jj ( 9 ~ 80 > 

in which U = 1 — jZ and Z — v/co 

Application to Superconductors . In a metal there exists a very high 
density N of free electrons. At room temperature these electrons collide 
very frequently with the metal atoms, causing power loss and the 
familiar resistance property of metals. At temperatures near absolute 
zero, however, some metals exhibit a complete loss of resistance. This 
phenomenon is termed superconductivity. Superconductivity was first 
observed in Holland in 1911 by Kamerlingh Onnes. In 1933 Meissner 
and Ochsenfeld discovered that superconducting metals could not be 
penetrated by a magnetic field; furthermore, they observed that when 
a normal metal permeated by a magnetic field is cooled to the super¬ 
conducting state, the metal does not “freeze in” the magnetic flux but 
acts to expel it. Theoretical explanations of superconductivity began 
with the macroscopic theory of London and London* in 1935 and 
culminated in 1957 with the highly successful microscopic theory of 
Bardeen, Cooper and Schrieffer.t 

Recent theories of superconductivity are very involved and quite 
beyond the scope of the present discussion. However, a very simple 
picture of the superconducting state results when one assumes that 
the electrons in a superconductor are able to move about freely with¬ 
out collisions; this theoretical model is essentially the collisionless 
plasma model already analyzed. Because of the exceedingly high electron 
density in a metal, the plasma is cut off and waves can penetrate only 
a very short distance into the metal (a distance of the order of 200A). 
Thus, viewing the superconductor as a cut-off plasma provides a crude 
explanation for its ability to prevent magnetic fields from penetrating. 

*F. London and H. London, Proc. Roy. Soc. (London), A 149, 71 (1935); Physica , 
2, 341 (1935). 

fJ. Bardeen, L.N. Cooper and J.R. Schrieffer, Phys. Rev., 108, 1175 (1957). 
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From (79) a wave entering a superconductor would be attenuated with 
a “skin depth” given by 


s = mx - d i/2 ]-' 

(9-81) 

^ [A.Z 1 ' 2 ]- 1 for large N 


__ f m 1 1/2 
^ ^Ne 2 fi v _ 

(9-82) 


which states that for a large electron density the skin depth is indepen¬ 
dent of frequency. This suggests that a superconductor would tend to 
exclude a magnetic field even if the field were applied very slowly. 

9.08 Polarization of Dielectric Materials* Dielectrics differ from 
plasmas and conducting media in that dielectrics contain no free charges, 
but rather charges which are tightly bound together to form atoms and 
molecules. The application of a steady external electric field causes a 
small but significant separation of the bound charges so that each in¬ 
finitesimal element of volume behaves as if it were an electrostatic dipole. 
The induced dipole field tends to oppose the applied field, as indicated 
in Fig. 9-9. The “volume element” indicated in the figure could represent 
an atom, a molecule, or any small region in the material. A dielectric 
material which exhibits this separation of bound charge is said to be 
polarized . 


E (applied) 



Dielectric 


Volume element 


Figure 9-9. Induced electric fields (small arrows) 
opposing the applied field. 


On a microscopic scale, the type of polarization is determined by 
the material. In most materials polarization occurs only in the presence 
of an applied field, although a few materials exhibit permanent polarization; 
ferroelectric crystals exhibit a spontaneous, permanent polarization while 
certain other materials called electrets become permanently polarized 
if allowed to solidify in a strong electric field. On an atomic scale, 
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charge separation can occur due to the displacement of the negative 
electron cloud relative to the positive nucleus; this is called electronic 
polarization. On a molecular scale, ionic and orientational polarization 
are important. Ionic polarization results from the separation of positive 
and negative ions in molecules held together by ionic bonds. Orienta¬ 
tional polarization arises in materials whose molecules are permanently 
polarized but randomly oriented; the application of an external electric 
field causes the molecules to align themselves with the applied field, 
thus producing a net polarization in the material. On a still larger scale, 
one encounters space-charge polarization which arises when free-con- 
duction electrons are present but are prevented from moving great 
distances by barriers such as grain boundaries; when a field is applied, 
the electrons “pile-up” against these barriers, producing the separation 
of charge required to polarize the material. The four types of polariza¬ 
tion mentioned above are indistinguishable in a steady field but in a time- 
varying field each type exhibits a different characteristic response time. 

Electronic polarization may be understood to a first order of approxi¬ 
mation by regarding an atom as a point nucleus surrounded by a 
spherical electron cloud of uniform charge density as shown in Fig. 
9-10. With an applied steady field the nucleus and the electron cloud 




(b) 


Figure 9-10. Simple model of an atom (a) with no applied field and (6) with 
an applied electric field. 


are displaced relative to each other until their mutual attractive force is 
just equal to the force due to the applied field. This force F may be 
calculated by applying Gauss’s law to the sphere of radius r: 




e 1 F __ e 2 r 


(9-83) 


The magnitude of the dipole moment is given by 


p = er = 4tz€ v R* E (9-84) 

which also may be written in vector form by giving the scalar moment 
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the direction of a line drawn from the negative charge to the positive 
charge; thus 

p = 47re^ 3 E = oc e E where a e = 4ne v R z (9-85) 

The quantity ct e in (85) is called the electronic polarizability of the atom; 
it is the constant of proportionality between the dipole moment and the 
electric field strength. It should be noted that this linear relationship be¬ 
tween p and E holds only for small applied fields. 

Any molecule develops a dipole moment proportional to the applied 
electric field for small field magnitudes. This proportionality may be ex¬ 
pressed as 

p = aE (9-86) 

in which the total polarizability oc is the sum of the polarizabilities aris¬ 
ing from each of the different types of polarization (electronic, ionic, 
etc.). If (86) is multiplied by N Q , the number of molecules per cubic meter, 
the result is the dipole moment per unit volume or the polarization and it 
is represented by the letter fP\ 

yp = A oP = N 0 ctE (9-87) 

Equation (87) is often written as 

?p = e*%E where e v % = N 0 a (9-88) 

The quantity % (chi) is known as the susceptibility of the material. 

9*09 Equivalent Volume and Surface Charges. According to the 
picture of polarization developed so far, the application of an external 
electric field to a dielectric causes the formation of dipoles within the 
material. The dipoles in turn produce an electric field of their own. 
Thus, in order to understand dielectrics, it is necessary to calculate the 
field of a volume distribution of infinitesimal dipoles. 

As shown in chap. 2, a single z-directed dipole of moment p = z p 
located at the origin has a potential given by 

47te v V(r) = t—p — 

= 

r 

= _p ' v (t) (9 ‘ 89) 

Equation (89) is valid for any orientation of the moment p and it may 
be adapted easily for an arbitrary position r' of the dipole. Thus if R is 
the distance from the source point (dipole) to the observation point, the 
potential may be expressed as 
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4*«,K(r)= -p-v(-l) 

= p-V'(l) (9-90) 

Consider now a large number of infinitesimal dipoles distributed 
throughout a given volume as shown in Fig. 9-11. Since is the dipole 



Figure 9-11. A volume distribution of polarization. 

moment per unit volume, the moment of the volume dV' must be dV'. 
Thus the potential at the observation point must be given by 

4*e B K(r) = JV-W-d-) dV' (9-91) 

Equation (91) may be rewritten using the identity (1-31) for the diver¬ 
gence of the product of a scalar and a vector. Thus 

4ffe« V(r) = j> • dV' -dV' (9-92) 

The divergence theorem allows (92) to be expressed as 

4 ite v V(r) = ~ dV ' (9-93) 

in which the relation d& = hda has been used. Equation (93) is par¬ 
ticularly important because, by comparison with the formula for the 
potential of a given charge density, it shows that a volume distribution 
of dipoles may be represented as a surface charge density plus a 
volume charge density. These are given by 

p s = -ft (9-94) 

and p = -V-0» (9-95) 

Such a result is not surprising if one returns to the simple picture of 
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Figure 9-12. Nonuniform polarization 
in a dielectric slab. 


molecular polarization as shown in Fig. 9-12, which depicts the non- 
uniform polarization arising, for example, in a nonuniform dielectric. 
It is easy to see that incomplete cancellation of the dipole “end charges” 
would produce a volume charge density and that the uncancelled charges 
at the surface of the material would produce a surface charge density. 

9.TO The Permittivity Concept. In the interior of a dielectric ma¬ 
terial, the surface charge density is zero and the volume charge density 
is given by (95). Since no free charge is present the bound charge may be 
represented by p and thus Gauss’s law becomes 

V(eJE) = p= -V-ZP 

which may be written in the form 

V-(e„E+^) = 0 (9-96) 

This suggests the use of a displacement density (or flux density) vector 
D defined as 


D - e y E + & (9-97) 

which permits (96) to be written in the familiar form 

V-D = 0 (9-98) 

Of course, if free charge were present in the dielectric, a suitable charge 
density would have to replace the zero on the right-hand side of (98). 

The theory of dielectrics may be simplified even further by recalling 
the proportionality between polarization and electric field strength. Sub- 
f stitution of (88) into (97) gives 

jk 

| D = e*(l + x)E 


(9-99) 
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which suggests that 1 + % could be regarded as a relative permittivity e r 
which is characteristic of the dielectric material. This in turn leads to the 
use of a total permittivity e, allowing (99) to be written in the form 

D = eE (9-100) 

in which e = e v e r — e y (l + %). This establishes the exceedingly useful 
result that the rather complicated process of polarization may be rep¬ 
resented by a simple modification in the permittivity. The use of a 
modified permittivity is an alternative to the representation consisting of 
a collection of charge dipoles in space. 

The above result applies to the 

interior of a dielectric but reveals 

nothing about boundary conditions at 

its surface. Consider the dielectric 

surface represented by the surface 

charge density p s as depicted in Fig. 
9-13. With a surface charge present, 

the boundary condition is known to be 

e v E 0 — e v E t = p s (9-101) 

Substitution of (94) into (101) leads to 
e v E 0 — (e^t + ZPi) — 0 
or Do - D t = 0 (9-102) 

which states that the normal component of the displacement density is 
continuous at the surface of a dielectric on which there is no free surface- 
charge density. The equivalent surface charge does not affect the tangential 
component of E so that the tangential electric field strength must be 
continuous at the boundary. 

The great advantage of the permittivity concept is that it permits 
easy solution of problems that would be difficult to formulate using the 
dipole-distribution concept. Naturally, one must be careful to keep the 
two concepts entirely separate, representing the dielectric either by its 
permittivity or by its dipole charge distribution (its equivalent surface 
and volume charges). 

Problem 7. A conducting sphere of radius a is held at the potential Vo 
(zero potential is taken to be at infinite radius). The sphere is surrounded by 
a spherical shell of uniform dielectric (e r ) with inner radius a and outer radius 
b . First find the potential and the electric field strength everywhere outside 
the spherical conductor. Then find a surface charge and volume charge rep¬ 
resentation for the dielectric shell. Check your equivalent-charge distributions 
by using them to recalculate the potential and electric field strength. 


m 


P; 


Dielectric 




Vacuum 


Figure 9-13. The surface of a 
polarized dielectric. 
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9.1 1 Magnetic Polarization. The Bohr model of the atom pictures 
electrons rotating around a nucleus, a charge motion which may be re¬ 
garded as a current loop. A small current loop has associated with it a 
magnetic moment given by the product of the current and the area of 
the loop. Thus, it is reasonable to associate with an atom the property 
of magnetic moment designated by the letter m. In reality, this moment 
arises not only from the rotation of the electrons, but also from their 
“spin.” Furthermore, some atoms possess permanent moments while 
others have moments which are induced by external magnetic fields. 

When a magnetic field is applied to an atom possessing a permanent 
magnetic moment, there is a resultant torque which tends to rotate the 
atom. If the atom is imagined to be represented by a current loop, it is 
easy to see that the atom will orient itself so that its own magnetic field 
will add to the applied magnetic field. Materials whose atoms respond 
so as to increase the magnetic field are said to be paramagnetic. In 
general this effect is very small, but in ferromagnetic materials it is 
extrenlely large. Some atoms do not have permanent dipole moments, 
but their induced dipole moments form in such a way that the induced 
magnetic field opposes the applied field. Materials whose atoms respond 
so as to reduce the magnetic field are said to be diamagnetic . 

Whatever the mechanism of dipole formation, one may assign a vector 
dipole moment m to an atom and multiply it by the atomic density N 0 
to obtain the magnetic moment per unit volume or the magnetization 
represented by the letter Jt : 

M = JV 0 m (9-103) 

For very small applied fields the magnetic moment is proportional to the 
applied magnetic field strength H in all materials except ferromagnetic 
materials. This proportionality may be expressed as 

M (9-104) 

which defines the magnetic susceptibility % m . In paramagnetic materials 
Xm is positive and in diamagnetic materials it is negative. 

9.12 Equivalent Volume and Surface Currents. According to the 
picture of magnetic polarization outlined above, the application of an 
external magnetic field to a material causes the formation of magnetic 
moments within the material. These magnetic moments may be represented 
by infinitesimal current loops or in other words, magnetic dipoles. Clearly, 
the understanding of magnetization requires first of all the calculation 
of the field of a volume distribution of magnetic dipoles. 

As shown in sec. 3.13, a small loop with scalar moment m and vector 
moment m = z m centered at the origin and lying in the x-y plane 
produces the vector potential A given by 
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Ax . , tm sin 6 
— A(r) — <f> — 2 

~ * X rm 
r 

_ m x r 

~ r l 

= -m x v(±) (9-105) 

Equation (105) is valid for any orientation of m. Furthermore, it may 

be generalized to apply to a loop at any point r' by replacing r with R . 
For the general case, 

4 f A <D=-”XV(1) 

= mxV'(i) (9-106) 

If a large number of dipoles is contained within a volume V (the 
situation is similar to that of Fig. 9-11), the magnetic moment of a volume 
dV f must be jft (F) dV'. Thus the potential of the entire assembly of 
magnetic dipoles is given by 

y A(r) = Jx V' (-1) dV' (9-107) 

Equation (107) may be rewritten using identity number (1-33) for the 
curl of the product of a scalar and a vector. The result is 

^A(r) = J T JL F ^ dV - | v V ; x dV' (9-108) 

The second volume integral in (108) may be converted into a surface 
integral using identity (1-54) giving 

— A(r) = f T jLfH dV' + i _ X - - da' (9-109) 

fjb Jr R J s R 

When (109) is compared with the expression for the vector potential due 
to a current distribution, it becomes apparent that the volume distribution 
of magnetic dipoles is equivalent to a surface current density and a 
volume current density given by 

J s = M x n (9-110) 

and J = Vxi (9-111) 

This result is to be expected since the magnetic properties may be derived 
by regarding the material as being made up of many small current loops. 
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In the interior of the material, incomplete can¬ 
cellation of the currents in adjacent loops results 
in a net volume current density. Similarly, at 
the surface of the material, the currents are not 
cancelled, giving a net equivalent surface current 
density. These remarks are illustrated by Fig. 
9-14, which could represent, for example, non- 
uniform magnetic material having as a result 
nonuniform magnetization. 

9.13 The Permeability Concept. Inside a 
magnetically polarized material, the magnetic 
field is related to the polarization current density 
through the differential form of Ampere’s cir¬ 
cuital law which may be expressed as 



Figure 9-14. Representation 
of atomic magnetic mo¬ 
ments by current loops. 


V x - = J = V x J (9-112) 

I Fv 

when there is no current due to the motion of free charges. This may be 
written in the form 


V x (— - M\ - 0 (9-113) 

which suggests the use of a magnetic field strength H defined as 

= — (9-114) 

H-v 

This allows (113) to be written in the familiar form 

V X H = 0 (9-115) 

If a nonpolarization current density were present, it would replace the 
zero on the right-hand side of (115). 

It should be recalled at this point that the magnetization is propor¬ 
tional to the magnetic field strength. Substitution of (104) into (114) gives 

B = ^(H + J() (9-116) 

= + %m)H 

= /iH where p, = ~ fi v (l + % m ) (9-117) 

Equation (117) defines a property of the material called the relative 
permeability p T and also makes use of the total permeability p. 

The equivalent magnetic polarization surface current density establishes 
the boundary condition on the tangential fields. For the boundary shown 
in Fig. 9-15, the boundary condition is known to be 
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n 


Figure 9-15. The surface of 
a magnetized material. 


= (9-118) 

where J s represents the magnetic polar¬ 
ization surface current density, and it is 
assumed that there are no surface currents 
due to the motion of free charges. Sub¬ 
stitution of (110) into (118) leads to 

fl v \fl v 

or H 0 - Ht = 0 



which states the well-known boundary condition that the tangential com¬ 
ponent of the magnetic field strength is continuous across the boundary 
in the absence of free-charge surface currents. 

Problem 8. A long, straight wire of radius a carries a direct current I. 
The wire is surrounded by a uniform sheath of material with relative per¬ 
meability fi r . The sheath carries no current and has inner radius b and outer 
radius c, such that a < b < c. Find B and H everywhere and use this result 
to obtain an equivalent magnetic polarization current representation for the 
sheath. Check your result by recalculation of the field from the polarization 
currents. 

9*14 Frequency Response of Dielectric Materials* Since the polari¬ 
zation of a material requires the displacement of particles, each having a 
finite mass, it is clear that the strength of the polarization must decrease 
with increasing frequency. That is, the particle’s inertia tends to prevent 
it from “following” rapid oscillations in the applied field. The existence 
of several different types of polarization makes a complete analysis some¬ 
what involved. For a qualitative understanding of polarization, however, 
it is sufficient to consider only electronic polarization and to note that the 
other types exhibit a similar frequency response. 

In the analysis of electronic polarization, it is convenient to regard 
the heavy positive nucleus as being fixed in space and surrounded by an 
electron cloud of charge e and mass m which oscillates back and forth 
in response to an applied electric field E , as illustrated in Fig. 9-16. The 
electron cloud moves in response to three forces: the force due to the 
applied field, the restoring force due to the coulomb attraction of the 
positive nucleus, and frictional forces which result in dissipation ol 
energy and consequent damping of oscillations. The applied force is 
simply e£ x . The restoring force may be obtained from (83) and expressed 
as 

e 2 

—kx where k = ^ 

4iz e v R 
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Fixed nucleus 



Center of electron cloud 
with moss m } charge e 


- E x 

Time-varying applied field 


»— -xp* Time-varying displacement 
x of electron cloud 

Figure 9-16. Electronic polarization in a time-varying field. 


The frictional force is generally proportional to the particle mass and to 
the velocity and so may be expressed as 

I —mgx 

in which g is a positive constant. The complete equation of motion now 
may be expressed as 

nix = —mgx — kx + e£ x (9-119) 

Equation (119) may be simplified greatly by considering only sinusoidal 
oscillations and making use of phasor notation. A phasor displacement 
x and a phasor electric field E x may be defined through the relations 

x = Re {xe jat } 

and £ x = Re {E x e j<al } 

This allows (119) to be transformed into 

— co 2 mx = —jcomgx — kx + ?F X 
which may be solved readily to give the displacement, 

x = jg/gOffr 
col — CO 1 + jcog 

in which col = k/m. Once the displacement is known, the dipole moment, 
polarization, polarizability, susceptibility and relative permittivity all follow 
directly. They are, respectively, 

p x - ex = aE x 

&> z = N 0 p x = N 0 aE x — N„ ex — e v %E x 



(9-120) 

(9-121) 

(9-122) 

(9-123) 




«r = 1 + % 


(9-124) 
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all of which are, in general, complex numbers (phasors). The susceptibility 
may be separated into real and imaginary parts as follows: 


% 


N 0 e 2 

me v 

N 0 e 2 

me. 


1 


\_COq — G > 2 + j<Og, 

(Dq — (£}- 


L(&4 — &> 2 ) 2 + OTg" ^ (o)o — CO 2 ) 2 + 6)'g 


tog 


(9-125) 


This leads to a separation of the relative permittivity into real and 
imaginary parts in the form 

€ T = € / r -j€'; (9-126) 


in which 


e; = 1 + 


H 0 e 2 

me v 


6>p — co 2 

fcot — co *)* + co 2 g\ 


and 


// 

e r — 


Npe 2 
me v 


_ tog _ 

— O) 2 ) 2 + CO* g\ 


Formulas of this type are often referred to as dielectric dispersion formulas . 
It is clear that the imaginary part of the permittivity is associated with 
power loss or dissipation within the dielectric. Furthermore, at any given 
frequency e'f produces the same type of macroscopic effect as the con¬ 
ductivity <j and thus for practical purposes the two are indistinguishable. 
In macroscopic theory, it is customary to use ef for dielectrics and a for 
metals. Frequently dielectric losses are described using the loss tangent 
tanS, defined as 


tan 8 = 


(9-127) 


Examination of (126) shows that the properties of a dielectric change 
most rapidly at frequencies near the resonance frequency co 0 . This is 
illustrated in Fig. 9-17. For electronic polarization the resonance frequency 
is very high—usually in the ultraviolet range. 



Figure 9-17. The effect of electronic polarization 
on the permittivity of a dielectric. 
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Figure 9-18. The variation of permittivity with frequency. 

The other types of polarization exhibit effects qualitatively similar to 
electronic polarization, but with the difference that they have much lower 
resonance frequencies. This behavior is sketched in Fig. 9-18, It is evident 
that the resonance frequencies are associated with the effective masses of 
the microscopic bodies contributing to the polarization effect; the greater 
the effective mass, the lower the resonance frequency. 

Problem 9. Consider the electronic polarization phenomenon for the case 
in which the two “peaks” in e' (Fig. 9-17) are close to g) 0 . Find the frequency 
separation Aco between the peaks. 

Problem 10. In problem 6, the relative permittivity of a plasma (80) was 
derived using the concept of particle currents in the medium. Derive the 
relative permittivity expression using the concept of polarization of the plasma. 
Assume that a displaced electron leaves a positive “hole” at its original 
position and that the only forces acting on the electron are those due to 
collisions and to the applied field. 
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Chapter 10 


RADIATION 


10.01 Potential Functions and the Electromagnetic Field. In the 

previous chapters, relations which exist among the electromagnetic field 
vectors have been studied, but so far no consideration has been given 
to the means by which the fields are generated. We shall now consider 
how these fields are related to their sources , that is, the charges and 
currents that produce them. Although it is possible in theory to obtain 
expressions for. the electric and magnetic field strengths E and H 
directly in terms of the charge and current densities p and J, such a 
derivation is, in general, quite difficult. It will be recalled that in the 
study of the electrostatic' field and the steady magnetic field it was 
found possible, and often simpler, first to set up potentials in terms of 
the charges or currents, and then to obtain the electric or magnetic 
fields from these potentials. Similarly, in the electromagnetic field it 
turns out to be much simpler first to set up potentials that are related 
to the charges and currents, and then to obtain E and H from these 
potentials. 

The problem of determining suitable potentials for the electromag¬ 
netic field may be approached in several different ways, all of which 
require a certain amount of educated guesswork. A simple way, using 
the heuristic approach, is to generalize the potentials already developed 
for the steady electric and magnetic fields, and hope that these generalized 
potentials will satisfy Maxwell's equations and the requirements of the 
problem. A second method is to start with Maxwell's equations and from 
these derive differential equations that the potentials must satisfy. Once 
again the potentials are guessed and then shown to satisfy the differential 
equations. The third method is to attempt a direct solution of the derived 
differential equations for the potentials. Because of the importance of 
understanding the use of potentials in electromagnetic theory, all three 
approaches will be developed; the first two will be considered in this 
section, and in sec. 10.10 the phasor form of the differential equations 
will be solved. 

L Heuristic Approach . In electrostatics a scalar potential V was set 
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up, related to the electric charge distribution through 

r(r) = R-jT r dv ' < 2 - 26 > 

From this potential the electric field was obtained through 

E = -W (2-24) 

For the steady magnetic field in a homogeneous medium, a vector 
potential A was found and related to the source currents through 

A(r) = fe/¥- )rfK ' (3 ' 28) 

From this magnetic potential the magnetic field was obtained through 

= Vx A (3-29) 



The sources of the electromagnetic field are current and charge 
distributions that vary with time, so it is reasonable to try these same 
potentials, generalized for time variations. That is, we might expect to 
be able to write 


= ,iry " 

K(r ' ,) = 4j;J e Tr ! '"" (1 °- 2) 

in which R = |r — r'j. As written above the strengths of these poten¬ 
tials vary instantaneously with the strengths of the sources. However, 
the principal result of the time-varying theory (wave theory) discussed 
so far is the appearance of a finite propagation time for electromagnetic 
waves. It is logical that the potentials from which the fields are to be 
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derived should also display finite propagation time. This can be readily 
accomplished by modifying the above relations to give 


a(,,o = £J 


J(r', t - R/v) 


(10-3) 


K(r, t) 


* p( f/ ^ j R/ jyf 

R 


(10-4) 


In these expressions a time delay of R/v seconds has been introduced, 
so that now the potentials have been delayed or retarded by this 
amount. For this reason they are often called retarded potentials . 

Having guessed the potentials, one might expect to derive the electric 
and magnetic fields through relations pH = V x A (3-29) and E = —VF 
(2-24). It would be discovered that while the first relation is correct, 
the second is incomplete. The reason for this is that the electric and 
magnetic fields obtained are not independent but must be related through 
Maxwell’s equations, just as the source distributions (currents and 
charges) cannot be specified independently but are related through the 
equation of continuity. These relationships are automatically satisfied 
in the next approach which starts with the requirement that the 
potentials and derived fields satisfy Maxwell’s equations, 

2. Maxwell's Equations Approach. Maxwell’s equations in time-vary¬ 
ing, differential form (for constant, scalar e and p) are 


V x H = eE + J 

VAtt-TtD 

(10-5) 

V x E = —/aH 

VAg. 

(10-6) 

V-E = 

e 

V-& - s 

(10-7) 

VH = 0 

= O 

(10-8) 


J and p are the source current density and the source charge density, 
respectively, and are related by the equation of continuity 

V-J = -p (10-9) 

Equation (8) is satisfied if H is represented as the curl of some vector. 
This leads to the following definition for the vector potential A: 

pH = Vx A (10-10) 

Substitution of (10) into (6) gives 

V X (E + A) = 0 (10-11) 

I Equation (11) is satisfied if E + A is represented as the gradient of a 
| scalar. Setting E + A equal to — VF defines the scalar potential V in 
& such a way that for slowly varying fields it is identical to the scalar 
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potential used in chap. 2, Thus the electric field strength may be 
expressed as 

E = —VF — A (10-12) 

Equations (10) and (12) show how the field quantities E and H may be 
expressed in terms of a vector potential A and a scalar potential V. For 
static fields both (10) and (12) are identical to the field expressions 
already derived in chaps. 2 and 3. 

Expressions (10) and (12) for H and E satisfy two of Maxwell’s equa¬ 
tions, (6) and (8), The remaining two of Maxwell’s equations may be 
used to derive differential equations for the potential functions. Substi¬ 
tution of (10) and (12) into (5) gives 

i- V X V X A = —eVV - eA + J 

The identity V x V x A = VV-A — V 2 A permits the above to be writ¬ 
ten as 

V 2 A - fie A = -fiJ + peVV + VV-A (10-13) 

This is one of the required differential equations; the second one may be 
obtained by substituting (12) into (7). 

V 2 F + V • A = (10-14) 

e 

Equations (13) and (14) are complicated by the fact that they are 
coupled, that is, the unknowns A and V appear in both equations. A 
further complication is the fact that (13) and (14) do not yield a unique 
solution for the potentials. The truth of the latter statement may be 
inferred from the Helmholtz theorem: Any vector field due to a finite source 
is specified uniquely if both the curl and the divergence of the field are 
specified. The curl of A is given in (10) but its divergence remains 
unspecified. Moreover, from the defining relation (11), it is evident that 
there is an arbitrariness about the scalar potential as well. Examination 
of eqs. (13) and (14) shows that if the divergence of A is set equal to 
—peV, these equations become uncoupled and reduce to standard wave 
equations with source terms included, viz., 


V 2 A — pe A = — fi J 

(10-15) 

- aeV = — S- 
€ 

(10-16) 

The particular choice used above, that is 

V-A= -fieV 

(10-17) 


is known as the Lorentz gauge condition . Other gauge conditions are 
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possible,* but if it is required that the solutions for A and V represent 
retarded electromagnetic potentials it can be shownt that (17) must be 
satisfied, and will be satisfied provided that the source charge and 
current distributions are related by the equation of continuity. 

Equations similar to (15) and (16) have already been derived in the 
chapters on static electric and magnetic fields. The corresponding static 
equations are 

V 2 A = —/iJ (10-18) 

V 2 V = —S. (10-19) 

e 



and they have the solutions already given in (10-1) and (10-2). These 
solutions may be used as a guide in an attempt to guess the solutions to 
(15) and (16), and of course such guesses have to be verified by substitu¬ 
tion. On the other hand, a direct solution of (15) and (16) could be 
attempted. The latter approach is generally somewhat involved,t but it 
will be* discussed later in this chapter for the special case of sinusoidal 
oscillations. 

The potential functions may be guessed following the lines of reason¬ 
ing already discussed [see discussion of eqs. (3) and (4)]. The functions are 

A(r, t) = f- f J(V ’ 1 IlEM dV (10-20) 

47 1 J K 

V(r, t) = -L f pfr*’ t ~ dV' (10-21) 

47re J K 

Equations (20) and (21) are the solutions of (15) and (16) as may be 
verified by direct substitution.? Since a time delay is involved, A and V 
as defined above are the retarded potentials . In general it is not necessary 
to evaluate (21) since E may be obtained using one of Maxwell's equa¬ 
tions (5); the procedure is to obtain H from A using (10) and then to 
obtain E from H by taking its curl and integrating with respect to time. 

♦For-example the Coulomb gauge condition sets the divergence of A equal to 
zero; this results in reducing (14) to Poisson’s equation but has the disadvantage of 
giving potentials which do not exhibit retardation. 

f J. Grosskopf, “On the Application of the Two Methods of Solution of Maxwell’s 
Equations in the Calculation of the Electromagnetic Fields of Radiating Conductors,” 
Hochfrequenz . Technik und Electro-akustic, 49, 205-211 (1937); also J. A. Stratton, 
Electromagnetic Theory , McGraw-Hill Book Company, New York, 1941, p. 429. 

^Solution of the time-dependent wave equation is discussed by J. D. Jackson, 
Classical Electrodynamics, John Wiley & Sons, Inc., New York, 1962, pp. 183-186. 

§This process, which is usually quite straightforward, is rather involved in this 
case, and reference should be made to one of the following texts: H. A. Lorentz, 
Theory of Electrons , pp. 17-19; M. Mason and W. Weaver, The Electromagnetic 
Field, University of Chicago Press, Chicago, 1929 (p. 282). 
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It should be noted that J = 0 in (5) when the field is evaluated in free 
space, that is external to the region of source currents. 

Problem la. Show that for a current along the z axis the expression H 
= V x A reduces to 

/ iH * ~ —sin 6 

when only the distant field is considered. 

(Noth: This is an important result, for it covers the majority of practical 
antennas.) 

Problem lb. Verify that for a current element the expression in la gives 
correctly the total magnetic field. 

10.02 Potential Functions for Sinusoidal Oscillations. In the sinu¬ 
soidal steady state, calculations with the potential functions are greatly 
simplified. Using phasor notation, (15) and (16) may be expressed as 

V 2 A + ©>e A = -/J (10-22) 

V 2 K + tfueV - (10-23) 

e 

both equations having the form of the Helmholtz wave equation with a 
source term included. As before, a solution may be guessed by generaliz¬ 
ing the solutions for the static cases to take into account the phase delay 
due to the distance R between a source point and the observation point. 
It is known that a uniform plane wave traveling in the R direction would 
have a phase variation given by the factor e~ j0R . This suggests that the 
potential integrals should be modified by the inclusion of an exponential 
phase factor as follows: 

A(r) = JL J J(r') e ~ dV' (10-24) 

¥ ^ = LW : TC dr (1 °- 25) 

This solution may be verified by substitution into (22) and (23)* or (as 
will be shown in sec. 10.10) it may be obtained by solving (22) and (23) 
directly. 

An important point to be made here is that the gauge condition rela¬ 
tionship between A and V makes it unnecessary to evaluate V using the 

*The verification is carried out in R. Plonsey and R. E. Collin, Principles and 
Applications of Electromagnetic Fields , McGraw-Hill Book Company, New York, 
1961, pp. 324-325. 
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integral (25). Using phasor notation the expressions for the magnetic and 
electric field strengths are 

H = — V x A (10-26) 

p 

E=-VF-joA (10-27) 

where the vector and scalar potentials are related by the Lorentz gauge 
condition, 

y. A — — joofieV (10-28) 

The scalar potential V may be eliminated from (27) using (28) to give 

E = YJlA _ juA (10-29) 

jcoefi 

Equations (26) and (29) demonstrate that E and H may be expressed 
entirely in terms of A. 

Ap alternative form of (29) may be derived from one of the Maxwell 
curl equations, 

VxH = jae E + J (10-30) 

Substitution of (26) into (30) gives 

E = J— (V x V x A — u,J) (10-31) 

jcoefi 

in which E is expressed in terms of A only. Of course J = 0 if E is 
evaluated outside the current distribution. 

Problem 2. Show that (31) is identical to (29). 

Problem 3. Consider a source (J, p) in a medium whose properties are 
represented by fi, e and a*. Beginning with Maxwell’s equations in phasor 
form, derive the differential equations 

V 2 A — 7 2 A = - pj (10-32) 

Y 2 V-^V=-R (10-33) 

e 

in which <y 2 = jcofi (cr -f jcoe\ It is necessary in the derivation to redefine the 
Lorentz gauge condition. 

^ 10.03 The Alternating Current Element (or Oscillating Electric Di- 
f pole). An excellent example of the use of the retarded vector potential 
occurs in the calculation of the electromagnetic field of an alternating 
current element (or oscillating electric dipole) in free space. A current 
element Idl refers to a filamentary current / flowing along an elemental 
length dl. This is approximated when a current / flows in a very short 
length of thin wire, if the length dl considered is so short that the cur- 
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rent is essentially constant along the length. Although an isolated cur¬ 
rent element may appear to be a very unreal concept, any physical circuit 
or antenna carrying current may be considered to consist of a large num¬ 
ber of such elements joined end to end. Therefore, if the electromagnetic 
field of this “building block” is known, the electromagnetic field of any 
actual antenna having a specified current distribution may be calculated. 

Figure 10-2 shows an alternating-current element I dl cos cot located 
at the origin of a spherical co-ordinate system. The problem is to calcu¬ 
late the electromagnetic field at an arbitrary point P. 

♦ 2 



Figure 10-2. A current element at the center of a 
spherical co-ordinate system. 


The first step is to obtain the vector potential A at P. The general 
expression for A is given by 



(10-34) 


The integration over the volume in (34) consists of an integration over 
the cross-sectional area of the wire and an integration along its length. 
The current density J, integrated over the cross-sectional area of the 
wire, is just the current /, and because this is assumed to be constant 



§10.03 


Radiation 


319 


along the length, integration over the length gives Idl. Therefore in this 
simple example the expression for vector potential becomes* 




I dl COS cd [t —-) 

JM _ V Vi 

An r 


(10-35) 


The vector potential has the same direction as the current element, in 
this case the z direction, and is retarded in time by r/v seconds. The 
magnetic field strength H is obtained through the relation 


/iH-VxA 

Reference to the expressions in chap. 1, showing the curl in spherical co¬ 
ordinates, gives the components of H in terms of A r , A 9i and A+, From 
Fig. 10-2 it is seen that for this case 


A r — A z cos <9; A $ = — A z sin#; ^4* = 0 (10-38) 

Then from expressions (l-45a, b, and c) on page 16, and noting that be¬ 
cause bf symmetry, B/3t}> = 0, 

fiH r = (V x A) r = 0 
pH, = (V x A), = 0 




BA r l 

39. 


^ Idl [ d 
Anr l dr 


I dl sin 9 


An 


sin 6 cos co (t — 
v! 


— CD sin CD \t 


-A. 

dd 

COS CD 


cos 6 


COS CD 




+ 


('-7) 


(10-39) 


rv r 

The electric field strength E can be obtained from H through Max¬ 
well’s first equation, which at the point P(in free space) is 

V X H = eE 


4 J 


V x H dt 


(10-40) 


Taking the curl of (39) and then integrating with respect to time (the 
order is immaterial) gives for the components of E, 


I dl sin # (— <d sin cot f _j_ cos cot f 


Ane 


rv* 


rv 


+ 


sin cDt 


(Dr 


-) 


(10-41) 


^Equation (35) also may be derived by writing the current density J in terms 
of the Dirac deltas introduced in chap. 1 and used in chaps. 2 and 3. Suitable 
delta representations are 

J ~f, Idl cos cot 8( r) (10-36) 

and 

J = t Idl cos cot 8(x) 8(y) 8(z) (10-37) 
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E r = 


21 dl cos B /cos cot' , sin oof' 


47re 


+ : 


cor 


and rewriting (39) 


H s = 


I dl sin ( 
47r 


a) sin cd^ , cos cot 

l _2 


rv 


(10-42) 


(10-43) 


where t' — (t — r/v). 

It is somewhat surprising to find that something so apparently simple 
as a current element should give rise to an electromagnetic field as com¬ 
plicated as that given by (41), (42), and (43). However, a study of these 
expressions soon shows the significance and necessity for each of the 
terms. 

Consider first the expression for H It is seen to consist of two 
terms, one of which varies inversely as r and the other inversely as r 2 . 
The second of these, called the induction field, will predominate at points 
close to the current element where r is small, whereas at great distances, 
where r is large, the second term becomes negligible compared with the 
first. This first inverse-distance term is called the radiation or distant 
field. The two fields will have equal amplitudes at that value of r, which 
makes 

1 __ O) 

r l rv 


that is, at 


r = 


v _ X 

CD 2n 


A 

6 


Except for the fact that t f has replaced t, the induction term 

I dl sin 6 cos cot' 

4 nr % 

is just the magnetic field strength that would be given by a direct ap¬ 
plication of the Biot-Savart law (or Ampere’s law for the current element) 
if this were extended to cover the case of an alternating current 1 cos cot. 
The fact that the true field is a function of t f = t —■ (r/v) instead of t , 
accounts for the finite time of propagation. However, at points close to 
the element where the induction term predominates, r/v is a very small 
quantity and t f ^ t. 

The inverse-distance (radiation) term is an extra term, not present for 
steady currents. It results from the fact of the finite time of propagation, 
which is of no account in the steady-field case. It will be shown later 
that this radiation term contributes to a flow of energy away from the 
source (the current element), whereas the induction term contributes to 
energy that is stored in the field during one quarter of a cycle and re¬ 
turned to the circuit during the next. 
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Examination of the expressions for E e and E r shows that E e has an 
induction (1 /r 2 ) term and a radiation (1/r) term, and E r has a 1/r 2 term. 
In addition, both components of E have a term that varies as 1/r 3 . From 
their similarity with the components of the field of an electrostatic dipole 
(see chap. 2, example 1), these l//* 3 terms are called the electrostatic field 
terms (or sometimes just electric field terms). 

Relation between a Current Element and an Electric Dipole. It is not 
just a coincidence that the expressions for the electric field of the alter¬ 
nating current element should contain terms that correspond to the .field 
of an oscillating electric dipole. Although only current was specified in 
setting up the hypothetical current element, the equation of continuity 
(or conservation of charge) requires that there be an accumulation of 
charge at the ends of the element, which is given by 


^2 = 7 cos cot 
dt 

I 

That is, the charge at one end is increasing and at the other end decreas¬ 
ing, by the amount of the current flow (coulombs per second). In order 
to obtain a physical approximation of an isolated current element, one 
could terminate the current element in two small spheres or disks on 
which the charges could accumulate. If the wire is very thin compared 
with the radius of the spheres (so that its distributed capacitance is 
negligible compared with the capacitance between the 
spheres), the current in the wire will be uniform. 

In addition, the radii of the spheres should be small 
compared with dl, their distance apart, and in turn 
dl should be very much shorter than a wavelength. 

The arrangement then is essentially that of the original 
Hertzian oscillating electric dipole (Fig. 10-3). 


dl 


dq 

dt 


CD 


= I cos cot 
I sin cot 


Figure 10-3. Hertz¬ 
ian dipole. 


From comparison with the electrostatic dipole, the electric field strength 
that would be expected to result from the separated charges at the ends 
of the current element would be 


— £ dj sin 0 __ I dl sin 6 sin cot' 
After* Art ecor* 

2q dl cos 6 __ 2 1 dl cos 8 sin cod 
After* Aftecor 3 


(10-44) 

(10-45) 


These are exactly the 1/r 3 terms that automatically appeared in the solu¬ 
tion for the electromagnetic field of the current element. 
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When a current element forms part of a complete circuit there is no 
accumulation of charge at its ends if the current is uniform throughout 
the circuit, for the current from one element flows into the next. In this 
case, as would be expected, the 1/r 3 terms due to accumulated charge 
vanish, leaving only induction and radiation fields. In terms of a chain 
of Hertzian dipoles (Fig. 10-4), the positive charge at the end of one 
dipole is just cancelled by an equal amount of negative charge at the 
opposite end of the adjacent dipole. However, if the current along the 
circuit or antenna is not_ uniform alon g its length, but is distributed as, 
for example, in Fig. 10-5, this could be represented as a chain of current 



Charge distribution 


■\ 


-Current distribution 


e 


Figure 10-4. Chain of Figure 10-5. Current and charge distribution on a linear 
Hertzian dipoles. antenna. 


elements, or Hertzian dipoles, having slightly different amplitudes. In 
this case the adjacent charges do not completely cancel, and there is an 
accumulation of charge on the surface of the wire, as indicated in Fig. 
10-5. These surface charges are responsible for a relatively strong com¬ 
ponent of electric field strength normal to the surface of the wire. 

Problem 4. Obtain expressions (41) and (42) for E& and E r due to a cur¬ 
rent element through the alternative relation 

E = - A — VV 

(Note: Obtain V from A through V*A= — fieV; alternatively write V 
directly from the charges that can be obtained from I through the equation 
of continuity.) 

Problem 5. Starting with the expression Idl for a current element, show 
that the phasor expressions for vector potential and field strengths will be 
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£ , =IM ^ v+f+ _y 


where ft = co/v = 27t/\ rj = \ZJPfe = fiv. 

1 0.04 Power Radiated by a Current Element. The power flow per 
unit area at the point R will be given by the Poynting vector at that 
point. The instantaneous Poynting vector is given by £ X fi and it will 
have both 0 and r components. Replacing v by c ^ 3 x 10 8 for free- 
space propagation, the 0 component of the instantaneous Poynting vector 
will be 


P*=- E t H * 


PdP sin 20 /sin 2 otf' 

cos 2 cot 1 

sin cot' cos cot 1 

“ 167r 2 e \ r 4 c 

Pc 

a>r 5 


Pdl 2 sin 28 f— cos 2cot' sin 2cot* . co sin 2cot'\ 
1 6tt 2 € \ Pc 2 cor 3 T 2Pc 2 ) 


co sin cot' cos cot'\ 
Pc 2 ) 

(10-46) 


The average value of sin 2cot ' or cos 2 cot 1 over a complete cycle is zero. 
Therefore, for any value of r , the average of P e over a complete cycle is 
zero. P 9 represents only a surging back and forth of power in the 0 direc¬ 
tion without any net or average flow. The radial Poynting vector is 
given by 

P r = E e H* 

— sin2 @ / sin cot 1 cos cod , cos 2 ^' _ co sin cot' cos cod 
~~ I67t 2 e \ coP Pc Pc 2 

— s * n2 Vi* __ co sin cot ' cos cot' , co 2 sin 2 cod \ 

Pc Pc 2 Pc 3 / 


_ j 2 dPsin 2 d /sin 2 cot 1 , cos 2 cot 1 co sin 2cot' , co 2 (l — cos 2ox / )\ 

~ 16tt 2 € \ 2cor 5 ^ r 4 c r 3 c 2 ^ 2PP ) 

(10-47) 

The average value of radial Poynting vector over a cycle will be due 
to part of the final term only and is 

D _ co 2 Pdl 2 sin 2 0 
^ r(av) “ 22tc 2 P c 3 e 

= w,t,s/sqm (10 -48) 

None of the terms in the expressions for the Poynting vector represents 
an average power flow except that of eq. (48). The only terms of E 
and H that contribute to this average power flow are the radiation 
or inverse-distance terms. At a large distance from the source these 
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radiation terms are the only ones that have appreciable value, but 
even close to the current element, where the induction and electric 
fields predominate, only 1/r terms contribute to an average outward 
flow of power. 

That it is only the inverse-distance terms that can contribute to 
an outward flow of power from the source can be proven by simple 
reasoning. If one considers two concentric shells of radii r L and r 2 
enclosing the source, then the average outward rate of energy flow 
through shell r, must be the same as through shell r u if there is to 
be no continuous accumulation (or decrease) of energy stored in the 
region between them. This requires that the power density decrease 
as l/r 2 since the area of the shells increases as r 2 . The power density 
is proportional to E times H (or to E 2 or H' 1 ), so E and H , which 
contribute to an average radial power flow, must be proportional to 
l/r. Components of E or H , which are inversely proportional to r or 
r 3 , can contribute to an instantaneous flow of energy into the region 
between the shells, but this energy must be returned to the source 
because it cannot be stored permanently in a finite volume of the 
medium. 

From eqs. (41), (42), and (43) the amplitudes of the radiation fields 
of an electric current element Idl are 




cal dl sin 6 
4?tev 2 r 


rf l dl sin 1 9 
2Xr 


60tzI dl sin 6 
rX 


(10-49) 



cf8 


Figure 10-6. Element of area on a 
spherical surface. 



col dl sin 0 
4rtvr 


I dl sin 6 
2 Xr 


(10-50) 


The radiation terms of E d and H * 
are in time phase and are related 
by 



(10-51) 


The total power radiated by the 
current element can be computed 
by integrating the radial Poynting 
vector over a spherical surface 
centered at the element. P r is in- 
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dependent of the azimuthal angle <£>, so the element of area on the 
spherical shell will be taken as the strip da where 

da = lur sin 6 d6 


Then the total power radiated is 


Power = 


surface 


r r(av) 


C x rj f oildl sin 6 \ 
Jo 2 \ 4 7trc / 


2itr 2 sin 9 dd 


Tjco 2 1 2 dl 2 r T 

l67tC l Jo 


sin 3 9 dd 


tjco 2 l 1 dl 2 
I67CC 2 



(sin 2 9 + 2) 


rj+Pdl 2 

line 2 


X 

0 


watts (10-52) 


In this expression I is maximum or peak current, 
currenj the power radiated is 


Power = 


67 tc 1 


In terms of effective 


= 80nr 2 



2 


The coefficient of 7 2 ff has the dimensions of resistance and is called 
the radiation resistance of the current element. Then, for a current 
element, 

*raa = 807r 2 (^) 2 (10-53) 

10*05 Application to Short Antennas* The hypothetical current 
element is a useful tool for theoretical work, but it is not a practical 
antenna. The practical “elementary dipole” is a center-fed antenna 
having a length that is very short in wavelengths. The current am¬ 
plitude on such an antenna decreases uniformly from a maximum at 
the center to zero at the ends [Fig. 10-I(a)]. For the same current I 
(at the terminals) the (short) practical dipole of length / will radiate 
only one-quarter as much power as the current element of the same 
length, which has the current 7 throughout its entire length. (The 
field strengths at every point are reduced to one-fialf, and the power 
density will be reduced to one-quarter.) Therefore, the radiation 
resistance of a practical short dipole is one-quarter that of the current 
element of the same length. That is 

7?rad (short dipole) = 20+ 

200 ohms (10-54a) 
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The monopole of height h [Fig. 10-7(6)], 
or short vertical antenna mounted on a 
reflecting plane, produces the same field 
strengths above the plane as does the 
dipole of length l — 2h when both are 
fed with the same current. However, the 
short vertical antenna radiates only 
through the hemispherical surface above 
the plane, so its radiated power is only 
one-half that of the corresponding dipole. 
Therefore the radiation resistance of the 
monopole of height h = 1/2 is 

(monopole) = 107r 



( 6 ) 

Figure 10-7. Current distribution 
on short antennas: (a) short di¬ 
pole; (6) short monopole. 



ohms (10-54b) 


These formulas hold strictly for very 
short antennas* only, but they are good approximations for dipoles 
of lengths up to quarter wavelength, and monopoles of heights up to 
one-eighth wavelength. 

10*06 Assumed Current Distribution* In order to calculate the elec¬ 


tromagnetic fields of longer antennas, it is necessary to know the 
current distribution along the antennas. This information should be 
obtainable by solving Maxwell’s equations subject to the appropriate 
boundary conditions along the antenna. However, for the cylindrical 
antenna, this is a comparatively difficult problem, and it is only in 
quite recent years that satisfactory solutions have been obtained. One 
of these will be considered in chap. 14. In the absence of a known 
antenna current, it is possible to assume a certain distribution and 
from that to calculate approximate field distributions. The accuracy 
of the fields so calculated will, of course, depend upon how good an 
assumption was made for current distribution. By thinking of the 
center-fed antenna as an open-circuited transmission line that has been 
opened out, a sinusoidal current distribution with current nodes at the 
ends is suggested. The fact that it is known from Abraham’s work on 


♦Lower-case symbols, l and h y have been used in eq. (54) for these short anten¬ 
nas. For general-length antennas, discussed in the next section, the symbols L and 
H are used. 
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thin ellipsoids that the current will be truly sinusoidal for the infinite¬ 
ly thin case, makes this assumption more justifiable. It turns out to 
be a very good assumption for thin antennas, sufficiently good in fact, 
that even with more accurate (and much more complicated) formulas 
available, the sinusoidal distribution is still used for much of the work 
in the antenna field. When greater accuracy is desired, and in those 
particular cases where the sinusoidal assumption breaks down entirely, 
it is necessary to use a distribution that is closer to the true one. 



Figure 10-8. (a) Center-fed dipole with assumed sinusoidal current 
distribution; ( b ) corresponding monopole. 

Figure 10-8(u) shows a center-fed dipole with a sinusoidal current 
distribution, and Fig. 10-8(2?) shows the corresponding monopole. “A 
dipole antenna * is a straight radiator, usually fed in the center, and 
producing a maximum of radiation in the plane normal to the axis. 
The length specified is the overall length.” The vertical antenna (of 
height H = L/2) fed against an infinitely large perfectly conducting 
plane has the same radiation characteristics above the plane as does 
the dipole antenna of length L in free space. This is because the fields 
due to a current element Idz when reflected from the plane, appear 
to originate at an image element located beneath the plane. Moreover, 
the impedance of the vertical antenna fed against the reflecting plane 
is just one-half that of the corresponding dipole of length L — 2H. 
Thus the dipole of Fig. 10-8(a) and the corresponding base-fed vertical 
antenna of Fig. 10-8(2?) can be solved conveniently as one problem. The 
base-fed vertical antenna of Fig. 10-8(2?) will be referred to simply as 


*IRE Standards on Antennas , 1948. 
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a monopole of height H , the infinitely large, perfectly reflecting plane 
being understood, unless otherwise stated. The corresponding center- 
fed dipole will be referred to as a dipole of length L = 2 H or as a 
dipole of half-length H. 

The image principle used here is discussed further in chap. 11. 

10.07 Radiation from a Quarter-wave Monopole or Half-wave 
Dipole. It will be assumed that the current is sinusoidally distribut¬ 
ed as shown in Fig, 10-8. Then 

I ' = I m sin /3(H — z) z > 0 


I — l m sin f}(H + z) z < 0 


where I m is the value of current at the current loop or current maxi¬ 
mum, The expression for the vector potential at a point P due to the 
current element Idz will be 


dA z = 


pi e J&R dz 
AtzR 


where R is the distance from the current element to the point P. The 
total vector potential at P due to ail the current elements will be 

, _ p f° I m sinf3(H + z)e- j * R dz 

| £ Lrn sin fi(H_ - z) dz (10-55) 

Because only the distant or radiation fields are required in this prob¬ 
lem, it is possible to make some simplifying approximations. For the 
inverse-distance factor (the R in the denominator) it is valid to write 

R^r 


However, for the R in the phase factor in the numerator, it is the 
difference between R and r that is important. For very large values of 
R the lines to the point P are essentially parallel and for the R in 
the phase factor one can write approximately 

R = r — z cos 6 


Then the expression for A z becomes 

A z = [|° b sin + z) e iB ‘ cos * dz 

+ f sin — z) e^ z cos 0 dz 
J 0 

For the particular case of H = X/4, 

sin @{H + z) = sin jS(H — z) — cos (3z 
and the integral becomes 


(10-56) 
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,, T o~j$ T r H 

A, = £%£— | cos l3z(e iB! 005 9 + e- 1Sz 008 0 dz 

4 7tr J o 


— It™ -j [cos {/3z( 1 + cos (9)} + cos f/3z(l — cos (9)}] dz 

4izr Jo 


film e~ ji3r f sin \j8z(l + cos (9)] , sin [fiz(l — cos fl)] ) 
4 7tr 1 /3(1 + cos 0) /3(1 — cos 6) 1 


\/4. 

0 


4?c/3r 


(1 — cos 8) cos cos 9^j + (1 + cos (9) cos cos 


sin- 0 


_ jilm e 


-Mr 


2n fir 


i (2 cos s ) 

sin 2 <9 


(10-57) 


We recall from problem la that when the current is entirely in the z 
direction, 


l 


P H <t, = sin 8 


The expression for magnetic field strength at a distant point will be 


H, = 


jjm e_ 


■Mr 


2izr 


(a cosg ) 

sin 6 


(10-58) 


where only the inverse-distance term has been retained. The electric 
field strength for the radiation field will be 

E$ — rjH# 


_ j6QI m e 


-Mr 


cos (J cos 6 1 


sin 1 


(10-59) 


The magnitude of the electric field strength for the radiation field of 
a half-wave dipole or quarter-wave monopole is 


60/ m 


cos | J cos 6 


sin 6 


V/m (10-60) 


Eq and H\ are in time phase so the maximum value in time of the 
Poynting vector is just the product of the peak values of Eq and 
and the average value in time of the Poynting vector will be one-half 
the peak value. Then 


P = 

A.V ^ 


8 7t' Z i 


cos 2 (J cos 9 


sin 2 9 


The total power radiated through a hemispherical surface of radius r 
(Fig. 10-6) will equal 
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P^da 


-nlk\ 

~ 4?t 


+ tc /2 


COS' 


(- 2 C0S *) 


sin 6 


dd 


(10-61) 


It is necessary to evaluate this integral. Most of the difficulty in radi¬ 
ation problems is usually in connection with the evaluation of an 
integral. The following, substitutions are typical. 


r*/2 

J o 


COS' 


(? cos °) 

sin d 


dd 


=41 


1 f * /2 1 + cos ( 7 r cos 0 ) 


sin d 


dd 


Let 


dd 


u — cos d 
du — — sin d dd 
— du du 


sin 6 sin 2 d 


1 


u ■ 


j-*/a 
) 0 


COS“ 


~cos 


sin 6 


dd 


J_ f° 

2 J* 


(1 + COS 7tu) 
1 - w 2 


du 

1 


= 41 (1+,:os ”' ) (rh + 

i± 

4 j-i 1 




1 + COS 7ZU 


Let 


+ u 

V = 7f(l + w) 

dv ~ it du 
dv __ du 
v 1 + w 

7CU ~ V — 7t 

cos 7 tw = cos v cos 7T + sin v sin it = 


cos v 


Therefore 


1 


COS' 


(t cos<? ) 


^ cos <9, , . 

4 Jo 


sin 6 

_ J__ r 2 * fjf _ _ 2^ , 

~ 4 J 0 \2! 4 ! ^ 6 ! 8 ! * ” 


dv 


dv 


1 / V 2 V 4 

■“ T \bV. 4^4! 


+ 


6 - 6 ! 8 - 8 ! 


+ . 


(10-62) 


The series of eq. (10-62) can be evaluated by substitution. It does 
not converge rapidly and so a number of terms must be used. This 
evaluation is shown below. 


v ~2nt — 6.2832 
2* 2! = 4 


log 10 t> = 0.79818 
logioV 2 = 1.59636 
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log 10 2-2! = 0.60206 
logio 27jj = -99430 = 9.870 

The other terms are found in a similar manner. Using eight terms, 
the sum of the positive terms is 26.878 and the sum of the negative 
terms is 24.441. Therefore 



graphically or by Simpson’s or the trapezoidal rule. For example by 
the tApezoidal rule if 6 is taken in increments of 5°, then the following 
table is constructed: 



- T6 x 6 - 987 

= 0.609 


This method of numerical integration shows that in a given antenna 
problem, if the current distribution is known, the radiation resistance 
may always be found by straightforward methods, although the integra¬ 
tion may be tedious. The power radiated through the hemispherical 
surface is obtained by inserting the value of the integral in (61). Then 

Radiated power — 0^097//^ 
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In this expression I m is peak current. In terras of effective current the 
radiated power would be 

Radiated power = Q-609 77 /^,^ 

271 

= 36.5/^ m (10-64) 

Therefore the radiation resistance of a quarter-wave monopole antenna 
is 36.5 ohms. 

For the half-wave dipole antenna in free space, power would be 
radiated through a complete spherical surface. Therefore, for the same 
current the power radiated would be twice as much, and the radiation 
resistance for the half-wave dipole is 

R r&a — 73 ohms 

Problem 6, Derive the expression for the radiation term of the electric 
field of a half-wave dipole (eq. (10-60)] without the use of the vector poten¬ 
tial, that is, by adding directly the (distant) fields owing to the current ele¬ 
ments. 

Problem 7. Derive the general expression corresponding to eq. (59) for 
the (distant) electric field of a dipole antenna of any half-length H. It is 

^ j60I m e~ j&T f cos (fiH cos 0) — cos ftH' j 

Eb = —7 — L - J 

Problem 8. Write the expression for the power radiated through a spheri¬ 
cal surface by the dipole of half-length H 

10.08 Sine Integral and Cosine Integral. The series of eq. (62) 
that resulted from the integral 

f* l.~ cost ; dv 

Jo V 

has been evaluated and can be found in tables. It is designated as 
^(x). This series also occurs in the integral 

Ci(x)= - (10-65) 

J x V 

This latter integral is called the cosine integral of x, and is abbrevi¬ 
ated as shown. A companion integral defined by 

Si (X) = f* “S-® dv (10-66) 

Jo V 

is known as the sine integral of x. 

The cosine integral of x is related to S^x) by 

Ci (x) = In x + C — 5\(x) 
where C = 0.5772157 is Euler's constant, and 
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«» = i: + ^ -+■ • <>»-«) 

These integrals occur frequently in radiation problems. They have 
been studied extensively, and tables giving their values may be found 
in several books.* 

Problem 9. Integrate the expression of problem 7 and show that the 
general expression for the radiation resistance of a dipole of half-length H is 

R r ad = 30 [Si(b) - [Si(2b) - Si (b)] cos b 4- lSi(2b) - Si (b)] sin b 
4- [1 4* cos b] S\(b) — sin b Si (6)} 
where b = 2 j3H 

10.09 Electromagnetic Field Close to an Antenna. In section 
1 0.07 and problem 7 expressions for the radiation or distant fields 
of an antenna~were derived. For some purposes, for example to deter¬ 
mine the mutual impedance between antennas, it is necessary to know 
the electric and magnetic fields in the neighborhood of the antenna. 
In this region the field is often called the near field, in contrast to 
the distant or radiation field. Because the near field will include in¬ 
duction and electric as well as radiation fields, it can be expected to 
be more complex than the distant field. The answer of most interest 
will be the component of electric field strength parallel to the antenna, 
that is E 7 . For this reason it is convenient to use a cylindrical co¬ 
ordinate system, or actually a combination of cylindrical, spherical, 
and rectangular co-ordinate systems. This is shown in Fig. 10-9, where 
the antenna is assumed to extend along the z axis. In this figure the 
following relations will hold: 

R = VO — ti) 2 + y 2 

Ri = VO 

Rt = VO + Hf + / 

r= VF+7 

The co-ordinates of the point P are (p, <£, z) in cylindrical co-ordi¬ 
nates (or r, 6, <f> in spherical co-ordinates). However, because of sym¬ 
metry, there are no variations in the <f> direction and so, without loss 
of generality, the point P may be located in the y-z plane (<j> = 90 
degrees plane). In this case p = y, and the distances from various points 
along the antenna will be as indicated in the figure. 

*E. Jahnke and F. Emde, Tables of Functions , B. G. Teubner, Leipzig 1933; F. 
E. Terman, Radio Engineers Handbook, McGraw-Hill Book Company, New York, 
1943. 
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z 



Figure 10-9. Geometry for fields near the 
antenna. 


Again assuming a sinusoidal distribution of current, the antenna 
current will be 

I = I m sin /3(H - h) h>0 

I = I m sin fi(H + h) h< 0 

The expression for vector potential at the point P will be 

A C* sin/3(H-k)e->e R , h f° sin 0(H + h) e^ R , J 

4^iJ 0 P R h . 

Replacing sin /3(/Z — /z) with 




and using a corresponding expression for sin /3(/Z + h), there results 


A, = & \e**{ -—=— dh — e~ iSE f e -^-dh 


r R 


: %7tj i Jo R 
a r° p -;j3(R-A 


+ f - dh _ f £— dh (10-68) 

J - r R J -fir R 

In cylindrical co-ordinates the magnetic field strength at the point 
P will be given by 

pH* = (V x A)* — — Mr 

With the point P in the y-z plane, this can be written as 
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[‘"'J. ^ (—)" - ‘'“'I | (Sr-)" 
+ ‘“'L|;(Sr-) ‘'*-""1-4 (Sr-)" 

‘onsider the first term only, 

r R A /0-j$(R+ti)\ n r . 

r-) dh = ‘‘“i 


r dy 

rB r__jj3y e -j&{R+k) 


(10-69) 


;fl(R+A) 


(10-70) 

The integrand turns out to be a perfect differential. Integrating gives 




ye 




R(R + h — z) 


= y e^ 5 


0 -;/3(ze l+ ir) 


-j&T 


ye 


j&H 


lRi(Ri + H-z ) r(r - z). 

(i? t - + z) (r + z) 6T j/3r ' 

. *,[/« — (// — ^) 2 ] r(r 2 -z 2 ) 


But » R{ — (H — z) 2 = r -z 2 =y 2 

so that the first term becomes 

0 iRB r. 


(‘ - xl c '**'*'’ - (' + f) 




Similarly the second, third, and fourth terms of eq. (10-69) are 
e~ 


,-j&B 

\( 1 + H r Z ) 

e -j8(Ry-H) _ 

(1 - —] 

j e~ i8T 

y 



V r j 


e* B 

Yi - H + ?) 

0 -}&(«*+ m j 

\ _±) 

e ~)Sr 

y 

V Ri I 


v r) 


9 -j$B 

[(l+" + *) 

I _ 

(l + — 

| e~ 1Sr 

y 

_ \ R 2 / 


\ r / 

f 


Adding these four terms, the magnetic field strength can be obtained. 
It is 

H t =- is, ( e — + e — - 2jmM (10-71) 
* 4*7 \ y y y> 

The electric field can be obtained from the magnetic field by recalling 
that in free space 

1 


E = -^-V x H 

JO)€ 


In the x = 0 plane 


E, = X (V X $Hi), = J-<L(yH t ) 
jcoe T Y jcoeyoy 

E v = 4-(V x $H+) y = - J-!-(«♦) 
jcoe y jcoe az 


(10-72) 

(10-73) 
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Substituting the expression for Hj, in these equations gives 


which reduces to 


„ /p-j&R i p-JBRt 

£ -=-^°'-(V + V 


2 cos /3H-—J (10-74) 


Similarly, 


Ey = j30f m 


z-H ' z + H m e~ j(3R ' _ 2z cos 

■ y 7 r 


(10-75) 


and rewriting the expression for magnetic field strength 


Ht = + <r J/3R * - 2 cos /W7 e~ j0T ) . (10-76) 

rjy 


Equations (74), (75), and (76) give the electric and magnetic field 
strengths both near to and far from an antenna carrying a sinusoidal 
current distribution. It is quite remarkable that something so complex 
as the electromagnetic field close to an antenna should be expressible 
by such simple relations. The secret of this result lies in the integral 
of eq. (70), the integrand of which turned out to be a perfect differ¬ 
ential. This happy circumstance occurred only because the current 
distribution was stipulated to be sinusoidal (although it also occurs for 
an unattenuated traveling-wave distribution, two of which can be 
combined to give the sinusoidal distribution). The result becomes even 
more remarkable when the expression for the important parallel com¬ 
ponent E z is considered and interpreted. Examining eq. (74), it is seen 
that the first term represents a spherical wave originating at the top 
of the antenna. The numerator is the phase factor and the denominator 
is the inverse-distance factor. Similarly, the second term represents a 
spherical wave of equal amplitude originating at the other end of the 
antenna, or, in the case of a monopole antenna on a reflecting plane, 
at the image point of the top of the antenna. Finally, the third term 
represents a wave originating at the center of the antenna (at the base 
in the case of a monopole antenna). The amplitude of this latter wave 
depends upon the antenna half-length H . It is zero for H — X/4, that 
is, for a half-wave dipole or quarter-wave monopole. The sources of 
the spherical waves represented by the terms of eq. (74) are isotropic, 
that is they radiate uniformly in all directions, as is the case, for 
example, for a point source of sound. If a point source of sound is 
situated above a perfect (acoustic) reflecting plane, an equal image 
source is automatically obtained. Thus it is seen ‘that the pressure field 
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of a single, point source of sound located one-quarter wavelength above 
a reflecting plane will give a true representation of both magnitude 
and phase of the parallel component of electric field strength about a 
quarter-wave monopole or half-wave dipole carrying a sinusoidally 
distributed current Antennas of other lengths may be represented by 
two point sources. This fact has been used* to give experimental data 
from which the (electrical) mutual impedance between antennas can 
be computed. 

Equations (74) and (75) can be used to calculate the parallel and 
normal components of electric field strength in the immediate neighbor¬ 
hood of an antenna. Figures 10-10 and 10-11 show the calculated 



Figure 10-10. In-phase and quadrature terms of parallel component of electric 
field strength along a half-wave dipole. (Calculated for a number 4 wire at 20 
MHz carrying an assumed sinusoidal current distribution.) 


valuest of the components of E at the surface of a half-wave dipole 
for the assumed sinusoidal current distribution. Figure 10-10 shows 
the relative magnitudes of the in-phase and quadrature terms of E z , 
the parallel component of E. Figure 10-11 compares the relative 
magnitudes of the quadrature terms of parallel and perpendicular 
components of E. It is seen that except very near the ends of the 
antenna the normal component is very large compared with the parallel 
component. 

*E. C. Jordan and W. L. Everitt, “Acoustic Models of Radio Antennas,” Proc. 
IRE , 29, 4, 186 (1941). 

tP. S. Carter, “Circuit Relations in Radiating Systems,” Proc. IRE , 20, 6, 1004 
(1932). 
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Figure 10-11. Quadrature terms of both parallel and perpendicular 
components of electric field strength along a half-wave dipole. 
(Calculated for a number 4 wire at 20 MHz carrying an assumed 
sinusoidal current distribution.) 


Problem 10. Verify that 




—jfiy e~3®( R+tl ) 

R} 


y y e -j&{R+n) 

\ dh = Mr + h -z) 


(10-77) 


where R , h , z, and y are as indicated in Fig. 10-9. 

10,10 Solution of the Potential Equations, Earlier in this chapter differ¬ 
ential equations for the vector and scalar potentials were derived and their 
solutions were given with neither verification nor derivation. In order to com¬ 
plete the discussion of radiation fundamentals a solution will be carried out 
for the phasor Helmholtz equations 

V 2 A-ry 2 A = - fjJ (10-78) 

V 2 K~ 7 2 V= - p/e (10-79) 

already derived in problem 3. The propagation constant 7 is taken to have a 
positive real part and is given by 

<y = a 4- jfi = V jo)jJb((7 -f* yme) ( 10 - 80 ) 

Equations (78) and (79) are four scalar equations (for V and the three rectan¬ 
gular components of A) but only one need be solved since all have the same 
form. Of all the equations having this form, the simplest is the one having 
a unit point source represented by a three-dimensional Dirac delta. The 
function G which satisfies this equation is called the Greens function and 
the equation itself is 


V 2 G - 7 2 G = - 8 


(10-81) 
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It will be shown that the function G is an important part of the solutions 
to (78) and (79) and thus it is necessary first of all to find a solution to 
(81). 

Let it be assumed for simplicity that the Dirac delta in (81) is located at the 
origin, making the solution G spherically symmetric about the origin. Thus at 
all points other than the origin, G must satisfy 


1 d ( o dG\ 
r 2 dr V dr) 


— ry-G ~ 0 


which may be written in the more convenient form 




(10-82) 


Equation (82) may be multiplied by r and integrated directly to give 


G 



(10-83) 


in which C is an arbitrary constant. The solution having the negative sign 
in th^ exponent will be used since it represents a wave whose amplitude 
decreases with increasing distance from the source. The value of C is deter¬ 
mined by the strength of the source and thus C may be found by returning 
to (81), which contains the Dirac delta source function. The procedure is to 
substitute (83) into (81) and then to integrate over a small spherical volume 
V surrounding the origin. The radius of the spherical volume is taken to be 
so small that everywhere inside it, e^ r ~ 1. Thus the integral is 

cf V’(|) dV-tfC^-j dV= - J^S(r )dV ( 10 - 84 ) 

The first term may be evaluated by noting that the integrand appears in 
Poisson’s equation for a point charge at the origin 



Using Poisson’s equation, the first term in (84) is 

C \v ("r) dv ~ C If 4?r ^ r )l dV= — AnC 

The second term in (84) approaches zero as the radius of the sphere approach¬ 
es zero and the third term is minus one, giving finally C — (47r) _1 . Thus the 
Green’s function is 


G 


47T/- 


(10-85) 


and it represents an outgoing spherical wave with a unit source at the origin. 

The Green’s function is used in obtaining a solution for equations (78) and 
(79). Consider one component of (78), say the x component: 

V /2 A x ( r') - r M*') = - f*Ur') (10-86) 

(Primes have been attached to the co-ordinates in order to simplify the final 
result). The corresponding Green’s function equation is 
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V'W, r) - 7 2 G(r', r) = - S(r' - r) (10-87) 

which by comparison with (85) has the solution 

G(r',r)= e ~ (10-88) 

in which 

R = VU' — x)* +(/ — y) 2 + (z' — z) 2 = |r' — r|. 

If (86) is multiplied by G and (87) is multiplied by A x , the difference be¬ 
tween the two equations is 

8(r' — r) /Ur') — /aU r') G(r', r) = G(r', r) V' 2 A x { r') — Ajj') V' 2 G(r', r) 

(10-89) 

This equation now may be integrated over an arbitrary volume V surrounded 
by a surface S. Application of Green's theorem (1-51) gives 

[§(r' - r) A x (r') - fiJ x ( r') G(r', r)] dV’ = f^ f G(r', r) V' ^x(r') 

— A x (r') V' G(r', r) j • da! (10-90) 
If the surface S is a sphere with radius r, then (90) becomes 
J r [8(r' - r) /Ur') - r') G(r', r) ] dV’ = j^GCr', r)^£ 

- A x (r') da' (10-91) 

If the radius r is made to approach infinity (so that V includes all of space) 
the quantities G and A x on S may be written as far-field approximations. 
Thus the Green’s function has the general form 

G(r', r) = M{6', <f>', r) (10-92) 

It is reasonable to assume that A x also has the form of an outgoing spheri¬ 
cal wave: 

/Ur') = N(d', 4>') e -^~ (10-93) 

It is easy to show that (92) and (93) cause the integrand on the right-hand 
side of (91) to go to zero. The left-hand side of (91) thus becomes 

/Ur) = p | Ur') G(r', r) dV' (10-94) 

The y and z components of A may be treated similarly and added vectorially 
to give a single expression for the vector potential. A similar expression for 
the scalar potential also may be derived. Thus the expressions for the poten¬ 
tials in terms of their sources are 

A(r) = J J(r') G(r', r) dV’ 


(10-95) 
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V(r) = -L J p(r')G(r', r) dV' (10-96) 

for which G is given by ( 88 ). If the medium is assumed to be lossless then 
7 = j/3 and (95) and (96) reduce to (24) and (25). 

10.11 Far-field Approximation. Electromagnetic fields far from a 
source are especially important since they are the radiation fields. A 
far-field approximation was applied to the case of a linear antenna in 
sec. 10.07 and this approximation need be changed only slightly in 
order to be applicable to any current distribution. Consider an arbitrary 
current distribution J located in the vicinity of an origin of co-ordi¬ 
nates as shown in Fig. 10-12. If the distance r is large compared to 


Source point 



a wavelength and also large compared to the largest dimension of the 
source, then the observation point is said to be in the far field. 
Under these conditions R is approximately parallel to r and the 
distance R is approximately r reduced by the projection of r' on r. 
That is, to a first approximation 

R^r- r'r (10-97) 

This approximation is appropriate for the exponential in the Green’s 
function (88) but for the denominator it is sufficient to replace R 
with /*. These approximations permit (95) to be expressed as 

[ (10-98) 

in which f(<9, <£) = f J(r') e 1T ' r dV f (10-99) 

The magnetic and electric field strengths now may be expressed in 
very simple forms using (98). 
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where y = V jcofi(a + jcoe) and rj — ^jcofi/ia + jcoe) 

In the derivation of (100) and (101) all terms proportional to r“ 2 and 
r~ 3 have been left out so that only the radiation terms remain; the 
details of the derivation are left as an exercise for the reader. 


ADDITIONAL PROBLEMS 

11 . Obtain expressions for the far field of a half-wave dipole using (100) 
and (101), and check your answers against the results of sec. 10.07. 

12. (a) At what distance from a 60-cycle circuit is the radiation field 
approximately equal to the induction field? 

(b) Approximately what are the relative amplitudes of the radiation, in¬ 
duction, and electric fields at a distance of 1 wavelength from a Hertzian 
dipole? 

13. (a) Show that the unattenuated radiation field at the surface of the 
earth of a quarter-wave monopole is given by the formula 

6 14 

E = mv/m effective 

where r is in miles and W is the power radiated in watts. The unattenuated 
field is the value of field strength that would exist if the earth were perfectly 
conducting. 

(b) Derive the corresponding expression for a short monopole (H A,). 

14. A half-wave dipole is located parallel to and one-quarter wavelength 
from a plane metallic reflecting sheet. Sketch the lines of current flow in the 
sheet. (Suggestion: Use the image principle and the relation J = n x H.) 

15. Short vertical monopole antennas that are suitably “top-loaded” with 
a capacitive load, have an essentially uniform current along their whole 
length. Set up the vector potential and derive an expression for the average 
value (in time) of the Poynting vector at large distances from such an 
antenna. 

16. (a) Set up an expression for the vector potential due to a traveling- 
wave current distribution 


i(z) = I m e- iQz 

along a terminated wire antenna of length L. 

(b) Show that the distant field of such an antenna is given by 

= KT^F) P - 2 cos A 1 - cos ff) L ]‘/ 2 
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17. (a) A toroidal coil has a large number of closely wound turns on a 

core of high permeability so that at d-c virtually all of the magnetic flux is 
confined to the core (Fig. 10-13). When an alternating current flows in the 



winding, is there at the point P (1) a value of vector potential A? (2) a 
value of magnetic field H? (3) a value of electric field E? 

Assuming a current of 1 amp at 60 Hz through a 1000-turn winding, and 
fjb = 1000/x»: 

(b) Approximately what is the voltage around the path 5 ? 

(c) What is the order of magnitude of each of the vectors of parts (1), 
(2) and (3) above? 

18. It is possible to define a single function, called the Hertzian vector, 
from which both electric and magnetic field strengths may be derived. This 
vector is 

Z = — f A dt 
fiej 

Using this function, show that: 

(a) E = - jieZ + V(V-Z) 

(b) H = eV x Z 

(c) V 2 Z = fie Z (in free space, where V X H = D) 
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Chapter 11 


ANTENNA FUNDAMENTALS 


11.01 Introduction. The first ten chapters of this book have been 
devoted to the basic theory of electromagnetic fields. By the very nature 
of his profession the engineer cannot be content with theory, however 
interesting, but must eventually apply his knowledge to the solution of 
practical problems in the real world. In the antenna field this transition 
from^theory to practice is greatly facilitated by a knowledge of the basic 
properties of antennas, as well as the role of the antenna element in the 
overall system. It is truly astonishing how many significant practical 
problems can be solved using only the simplest concepts. It is the purpose 
of this chapter to develop some of these elementary concepts, and to show 
how the antenna takes its place as a system element. 

The important properties of an antenna as an element in a system are 
its directional characteristics, including directive gain and polarization, 
and its impedance. Although these characteristics will be determined for 
the antenna as a transmitting element, the results also hold for reception, 
as can be readily demonstrated by means of the reciprocity theorem (secs. 
11.02 and 13.06). 

\ \ .02 Network Theorems. In ordinary circuit theory certain network 
theorems have proven valuable in the solution of a great many problems. 
The validity of these theorems is based upon the linearity and/or the 
bilateralism of the networks. In electromagnetic field theory the solution 
of any antenna problem can be obtained (at least in theory) by applica¬ 
tion of Maxwell’s equations and the appropriate boundary conditions. 
The field equations themselves are linear, and as long as the “constants” 
fi, e, and a of the media involved are truly constant, that is, do not 
vary with the magnitude of the signal (linearity) nor with direction 
(bilateralism), the same theorems can be applied. The usefulness of such 
theorems in antenna work is evidenced by the fact that with their aid 
nearly all the properties of a receiving antenna can be deduced from the 
known transmitting properties of the same antenna. A few of the theorems 
that are most commonly used in antenna problems are the following: 

Superposition Theorem. In a network of generators and linear imped- 
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ances, the current flowing at any point is the sum of the currents that 
would flow if each generator were considered separately, all other gen¬ 
erators being replaced at the time by impedances equal to their internal 
impedances. 

This fundamental principle follows directly from the linearity of 
Ohm’s law and the field equations. When a network of impedances is 
linear, a given increase in voltage produces an increase in current that is 
independent of the magnitude of current already flowing. Therefore the 
effect of each generator can be considered separately and independently 
of whether or not other generators are actually generating. 

Thevenin's Theorem . If an impedance Z R be connected between any 
two terminals of a linear network containing one or more generators, the 
current which flows through Z R will be the same as it would be if Z R 
were connected to a simple generator whose generated voltage is the 
open-circuit voltage that appeared at the terminals in question and whose 
impedance is the impedance of the network looking back from the 
terminals, with all generators replaced by impedances equal to the internal 
impedances of these generators. 

This theorem follows from the principle of superposition. A proof of 
it can be found in any of the references on circuit theory. 

Maximum-power Transfer Theorem. An impedance connected to two 
terminals of a network will absorb maximum power from the network 
when the impedance is equal to the conjugate of the impedance seen 
looking back into the network from the two terminals. 

Corollary: The maximum power that can be absorbed from a network 
equals Vl c /4R, where V <*. is the open-circuit voltage at the output terminals 
and R is the resistive component of the impedance looking back from the 
output terminals. 

Compensation Theorem * Any impedance in a network may be re¬ 
placed by a generator of zero internal impedance, whose generated voltage 
at every instant is equal to the instantaneous potential difference that 
existed across the impedance because of the current flowing through it. 

Reciprocity Theo rem. In any system composed of linear bilateral 
impedances, if a voltage V is applied between any two terminals and the 
current I is measured in any branch, the ratio of V to /, called the trans¬ 
fer impedance, will be the same as the ratio of V to / obtained when the 
positions of generator and ammeter are interchanged. 

*For an application to fields see G. D. Monteath, “Application of the Compensa¬ 
tion Theorem to Certain Radiation and Propagation Problems,” Proc , IRE, 98, 
Part IV, No. 1, Oct., 1951, pp. 23-30. 
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In the above statement of this theorem the generator and ammeter 
are assumed to have zero impedance. It may be readily shown that the 
theorem also holds if the generator and ammeter have impedances which 
are equal. A particularly useful form of the theorem results when the 
generator and ammeter impedances are made very large (Z„ = Z a —► oo). 
The generator then becomes a constant-current source and the “ammeter” 
becomes an infinite-impedance voltmeter. The reciprocity theorem then 
states that if a current is applied at one pair of terminals and the open- 
circuit voltage is measured at a second pair of terminals, the ratio of 
voltage to current remains the same when the positions of current source 
and voltmeter are interchanged. 

The reciprocity theorem is one of the most powerful theorems in both 
circuit and field theory. It was originally stated by Rayleigh in a form 
somewhat similar to the above. A generalized statement of the theorem, 
suitable for application to fields as well as circuits, will be considered in 
detail^ in sec. 13.06. 

The circuit concept of reciprocity can be applied directly to deduce 
some of the “terminal” properties of antennas. Suppose that an antenna 
system has two “terminal pairs” or “ports” as shown in Fig. 11-10); for 
example, the ports could be the terminals of the dipoles in Fig. 11-1(5). 
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Figure 11-1. Antenna system as circuits. 


Circuit theory for linear systems tells us that the voltages and currents 
are related by the equations 

Vi = z n i x + z l2 / 2 A - Y xx v x + r 12 v 2 

or by (11-1) 

v 2 = Znh + z , 2 L L = Y tx v x + r 22 v 2 

The reciprocity theorem indicates that 

(a) Z 2 \ — Z\ 2 1 or (b) Y 2 1 ~ Y X2 or (c) Z 2 i = Z[ 2 

These are equivalent but different statements of the reciprocity theorem 
for circuits. Z 12j Z 2l are the mutual impedances of the circuit; Z 12 = V x /I 2 
is a measure of the open-circuit voltage produced across terminals (1) by 
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current / 2 at terminals (2). 7 l2 , Y n are the transfer admittances; Y 12 is a 
measure of the short-circuit current at terminals (1) produced by voltage 
V 2 at terminals (2). Z 2 1 are the transfer impedances ; Z\ 2 — V\/L is the 

ratio of the voltage applied at terminals (1) to the current through 
terminals (2) when short-circuited. Thus Z\ % = 1/Z 2 i and Z 21 = 1 /Y a . 
The word statements of the reciprocity theorem given above correspond 
to (b or c) and (a) respectively. 

The reciprocity theorem may be demonstrated as follows with ref¬ 
erence to the pair of dipoles in Fig. 11-1(6). Consider two cases indicated 
by primes (') and double primes ("), the first case having the terminals of 
antenna (2) shorted and a voltage V[ applied to antenna (1) and the 
second case having the terminals of antenna (1) shorted and a voltage V" 
applied to antenna (2). In the first case / 2 = Y n V[ and in the second case 
T{ — Y 12 Vz, If Y n = r 12 , we may deduce that 


U 7f 


(11-2) 


which is one form of the reciprocity statement for networks applied 
directly to antennas. In sec. (13.06) the reciprocity theorem for electro¬ 
magnetic fields will be derived, and shown to reduce to the circuit state¬ 
ment at the antenna terminals. 

The reciprocity theorem has proven-a powerful and useful tool in 
circuit and field theory, and many corollary statements have been derived 
from it. Some of these corollaries, especially those concerning reciprocity 
of powers, have been derived under special conditions. If applied in 
circumstances where these special conditions are violated, the corollary 
statements may break down. The reciprocity theorem itself is perfectly 
general, and always gives the correct answer as long as only linear 
bilateral circuits or media are involved. 

Application of Network Theorems to Antennas * From the above 
theorems can be deduced several very useful antenna theorems, relating 
the properties of transmitting and receiving antennas. So far, most of the 
analysis has been concerned with transmitting antennas for which the 
assumption of sinusoidal current distribution is known to yield results of 
acceptable accuracy. On the other hand, for antennas excited as receiving 
antennas, the current distribution varies with the direction of arrival of 
the received field and is not even approximately sinusoidal, except for the 
resonant lengths (half-wave dipole, etc.). This being the case, it is by no 
means obvious that the directional and impedance properties of an 
antenna should be identical for the. transmitting and receiving conditions. 
Because, in the general case, the current distribution is not sinusoidal 
for the receiving antenna, direct computation of its properties is usually 
a relatively complicated problem. The following theorems make it pos- 
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sible to infer the properties of a receiving antenna from its properties as 
a transmitting antenna, and vice versa. 

Equality of Directional Patterns . The directional pattern of a receiving 
antenna is identical with its directional pattern as a transmitting antenna. 

Proof: This theorem results directly from an application of the reci¬ 
procity theorem. The directional pattern of a transmitting antenna is the 
polar characteristic that indicates the strength of the radiated field at a 
fixed distance in different directions in space. The directional pattern of 
a receiving antenna is the polar characteristic that indicates the response 
of the antenna to unit field strength from different directions. The pat¬ 
tern as a transmitting antenna could be measured as indicated in Fig. 
11-2 by means of a short exploring dipole moved about on the surface of 


I 


V Small 
® dipole 
y antenna 


Test 

antenna 


Figure 11-2. 

a large sphere centered at the antenna under test. (For the case of linear 
polarization, the exploring dipole is always oriented so as to be perpen¬ 
dicular to the radius vector and parallel to the electric vector.) A voltage 
V is applied to the test antenna, and the current / flowing in the short 
dipole antenna will be a measure of the electric field at the position of 
the dipole antenna. If then the voltage V is applied to the dipole and the 
test antenna current is measured, the receiving pattern of the test 
antenna can be obtained. But by the reciprocity theorem, for every loca¬ 
tion of the probe antenna, the ratio of V to I is the same as before. 
Therefore the radiation pattern as a receiving antenna will be identical 
with the pattern as a transmitting antenna. 

When the test antenna radiates an elliptically polarized wave, that 
is, when the radiated electric field strength has two components, E 9 and 
Efi, that are not in time phase, the radiation patterns for the d polariza¬ 
tion and polarization are shown separately. The pattern for the par- 
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ticular polarization specified is obtained by keeping the exploring dipole 
parallel to that polarization. It follows as before that for each of the 
polarizations the radiation patterns for transmitting and receiving will 
be the same. 

Equivalence of Transmitting and Receiving Antenna Impedances . The 
impedance of an isolated antenna when used for receiving is the same as 
when used for transmitting. 

Proof: This theorem is particularly easy to prove for the case of two 
antennas which are widely separated. If antenna (2) is far from antenna 
(1), the self-impedance Z SI of antenna (1) is given by 



Because of the wide separation of the two antennas, the mutual imped¬ 
ance Z 12 may be ignored when antenna (1) is used for transmitting. 
However, when antenna (1) is used for receiving, Z n cannot be ignored 
since it provides the only coupling between the two antennas'. For this 
case one may consider a load impedance Z L attached to antenna (1) and 
also one may represent the voltage Z n lf as^a generator as shown in the 
equivalent circuit of Fig. 11-3. If the two antennas are far apart, varying 



Figure 11-3. Equivalent circuit of a receiving antenna under loaded, 
open-circuit and short-circuit conditions. 


Z L cannot cause J 2 to vary and thus the generator in Fig. 11-3 behaves as 
an ideal zero-impedance, constant-voltage generator. Under these condi¬ 
tions, antenna (1) exhibits the terminal behavior of a generator with 
internal impedance Z u and thus the receiving impedance is equal to the 
transmitting impedance. 

The discussion above for one distant antenna applies equally well to 
any number of antennas provided they are far from the antenna whose 
impedance is being considered. If the other antennas are sufficiently 
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close that the mutual impedance is not negligible (compared with the self¬ 
impedance), then the receiving impedance will be the self-impedance of 
the antenna plus the impedance coupled-in owing to the presence of the 
other antennas. However, even under these conditions the equality of the 
receiving and transmitting impedances will hold if in the transmitting 
case the other radiators are left in position and connected to impedances 
equal to the impedances of the generators that excited them. 

Equality of Effective Lengths. The effective length , / effJ of an antenna 
is a term used to™indicate the effectiveness of the antenna as a radiator 
or collector of electromagnetic energy. The significance of the term as 
applied to transmitting antennas is illustrated in Fig. 11-4. The effective 



length of a transmitting antenna is that length of an equivalent linear 
antenna that has a current 7(0) at all points along its length and that 
radiates the same field strength as the actual antenna in the direction 
perpendicular to its length. 7(0) is the current at the terminals of the 
actual antenna. That is, for transmitting 

7(0)/ eff (trans)= f ^ 7 (z) dz ! 

J -w \ 

or 

1 p +£/2 

Wtrans ) = ^^I(z)dz (11-3) 


The effective length of a receiving antenna is defined in terms of the 
open-circuit voltage developed at the terminals of the antenna for a 
given received field strength E. That is, for receiving 


/ e ff(rec) = 



(11-4) 


where V is the open-circuit voltage at the antenna terminals produced 
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by a uniform exciting field E volts per meter parallel to the antenna. 
[The minus sign is used in (4) to conform with conventional polarity 
markings (upper terminal positive).] 

The equality of transmitting and receiving effective lengths may be 
deduced by application of the reciprocity theorem to the two cases as 
shown in Fig. 11-5. 


Transmitting 


Receiving 





(6) 


Terminals 2 


T 

z 

1 

Terminals 1 


First consider the transmitting antenna case [Fig. 11-5(a)]. A voltage 
V applied at the terminals produces a current 1(0) — F/Z a at the termi¬ 
nals and a current Z(z) at any point z along the antenna. Z a is the 
antenna impedance measured at the terminals. This is the “prime” 
situation. 

Next consider the same antenna for the receiving case [Fig. 11-5(6)] 
in which an electromagnetic field E\ is incident upon the antenna. As a 
result of this field a voltage El dz is impressed at or induced in the ele¬ 
ment dz, Because this impressed voltage is independent of the current 
that flows in the antenna, it can be represented by a zero-impedance 
generator of voltage E\ dz in series at the point z. With the antenna base 
terminals short-circuited, the voltage El dz at z will produce a current 
dl ic at the terminals. This is the “double-prime” situation. 

Putting V = V'u I(z) = IL El dz = V", and dl sc = Z" 


the reciprocity theorem (eq. 11-2) gives 


V El dz 

/(*) dh c 


or 



Z(z) 


By superposition the total short-circuit current produced at the antenna 
terminals by all of the differential voltages impressed along the entire 
length of the antenna will be 
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4 = 1 \EWz)dz (11-5) 

Knowing the short-circuit current, the open-circuit voltage at the termi¬ 
nals can be determined from Thevenin’s theorem: 

V M = —I sc Z a = -ff E\I{z) dz -- -T-J E\I(z)dz (11-6) 

where again the minus sign is chosen to conform with conventional 
polarity markings (upper terminal positive). For an incident field El = E z 
constant along the length of the antenna 

so that 

^ =-f I( z )dz 

E z /(0)J {) 

Therefore from (3) and (4) the effective length of an antenna for receiving 
is equal to its effective length as a transmitting antenna. 

In this section, by applying well-known circuit theorems, it has been 
demonstrated that the directive properties, impedance, and effective 
length of an antenna are the same whether the antenna is used for trans¬ 
mitting or receiving. One characteristic that is different in the two cases 
is the current distribution along the antenna. However, even here the 
reciprocity theorem can be used to determine the current distribution 
for reception when the current distribution for transmission is known or 
assumed. 

11.03 Directional Properties of Dipole Antennas. Radio antennas 
have a two-fold function. The first of these functions is to “radiate” the 
radio frequency energy that is generated in the transmitter and guided to 
the antenna by the transmission line. In this capacity the antenna acts 
as an impedance-transforming device to match the impedance of the 
transmission line to that of free space. The other function of the antenna 
is to direct the energy into desired directions, and what is often more 
important, to suppress the radiation in other directions where it is not 
wanted. This second function of the antenna will be considered first 
under the general heading of directional characteristics. 

A completely nondirectional or omnidirectional radiator radiates uni¬ 
formly in all directions and is known as an isotropic radiator or a uni¬ 
pole. A point source of sound is an example of an isotropic radiator in 
acoustics. There is no such thing as an isotropic radiator of electro¬ 
magnetic energy, since all radio antennas have some directivity. However, 
the notion of a completely nondirectional source is useful, especially for 
gain comparison purposes. 
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The radiation pattern of an antenna is a graphical representation of 
the radiation of the antenna as a function of direction. When the radia¬ 
tion is expressed as field strength, E volts per meter, the radiation pattern 
is a field-strength pattern. If the radiation in a given direction is ex¬ 
pressed in terms of power per unit solid angle, the resulting pattern is a 
power pattern. A power pattern is proportional to the square of the field 
strength pattern. Unless otherwise specified, the radiation patterns 
referred to in this book will be field-strength patterns. 

The co-ordinate system generally used in the specification of antenna 
radiation patterns is the spherical co-ordinate system (/*, 6, <£), shown in 
Fig. 1-9 on page 16. The antenna is located at or near the origin of this 
system, and the field strength is specified at points on the spherical sur¬ 
face of radius r (or on a hemispherical surface in the case of ground- 
based antennas). The shape of the radiation pattern is independent of 
r, as long as r is chosen sufficiently large (r must be very much greater 
than the wavelength and very much greater than the largest dimension 
of the antenna system). When this is true, the magnitude of the field 
strength in any direction varies inversely with /*, and so needs to be 
stated for only one value of r. For example, in broadcast antenna work 
it is customary to state the field strength at a radius of 1 mile, Often 
only the relative radiation pattern is used. This gives the relative field 
strengths in various directions, usually referred to unity in the direction 
of maximum radiation. 

For the radiation field, the direction of E is always tangential to 
the spherical surface. For a vertical dipole E is in the 6 direction, 
whereas for a horizontal loop E is in the <£ direction. In general, the 
radiation field strength may have both E e and E+ components, which 
may or may not be in time phase. The radiation characteristics are 
then shown by separate patterns for the theta and phi polarizations. 
The terms, theta polarization and phi polari zation are synonymous with 
and replace the older'terms' verti carpbla r iz a t i o n and horizontal polariza¬ 
tion, respectively. The older terms were confusing in that a theta or 
vertically polarized signal is not always vertical (however it is always 
in the vertical plane through the radius vector), although a phi or 
horizontally polarized signal is always horizontal. 

A complete radiation pattern gives the radiation for all angles of 
<f> and 9 and really requires three-dimensional presentation. This is 
overcome by showing cross sections of the pattern in planes of interest. 
Cross sections in which the radiation patterns are most frequently 
given are the horizontal (9 = 90°) and vertical (<p = constant) planes. 
These are called the horizontal pattern and vertical patterns , respectively. 
For linearly polarized antennas having patterns of simple shape the 
terms E plane pattern and H plane pattern are also in common use. 
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The E plane and H plane are respectively the planes passing through 
the antenna in the direction of beam maximum and parallel to the 
far-held E and H vectors. 

For an elementary dipole antenna I dl the magnitude of the radia¬ 
tion term for the held strength is 


E = 


r 6 O 7 tldl. * 

E 3 = — - — sin (7 
rX 


V/m (11-7) 


where 6 is the angle between the axis of the dipole and the radius 
vector to the point where the held strength is measured. When the 
dipole is vertical, the horizontal radiation pattern is a circle [Fig. 
ll- 6 (a)] because in this plane (0 = 90°) the radiation is uniform. In 
any vertical plane through the axis the held strength varies as sin# 
and the vertical patterns are all the same, having the figure-eight shape 
shown in Fig. 11-6(6). When the dipole is horizontal, the horizontal 
pattern has the figure-eight shape, but the vertical pattern depends 
upon |the angle which the vertical plane makes with the horizontal 
axis. The two vertical planes of chief interest are those perpendicular 
and parallel to the axis of the dipole. The vertical radiation pattern 
is a circle for the former and a figure eight for the latter. These two 
vertical patterns and the horizontal pattern are known as the principal- 
plane patterns. 

As the length of a dipole is increased beyond the point where it 
may be considered short in terms of a wavelength, the radiation pat- 
t ern in the planes through the axis changes as indicated in Fig. 11-6. 
Figure 11- 6 (c) shows the vertical radiation pattern of a center-fed half¬ 
wave vertical dipole, and Fig. ll- 6 (<f) shows the same pattern when 
the dipole is one wavelength long. The expression for the magnitude 
of the radiation field strength due to a half-wave dipole is 




60/ 

cos (~ cos (9) 


r 

L sin 0 


V/m ( 11 - 8 ) 


The more general expression for a center-fed dipole antenna of any 
length L = 2 H is 


E 


60/ f cos J3H — cos (/3H cos #) 
r sin 6 


V/m (11-9) 


Expressions (7) and ( 8 ) were derived in chap. 10 and expression (9) was 
obtained in a problem in the same chapter. The radiation patterns, as 
given by (9), are shown in Fig. ll- 6 (e)and (/) for antenna lengths of 
H and 2 wavelengths. 

The vertical radiation patterns of Fig. 11-6 also apply to the cor¬ 
responding grounded vertical antennas when mounted on a perfectly 
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Figure 11-6. Radiation patterns of center-fed vertical 
dipoles: (a) horizontal pattern for all lengths, ( b ) verti¬ 
cal pattern for short dipole. Vertical patterns for 
dipole lengths: (c) one-half wavelength; id) one wave¬ 
length;^) one-and-a-half wavelengths; (/) two wave¬ 
lengths. The assumed current in each case is shown 
dashed. 


conducting ground plane. The length of the grounded vertical antenna 
is just one-half the length of the corresponding dipole (the image forms 
the other half), and of course only the top half of the pattern applies. 
11.04 Traveling-wave Antennas and Effect of the Point of Feed 
on Standing-wave Antennas. The patterns of Fig. 11-6 are for 
unterminated antennas that are assumed to have a .standing-wave dis¬ 
tribution of current. Sometimes, antennas are terminated to make them 
aperiodic ox nonresonant and, in this case, they have a traveling-wave 
distribution. The directional pattern of a traveling-wave antenna having 
a length of 6 wavelengths is shown in Fig. 11-7. Assuming negligible 
attenuation of the wave along the antenna and a wave velocity equal 
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40® 30° 



Figure 11-7. Radiation pattern of a traveling-wave antenna 
six wavelengths long. 


to c, the expression for the pattern of a traveling-wave antenna (see 
problem 16, chap. 10) is 

E = 30/ y S1P 6 P 1-2 cos [BUI - cos 0)]} 1/2 (11-10) 

r(l — cos 6) 

It is seen that with a traveling current wave the pattern is no longer 
symmetrical ..about, the 6 = 90 degrees plane, but instead the radiation 
tends to*“lean” in the direction of the current wave. The angle 6 
between the axis of the antenna and the direction of maximum radia¬ 
tion becomes smaller as the antenna becomes longer. 

In the case of an unterminated antenna the actual current distribu¬ 
tion in general Ts ITjcombination of standing wave and traveling wave. 
However, except for very long antennas, the standing wave is predominant 
and the traveling-wave component of current, is usually neglected in 
pattern calculations. For the standing-wave current distribution, the 
pattern is always symmetrical about the 6 — 90 degrees plane. For 
center-fed antennas the pattern of the traveling-wave component of 
current i s~aiso symmetricaFabout <9 = 90 degrees, so that the effect of 
this latter component of current tends to be obscured. This is especially 
true when the angles of maximum radiation for the two current dis¬ 
tributions nearly coincide, as is often the case. However, when an 
antenna is unsymmetrically fed, the pattern due to the traveling-wave 
current distribution is no longer symmetrical about Q — 90 degrees, and 
its effect on the resultant pattern becomes more pronounced. This is 
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Figure 11-8. Experimental patterns of wire antennas 
having different locations for feed points: (a) half¬ 
wave center-fed, ( b ) half-wave end-fed, ( c ) full-wave 
center-fed, (d) full-wave fed one-quarter wavelength 
from the end, (e) full-wave end-fed; (/), (g), ( h ) and 
(i) one-and-one-half wave, fed as indicated. 

evident in Fig. 11-8, which shows some experimental patterns of wire 
antennas having different locations for the feed points. The asymmetry 
due to the traveling-wave current shows up when the feed point is 
moved away from center. 

Changing the location of the feed point has another, even more 
important, effect when the antenna is longer than a half-wavelength. 
This is the effect on the standing-wave current distribution, which may 
be quite different for different locations of the feed point, as is also 
illustrated in Fig. 11-8 for full-wave and one-and-one-half wavelength 
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antennas. The effects of these different current distributions are clearly 
evident in the measured patterns. 

1 1.05 Two-element Array. When greater directivity is required than 
can be obtained by a single antenna, antenna arrays -are used. An 
antenna array is a system of similar antennas, similarly oriented. 
Antenna arrays make use of wave-interference phenomena that occur 
between the radiations from the different elements of the array. Consider 
the two-element array of Fig. 11-9 in which the antennas (0) and (1) 



are nondirectional radiators in the plane under consideration. (For 
example, they could be vertical radiators when the horizontal pattern 
is being considered.) When the point P is sufficiently remote from the 
antenna system, the radius vectors to the point can be considered 
parallel, and it is possible to write 

r x = r 0 — d cos 

in the phase factor of the fields, and 

j_ = _L 

r\ r Q 

as far as the magnitudes of the fields are concerned. The phase difference 
between the radiations from the two antennas will be 

^ = fid cos (f) + a 

where fid — (27t/X)d is the path difference in radians and oi is the phase 
angle by which the current I x leads 7 0 . The phasor sum of the fields 
will be 

E=E 0 ( 1 +ke>+) 

where E 0 is the field strength due to antenna (0) alone, and where k 
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is the ratio of the magnitudes of A and / 0 . The magnitude of the total 
field strength is given by 

E t = |£„(1 + ke 1 *) | 

= |£ 0 (1 + k cos i|r + jk sin 
= £ 0 V(1 + k cos ■yp') 2 + k 2 sin 2 ^ 



Figure 11-10. Phasor addition of fields. 




Figure 11-11. Radiation patterns of two nondirectional 
radiators fed with equal currents at the phasings 
shown. 
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In the particular but important case where the antenna currents have 
equal magnitudes, this becomes [see Fig. 11-10(6)] 

E t = 2 E 0 cos ^ 

= 2£ 0 cos + y) (11-11) 

The radiation patterns resulting from the expression for commonly used 
spacings and phasings are sketched in Fig. 11-11. These patterns are 
for the case where each of the antennas, when radiating alone, is a 
nondirectional or point-source radiator; that is, it has a circle for its 
radiation pattern in the plane under consideration. This is quite ev¬ 
idently true for vertical antennas when the horizontal pattern is being 
considered. 

1 1.06 Horizontal Patterns in Broadcast Arrays. Two-element arrays 
are limited in the type and variety of radiation patterns that they can 
produce, and for broadcast arrays three or more antennas are often 
used. With a two-antenna array the pattern must always be symmetrical 
about the plane through the antennas, and the position of only two 
nulls can be specified. A three-element array, in which antenna con¬ 
figurations and spacing as well as current magnitudes and phases are 
all variables under the control of the designer, permits a larger number 
of different antenna pattern types. For a three-element array as in Fig. 
11-12 the resultant horizontal pattern is given by 

E t = | jET 0 ( 1 + k x e»' + k 2 e^)\ (11-12) 

where 


Ari = (fidi) cos cf> t + ah 
^ 2 = ( j3d 2 ) cos (p 2 + 



Figure 11-12, A three-element array. 
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The evaluation of expression 
(12) is straightforward but rather 
time-consuming when a large 
number of points must be plot¬ 
ted. A graphical method which 
is sometimes used for evaluat¬ 
ing an expression such as (12) 
is shown in Fig. 11-13. The 
antenna spacing is expressed in 
degrees and a semicircle is 
drawn with this spacing as 
radius. For each angle the 
value of fid cos <f> is read off 
directly in degrees, and ^ is 
obtained by adding the angle a . 

is obtained in a like manner 
and the vector addition of Fig. 
11-13(3) gives the resultant E T , 
The design of an array to 
produce a desired pattern was 
once a tedious cut-and-try pro¬ 
cess, but the use of modern high-speed electronic computers with direct 
display of the calculated patterns has greatly facilitated this task. 

11.07 Linear Arrays. For point-to-point communication at the higher 
frequencies the desired radiation pattern is a single narrow lobe or 
beam. To obtain such a characteristic (at least approximately) a multi¬ 
element linear array is usually used. An array is linear when the 
elements of the array are spaced equally along a straight line (Fig. 
11-15). In a uniform linear array the elements are fed with currents of 
equal magnitude and having a uniform progressive phase shift along 
the line. The pattern of such an array can be obtained as before by 
adding vectorially the field strengths due to each of the elements. For 
a uniform array of nondirectional elements the field strength would be 

E t = E*\l + e>* + e J *+ + e Ji * + ■ • * + e j{n ~ X)rf, \ (11-13) 

where 

= fid cos <f> + a 

and ci is the progressive phase shift between elements, (cc is the angle 
by which the current in any element leads the current in the preceding 
element.) 

For the purpose of computing the pattern of the linear array, eq. 
(13) may be viewed as a geometric progression and written in the form 



Figure 11-13. Graphical method of obtain¬ 
ing antenna patterns. 
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(11-14) 


The maximum value of this expression is n and occurs when = 0. 
This is the principal maximum of the array.* Since tJt = fid cos (f> + a. 
the principal maximum occurs when 


cos <f> = — 


CL 

fid 


For a broadside array the maximum radiation occurs perpendicular to 
the line of the array at <fi = 90 degrees, so a = 0 degrees. For an end- 
fire array the maximum radiation is along the line of the array at 
cf> = 0, so a — —fid for this case. 

The* expression (14) is zero when 


r d£=±kTC *=1,2,3,... 


These are the nulls of the pattern. Secondary maxima occur approxi¬ 
mately midway between the nulls, when the numerator of expression 
(14) is a maximum, that is when 

— ±(2am + l)-y m= 1,2,3,... 


The first secondary maximum occurs when 


2 ~ 2 « 


(note that i/r/2 = n/ln does not give a maximum). The amplitude of 
the first secondary lobe is 


1 


1 

sin (plr/2)\ 


sin ( l>7t/2n ) 


^ — for large n 


The amplitude of the principal maximum was n so the amplitude ratio 
of first secondary maximum to principal maximum is 2/37r ~ 0.212. 
This means that the first secondary maximum is about 13.5 db below 
the principal maximum, and this ratio is independent of the number of 
elements in the uniform array, as long as the number is large. Note 


*If the spacing d is equal to or greater than A., there may be more than one 
principal maximum. 
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that for all odd values of n , the smallest lobe (at ^fr = 7 1 ) has an 
amplitude of unity. 

The width of the principal lobe , measured between the first nulls, is 
twice the angle between the principal maximum and first null. This 
latter angle is given by 

l7t 


2 


or 


= 


For a broadside array cos cf> = ^r//3d, and the principal maximum occurs 
at 6 = 7 t/ 2. The first null occurs at an angle [(#/2) + A <p] where 


“(f + ^)-S-5 


(3d dn 

If A<£ is small, it is given approximately by 

^ = Td 

and the width of the principal lobe is 

2 ^ = Td 


(11 -15a) 


For a uniform broadside array the width of the principal lobe (in radians) 
is approximately twice the reciprocal of the array length in wavelengths. 

For the end-fire array ^ ~ j3d (cos cf> — 1). The principal maximum 
is at <£ = 0, and the first null is at <j> x = A <f> where 

= j3d(cos — 1) = —— 


or 

(cos A<£) - 1 = -A 

For A<£ small, there results approximately 

(A<ft) 2 _ X 

2 nd 

2A<p = lf^ d (11-15b) 

The width of the principal lobe of a uniform end-fire array, as given 
approximately by expression (15b) is greater than that for a uniform 
broadside array of the same length. 

Fig. 11-14 {a) shows plots of the expression |(sin /n/r/2)/(sin i/r/2)| 
for several values of «, and Fig. 11-14(6) displays a sample pattern 
calculation for n = 3, a = it/ 2, /3d = x/2. 
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Figure 11-14. 


11.08 Multiplication of Patterns. The methods of the preceding 
section provide straightforward means for determining the radiation 
patterns of uniform linear arrays. However, for such arrays there is 
also available another method for obtaining these same patterns. This 
second method, when it can be used, has the great advantage that it 
makes it possible to sketch rapidly, almost by inspection, the patterns 
of complicated arrays. Because of this fact, the method is a useful tool 
in the design of arrays. 
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Figure 11-15. A four-element linear array of nondirectional 
radiators. 

Consider a four-element array of antennas in Fig. 11-15, in which 
the spacing between units is X/2 and the currents are in phase (ct = 0). 
The pattern can be obtained directly by adding the four electric fields 
due to the four antennas. However the same radiation pattern can be 
obtained from the following considerations. The pattern of antennas 
(1) and (2) operating as a unit, that is, two antennas spaced X/2 and 
fed in phase, has been shown in Fig. 11-11(a) on page 360. Also an¬ 
tennas (3) and (4) may be considered as another similar unit with the 
same pattern of Fig. 11-11(a). As far as the resultant radiation pattern 
is concerned antennas (1) and (2) could be replaced by a single an¬ 
tenna located at a point midway between them and having as its 
directional characteristic the “figure eight” of Fig. 11-11(a). Antennas 
(3) and (4) could similarly be replaced by a single antenna having the 
figure-eight pattern. The problem is then reduced to that of determining 
the radiation pattern of two similar antennas that are spaced a wave¬ 
length apart and each of which has a figure-eight directional pattern. 
Now the pattern of two nondirectional radiators spaced A and fed in 
phase is already known and is that of Fig. 11-11(d). For the case of 
Fig. 11-11(d) each of the antennas alone radiates equally in all direc¬ 
tions in the plane being considered. When these antennas are replaced 
by radiators that radiate different amounts in different directions, the 
pattern of Fig. 11-11(d) must be modified accordingly. The resultant 
pattern for the original four-element array is obtained as the product 
of the pattern of Fig. 11-11(d) by the pattern of the unit, Fig. 11-11(a). 
This multiplication of patterns is illustrated in Fig. 11-16. 

The application of this principle to more complicated arrays follows 
quite readily. For example the pattern of a broadside array of eight 
elements spaced one-half wavelength and fed in phase would be obtained 
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Figure 11-16. Multiplication of patterns. 


by considering four elements as a unit and finding the pattern of two 
such units spaced a distance of two wavelengths. This is shown in Fig. 
11-17. The resultant pattern is the product of the unit pattern for four 
elements (already obtained in Fig. 11-16) by the pattern for two non- 
directional radiators spaced two wavelengths apart [calculated from 
eq- (13)]. 

This procedure provides a means for rapidly determining what the 
resultant pattern of a complicated array will look like without making 
lengthy computations, since the approximate pattern can be arrived at 
by inspection. The width of the principal lobe (between nulls) is the 
same as the width of the corresponding lobe of the group pattern. The 
number of secondary lobes can be determined from the number of nulls 




Figure 11-17. Pattern for an eight-element uniform array obtained 
by principle of multiplication of patterns. 


in the resultant pattern, which is just the sum of the nulls in the unit 
and group patterns (assuming none of the nulls are coincident). Although 
the chief usefulness of the method is in being able to obtain an ap¬ 
proximate idea of the pattern of a large array by inspection, the method 
itself is exact, and a point-by-point multiplication of patterns yields 
the exact pattern for the resultant. 

Patterns in Other Planes . Figure 11-11(a) is the pattern, in the plane 
normal to the axes of the antennas , of two antennas spaced one-half 
wavelength apart and fed in phase . In * this plane* the antennas are 
nondirectional or uniform radiators. If the pattern in the plane con¬ 
taining the antennas is desired (in which plane the antennas are direc¬ 
tional), it is necessary to multiply the pattern of Fig. 11-11(a) (that 
is, the array factor) by the directional pattern of the antenna in the 
plane being considered. For half-wave dipole antennas this latter pattern 
will be the “figure-eight” pattern of Fig. ll-6(c). This is shown as the 
unit pattern in Fig. 11-18. 

The resultant pattern is then obtained as a multiplication of the 
group pattern by the unit pattern [Fig. 11-18(a)]. If the antennas are 
fed 180 degrees out of phase (end-fire array) the directions of maxima 

*In this plane the radiation pattern is the space factor or array factor of the 
array (see sec. 12.01) 
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Figure 11-18. Radiation pattern (in the plane containing the axes 
of the two antennas) of a two-eiement array of half-wave dipoles: 
(a) fed in phase; (b) fed 180 degrees out of phase. 


of group and unit patterns coincide and the desirable directional 
characteristic of Fig. ll-18(b) results. 

11.09 Effect of the Earth on Vertical Patterns. The radiation 
patterns shown so far have been obtained on the assumption that the 
antenna or antenna array was situated in free space far removed from 
any other conducting bodies or reflecting surfaces. pract ice, an- 
t ennas a re nearly always erected either right at, or within a few 
wavelengths of, the surface of the earth, or some other reflecting 
surface. Under these conditions currents flow in the reflecting surface, 
and the radiation pattern is modified accordingly. The magnitudes and 
phases of these induced currents will of course be dependent to some 
extent upon the frequency and the a and e of the reflector surface. 
However, for practical purposes it often is adequate to compute the 
resultant fields on the assuznption jhat...the surfaces^ar^perfectly, con¬ 
ducting. This is true, for example, for the earth at low and medium 
frequ encies, ,.and for\ metall ic reflector s at any radio . frequency. 

In Fig. 11-19 are shown horizontal and vertical antennas located 
above the earth (assumed perfectly conducting). The boundary condi¬ 
tions to be satisfied at the surface of the perfectly conducting plane 
are that the tangential component of E and the normal component of 
H must vanish. That is, at the surface E is normal and H tangential. 
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Figure 11-19. Image charges and currents replace the charges 
and currents induced in the conducting plane. 

Charges will distribute themselves and currents will flow on the con¬ 
ducting surface in such a manner that these boundary conditions are 
satisfied. The total electric and magnetic fields will be due not only to 
the charges and currents on the antenna, but also to these “induced” 
charges and currents. As far as the electric and magnetic fields in the 
region above the conducting plane are concerned, the same results can 
be obtained with the conducting plane removed and replaced with 
suitably located “image” charges and currents, as shown in Fig. 11-19. 
The image charges will be “mirror images” of the actual charges, but 
will have opposite sign. The currents in actual and image antennas 
will have the same directions for vertical antennas, but opposite direc¬ 
tions for horizontal antennas. 

For perfectly conducting planes these same results are also given in 
terms of simple ray theory* as pictured in Fig. 11-20. The resultant 
field is considered as made up of direct and reflected waves, the image 
antenna being the virtual source of the reflected wave. The vertical 
component of electric field for the incident wave is reflected without 
phase reversal, whereas the horizontal component has a 180-degree 
phase reversal. It is seen that the phase delay due to path-length 
differences (that is, the effect of retardation) is automatically taken 
care of. 

The use of the image principle makes it a simple matter to take 
into account the effect of the presence of the earth on the radiation 
patterns. The earth is replaced by an image antenna, located at a 
distance 2 h below the actual antenna, where h is the height above the 

*Ray theory is easily justified for the receiving case, where the incident field is 
a uniform plane wave. Application of the reciprocity theorem then demonstrates 
its validity for the transmitting case. 
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Figure 11-20. Image antennas act as virtual sources for the reflected 
waves. 

ground of the actual antenna. The field of this image antenna is added 

to that of the actual antenna to yield the resultant field. The shape 

of the horizontal pattern will remain unchanged (its absolute value 
changes), but the vertical pattern is affected greatly. 

For simple arrays above a reflecting surface the principle of mul¬ 
tiplication of patterns can be used to obtain the resultant vertical 

patterns. The vertical pattern of the antenna (or array) is multiplied 
by the vertical pattern of two nondirectional or point-source radiators 
having equal amplitudes and spaced one above the other a distance 
2 h apart. For vertical antennas the nondirectional radiators would be 
considered to have the same phase, whereas for horizontal antennas 
the nondirectional radiators would have opposite phases. Examples of 
this method are shown in Fig. 11-21. Of course, only the upper half 
of the resultant pattern actually exists. When the antenna is sloping 
as in Fig. ll-20(c), the pattern cannot be obtained by this multiplica¬ 
tion process but the image principle can still be used to obtain the 
resultant field. This same statement also applies for vertical antennas 
mounted at the surface of the earth when the antenna is not a multiple 
of one-half wavelength long [Fig. ll-20(^)]. 

When Jhe_jinite condu ctivity _of Jhe earth^ must Jbe„ considered,^he 
idea of images is stilJL valid, but the simple ray theory used here is no 
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I/O 

Figure 11-21. (a) Vertical pattern of a horizontal antenna above the earth, 
obtained by considering the pattern of the antenna and its negative image. 
( b ) Vertical pattern of a vertical antenna above the earth, obtained by 
using the principle of images and the principle of multiplication of 
patterns. 


longer adequate. It is then necessary to return to field theory for 
accurate answers. The effect of an imperfect earth on the radiated fields 
is considered in chap. 16 on ground-wave propagation. The effect of 
the presence of the earth on the impedance of elevated antennas is 
discussed in sec. 11.15. 

11.10 Binomial Array. An example of the usefulness of the principle 
of multiplication of patterns is given in the derivation of the so-called 
binomial array. With a uniform linear array it is found that, as the 
array length is increased in order to increase the directivity, secondary 
or minor lobes always appear in the pattern. For some applications a 
single narrow lobe without minor lobes is desired. A study of the 
uniform array, using the principle of multiplication of patterns, shows 
that secondary lobes appear in the resultant pattern whenever the 
elements that produce the unit pattern or the elements that produce 
the group or space-factor pattern have a spacing greater than one-half 
wavelength. Thus in the uniform four-element array of Fig. 11-16, the 
secondary lobes appear in the resultant because the group pattern has 
four lobes. The group pattern has four lobes because the effective 
sources producing the group pattern are spaced a full wavelength. 
Reduction of the spacing of the elements of the group to one-half 
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wavelength results in a two-lobed figure-eight pattern for the group 
pattern, and a resultant pattern that has only primary lobes. The 
antenna arrangement that will result in half-wavelength separation of 
the elements of the group is shown in Fig. 11-22 along with the 
resultant patterns. In this case antennas (2) and (3) coincide so they 
would be replaced with a single antenna carrying double the current 
in the other elements. In other words, the result is a three-element 
array that has the current ratios 1:2:1. The resultant pattern is 
shown in Fig. 11-22. Since this pattern is the product of two figure- 
eight patterns, it can be called a “figure-eight squared” pattern. 

Using this three-element array as a unit with a second similar unit 
spaced one-half wavelength from it results in the four-element array 
shown in Fig. 11-23. The current ratios of this array are 

1 : 3 : 3 : 1 

and tjie pattern is the “figure-eight squared” pattern of the unit times 
a figure-eight group pattern that results in a “figure-eight cubed” 
pattern. This process may be continued to obtain a pattern having 
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Figure 11-22. An array that produces a pattern without 
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Figure 11-23. A four-element array with a 
“figure-eight cubed” pattern. 
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any desired degree of directivity and no secondary lobes.* The numbers 
that give the current ratios will l^^ecognizeS^S^ffie" binomial coeffi¬ 
cients. For an array n half-wavelengths long the relative current in 
the rth element from one end is given by: 


nl 

rl(n — /•)! 


(11-16) 


where 


r = 0, 1,2,3,... 


11*11 Antenna Gain* The ability of an antenna or antenna array 
to concentrate the radiated power in a given direction, or conversely 
to absorb effectively incident power from that direction, is specified 
variously in terms of its (antenna) gain, power gain, directive gain or 
directivity. The precise significance of each of these terms is most 
readily stated by first defining a quantity known as radiation intensity. 

The power radiated per unit area in any direction is given by the 
Poynting vector P. For the distant or radiation field for which E and 
H are orthogonal in a plane normal to the radius vector, and for which 
E — rj v H , the power flow per unit area is given byf 

watts/sq m (11-17) 
r)v 

Referring to Fig. 11-24, noting that there are r 2 square meters of 



*The binomial array was derived in 1938 using the approach described herein 
(E. C. Jordan, “Acoustic Models of Radio Antennas,” Ohio State Experiment Station 
Bulletin No. 108). A subsequent patent search revealed that it had been invented 
by John Stone Stone in 1929. (U. S. Patents 1,643,323 and 1,715,433) 

tin this and the following section all field strengths and currents are taken to 
be effective (or rms) values. Also, linear polarization has been assumed. 
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surface area per unit solid angle (or sterradian), and defining the 
radiation ^in a given direction as the power p er unit 
"sondangle mjEhat^direction, we see'TEaf"" ' 

mats*'m*r v ‘ ^ 

I = rP= — '.I watts/unit solid angle (11-18) 

[ ____ 1 

It should be noted that radiation intensity is independent of r. The 

total power radiated is 

W r — J d> (ifl watts 

and since there are sterradians in the total solid angle, the avera ge 
p ower radiated per unit solid angle is 

W ~ 

! = <& av watts/sterradian 

f 47r 

<$> av represents the radiation intensity that would be produced by an 
isotropic radiator (one that radiates uniformly in all directions) radiating 
the same total power W r . 

The directive gain g di in a given direction , is defined as the ratio of 
the radiation intensity in that direction to the average radiated power. 
That is, 


gd(0, <f>) 


<P(0, d>) _ <$(0, <f>) _ 4x<P(d, <f>) 
O av fV r /4x W r 

4 7z<&( 6, <p) 

J®da 


(11-19a) 
(11- 19b) 


When expressed in decibels the directive gain is denoted by G d where 


G d = 101og 10 g d (11-20) 

The directivity , D . of an anten na is its ^maximum directive gain. 
Whereas the directive gain is a function of * angles (8, $) which should 
be specified, the directivity is a constant, having been specified for a 
particular directionTYTowever, in common usage g d (without specifica¬ 
tion of angle) is used interchangeably with D to designate directive 
gain in the direction of maximum radiation. 

If total input power W t is used in expression (11- 19a) instead of 
radiated power W ri the result is power gain rather than directive gain. 
The power gain , g p , is defined by 


__ 47rO 

gp w~ t 


(11-21) 


where W t — W T -b W u W L being the ohmic losses in the antenna. It 
is evident that 
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g»- W r 

g< w r + w t 


( 11 - 22 ) 


is a measure of the efficiency of the antenna. For many well-constructed 
antennas the efficiency is nearly 100 per cent, so that power gain and 
directive gain are nearly equal, a fact which has led to the rather 
loose use of the term antenna gain (designated as g without subscript) 
for either g a or g p . For electrically small antennas and for super¬ 
directive antennas, power gain may be very much less than directive 
gain, and in these circumstances careful distinction between the two 
should be made. 

Although the above definitions* have been framed by considering 
a transmitting antenna, they are applied to the antenna regardless of 
its particular function. That is, the gain of an antenna when used for 
receiving is the same as its gain when used for transmitting. Of course, 
the gain thus defined can be realized on a receiving antenna only 
when it is properly matched and in the presence of an appropriately 
polarized field. 

The directivity of an antenna is easily computed when its effective 
length and radiation resistance are known. For example, for a current 
element Idl , the distant field in the direction of maximum radiation 
is 

(11-23) 


From (10-53) the current required to radiate 1 watt is 

; = lmp 

with a corresponding field strength in the direction of maximum 
radiation of 

v/ " (11 - 24) 

Using (11-18) and (11-24) the radiation intensity is 

<s - 60 2 - 3 

80 x 1207T %n 


so that the directivity or maximum directive gain of the current ele¬ 
ment is 

g d (m ax) = 4 7 rd> = 1.5 (1 l-25a) 


*From the IRE Antenna Standards (1948). See also IEEE No. 149, “Test Procedure 
for Antennas,” Jan., 1965; also printed in IEEE Transactions on Antennas and Prop¬ 
agation, Vol. AP-13, No. 3, pp. 437-466, May, 1965. 
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or 


GJi max) - 10 log, D 1.5 = 1.76 db (1 l-25b) 

For a half-wave dipole the computed directivity is 1.64 or 2.15 db 
[problem 2(b)]. Thus the maximum directive gain of a half-wave dipole 
is only 0.39 db greater than for a current element (or for a very short 
dipole). However, the power gain for the short dipole, short monopole, 
or small loop may be considerably less because of low radiation re¬ 
sistance, and consequent higher ohmic losses (problems 4 and 6). 
11.12 Effective Area. A term that has special significance for 
receiving antennas is effective area (sometimes called effective aperture). 
The effective area or effective aperture of an antenna is defined in terms 
of the directive gain of the antenna through the relation 

<>>-“> 

I 

Using this relation it can be shown (problem 3) that the effective area 
is the ratio of power available at the antenna terminals to the power 
per unit area of the appropriately polarized incident wave. That is 

W r ^PA watts (11-27) 

where W R is the received power and P is the power flow per square 
meter for the incident wave. When directive gain g d is used in (11-26) 
it is assumed that all of the available power is delivered to the load. 
This is the case for a 100 per cent efficient, correctly matched receiv¬ 
ing antenna with the proper polarization characteristics. For a lossy 
antenna, g p should be used in (11-26) and the effective area so calculated 
determines through (11-27) the useful power delivered to the load. For 
electrically small antennas this useful power may be much less than 
that calculated by using directive gain g d , in (11-26). (See problems 4 
and 6.) 

That relation (11-27) holds for the hypothetical current element 
receiving antenna (assumed lossless) can be demonstrated quite simply. 
For an effective field strength E parallel to the antenna the power per 
square meter in the linearly polarized received wave is 

p Er F? „ , 

P ~ — — -prjr- watts/sq m 
rj v 1207 T 

The power absorbed in a properly matched load connected to the an¬ 
tenna would be 




VI, _ EH \ ( r 

4Z?nid 4-Rrad 


(11-28) 
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For the current element / eff = dl and therefore 


Wr 


EAJF 
4/? ra<1 


Inserting the value for i? rac t from (10-53), 


W R 


E-X 2 
320 ir 


Using (11-27) the maximum effective area is 


A = 


^= 1 . 5 ^- 
P 47r 


(11-29) 


which agrees with definition (11-26). 

Problem 1. Compute the effective area of a half-wave dipole. 

Relations between g d (or A), / eff , and i? rad . Only two of the three 
quantities, directive gain (or effective area), effective length, and radia¬ 
tion resistance are required to specify the radiation characteristics of 
an antenna that emits or receives linearly polarized waves. When two 
of these quantities are known the third can be derived. 

Problem 2. (a) Considering an antenna for transmitting, and using (10-49), 

(11-18) and (II-19a) show that 

„ _ laOTr* (UfY , 1f 

(b) Compute g d for a half-wave dipole. Equation (11-30) relates g di her 
and Raxd- 

Problem 3. Considering the antenna for receiving and using (11-30) and 
(11-28) show that power received in the presence of an appropriately polarized 
received wave for any antenna is 



Application to Aperture Antennas. The term effective area (or effective 
aperture) has particular significance when applied to electromagnetic 
horns and reflector antennas which have well-defined physical apertures. 
For these antennas the ratio of the effective aperture to the actual 
aperture is a direct measure of the antenna’s effectiveness in radiating 
or receiving the power to or from the desired direction. Normal values 
of this ratio for reflector antennas range between 45 per cent and 75 
per cent, depending upon antenna type and design, with 65 per cent 
being considered rather good for the extensively used parabolic reflector 
antenna. The theory of aperture antennas is treated in chap. 13. 

Measured Gain. The directive gain of an antenna can be obtained 
by calculation from its known or measured radiation pattern. Although 
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pattern measurements normally give only relative values of transmitted 
or received field strengths, these values can be used to calculate g d 
through expression (11-19). Detailed accounts of such calculations are 
given in various books and antenna handbooks.* Power gain normally 
requires measurement. A common method is to compare the gain with 
that of a half-wave dipole or other standard antenna. Methods of 
power gain measurement are treated in the IEEE Standards on Methods 
of Antenna Measurement A 

Problem 4. A 10 meter high monopole is to be used as a portable trans¬ 
mitting antenna at 1.5 MHz. Its measured base reactance is —j 350 ohms. 
Assuming the ohmic losses in the ground system and tuning coil (which has 
a Q = 100) are approximately equal, estimate antenna efficiency and power 
gain g p in direction of maximum radiation. Determine its effective area. 

Problem 5. Calculate approximately the radiation resistance of a 1 meter 
square loop antenna at a frequency of 3 MHz (X — 100 m). 

The radiation resistance can be calculated accurately from eq. (10-101), but 
this i^ a rather involved computation. Alternatively the radiation resistance can 
be determined to a good approximation from eq. (11-30) and the following 
considerations. 

An electrically small current loop is the equivalent of a magnetic dipole 
(chap. 13) and has the same radiation pattern as an electric dipole. Therefore 
it has the same maximum directive gain g d value of 1.5. The effective length 
h ff of the loop may be determined from (10-49) and the knowledge that the 
field strength E in the direction of maximum radiation will be the phasor 
sum of two current elements phased 180 degrees and with a spacing L/X 
wavelengths. Then using (11-30), i? rad can be determined. 



Figure 11-25. 

Problem 6. (a) Determine the effective area of the loop of problem 5 at 

a frequency of 3 MHz. 

(b) If the received field strength is 100 millivolts per meter how much 
power is “received” by the loop? 

*See, for example, H. Jasik, Antenna Handbook , McGraw-Hill Book Company, 
New York, 1961. 

t“IEEE Test Procedure for Antennas,” IEEE Trans. Antennas and Propagation, 
Vol. AP-13, No. 3, pp. 437-466, May, 1965. 
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(c) Assuming an ohmic resistance of 1 ohm for the loop and its tuning 
capacitor, how much of the “received” power is actually absorbed in a matched 
load? 

(d) If effective area had been defined in terms of power gain, so that 
A p ~ g p \~/47t, what would be the size of the “actual” effective area A p ? 

11.13 Antenna Terminal Impedance. To the communication engi¬ 
neer interested in the overall design of a radio communication system, 
the antenna is but one link in the complicated chain that leads from 
the microphone to the loudspeaker. It is natural for him to consider the 
antenna simply as another circuit element that must be properly 
matched to the rest of the network for e ffic ient powe r,.transfe r. From 
this point of view the input or terminal„impedancejof_the antenna is 
of primary: concern. The input impedance of an antenna is. a-. compli-_ 
cated function of frequency, which cannot be described in any simple 

analytical form. Nevertheless, at_a, single freque ncy the antenna 

terminal impedance may be accurately represented by a resistance in 
series with a reactance. Over a small band of frequencies such repre¬ 
sentation can still be used, but it is now only approximate. If, as is 
often the case, the band of frequencies is centered about the “resonant^ 
frequency” of the antenna, a better approximation is obtained by rep¬ 
resenting the antenna as a series R, L, C circuit. If the range of 
operation extends over a wider band of frequencies, thisTTe present at ion 
is no longer adequate. It can be improved by adding elements to the 
“equivalent” network, but the number of elements required for reason¬ 
ably good representation becomes very large as the frequency range is 
extended. A better approximation applicable to linear antennas involves 
replacing the equivalent lumped-constant network with a distributed- 
constant network, such as an open-circuited transmission line, the input 
impedance of which will represent reasonably well the input impedance 
of the antenna over a wide range of frequencies. 

Lumped-constant Representation of Antenna Input Impedance. For an 
antenna whose h alf-len gth H is s horter^than a quarter-wavelength, the 
input impedance can be represented over a narrow band of frequencies 
by a resistance R in series with a capacitive reactance X. The resistance^ 
R is the radiation re sistance ( and loss resistance, if any| of the antenna^ 
referred to the terminal^or_base current. It is given in Fig. 14-7 (sec. 14.06), 
or it can be obtained from Fig. 14-5 by dividing the values of radiation 
resistance-referred to loop current by sin 2 ftH. Approximate values of 
the capacitive j^eactance Jf are also given in Fig. 14-7. For ante nna s 
which have a half-length greater than about a quarter-wavelength 
(actually nearer 0.23A, the exact point depending on the thickness^oF~ 
the antenna), the input impedance becomes indu ctive and would be 
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represented by a resistance in series with an inductive reactance. For 
both transmitting and receiving, an antenna is often operated at its 
resonant frequency, that is, at the center frequency of the narrow 
band of operation where the antenna input impedance is a puro resistance. 
Below this center frequency the antenna reactance is capacitive, and 
above this frequency the reactance is inductive. The input imped¬ 
ance can then be represented approximately by a series R y L,C circuit. 
Quantities of interest are the required values of the equivalent R a ,L a , 
and C a , and the Q of the antenna. 

Figure 11-26 illustrates this representation as a simple R,L , C circuit 
and shows the variation of impedance and admittance in the vicinity 
of resonance (X = 0) for such a circuit. 



Figure 11-26. Approximate representation of antenna input impedance by 
simple R , L, C circuit with corresponding impedance and admittance 
curves. 














382 


Antenna Fundamentals 


§ 11.13 


The general expression for the impedance is 


Za~Ra+j[coL a 

(H-31) 

At the resonant frequency / = / r , 


COr^a /-» ■2'a|<k>=<H P ^r Ra 

o) r C a 

(H-32) 

For a small angular frequency increment, 8a>, from 
quency, the impedance increment is 

the resonance fre- 

8Z„-;(&>£. + j£) 

(H-33) 

Therefore the per unit increase in impedance is 


8Z a 8Z a ,(8aL a . 8co ) 

Z T ~ R a J \ R a ^ R a oi 2 CJ 


— j{— Sco + — Sco) 

\0) r 0) r / 

= /2g — 

0) r 

(11-34) 

where 


q _ OO r L<x _ 1 

Ra G) r C a i? a 

(11-35) 

From eq. (34) 


S2 a 

R a W cu r 


or 


Scu _ 1 oZ a 

(Or 2Q R a 

(11-36) 

When SZ a = R a , the current has dropped to 1 /a/T times its value at 
resonance and the power has dropped to one-half. The angular frequency 
difference between half-power points is 

Aa> = 28(o = ^ 

(11-37) 

The frequency difference between half-power points 
of the circuit, and the relative band width is 

is the band width 

AG> 1 

<o T Q 

(11-38) 


To the extent that the antenna impedance may be represented by 
the simple circuit of Fig. 11-26, this can be considered to be th e ba nd 
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width of the antenna (unloaded). A more general definition for antenna 
band width is given in chap. 14. 

When precise impedance or admittance measurements are made on 
an actual antenna in the neighborhood of the resonant frequency, it 
is found that the curves have a somewhat different shape from those 
of the simple R,L,C circuit shown in Fig. 11-26. This difference is 
due to the fact that the equivalent R a ,L a , and C a of the antenna are 
really functions of frequency,_and not constants as in Fig. 11-26. A 
much better representation of the antenna impedance may be obtained 
with the series R,L,C circuit by assuming L a and C a to be constant 
as before, but taking into account the variation of R a with frequency. 
For this purpose, the variation of R a with frequency can be assumed 
to be linear over the frequency range of interest, and so the resistance 
may be written as 

, R a = R r (l+p^ (11-39) 

where R r is the resistance at resonance and p is a positive constant. 
The expression for impedance for this case, illustrated in Fig. 11-27, 
is (for co = co r + 8co) 

Z a =R a + j(coL a - ^r) 


= Rr(^ + + j [co r L a + 8coL a 


1 , So) \ 

a>r Ca (O r CJ 


(11-40) 


Then, remembering that co r L a = 1/g> r C a , 


| ='+S('+-' 2 Tf?) (1M1) 

= 1 + ^(p+J2Q) (11-42) 

(x) T 

The impedance and admittance curves for this case are shown in Fig. 
11-27. It is seen that the impedance minimum or admittance maximum 
no longer occurs at resonance, but rather at some frequency below 
resonance. The frequency at which the impedance is a minimum can 
be found by minimizing the absolute value of expression (41) (or its 
square) with respect to Sco. 

Putting 


d Z a 2 

d(8co) Rr 


= 0 


gives 


Sco __ —p 

cOr P" + 4 Q z 


(for the minimum) 
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Figure 11-27. Impedance and admittance curves about resonance when the 
variation of radiation resistance with frequency is considered. 


The impedance at the minimum will be given by 


Z min = R r 
= Rr 


1 


P 1 + 4 Q 


( P+m) 


i .. P 2 , 2 pQ ' 

p 2 + 4 Q 2 J p ! + 4Q ! ] 


(11-43) 


In order to make use of the equivalent circuit for antenna input 
impedance in computations, it is necessary to know, or to be able to 
obtain, values of the equivalent L a , C a , and R a in terms of antenna 
dimensions. When curves such as those of Fig. 14-7 are available in 
the range of interest, values of these quantities may be determined 
from the curves. Otherwise^ L a , C a , and Q may be calculated in terms 
of a quantity called the average characteristic impedance of the antennaf 
Characteristic Impedance of Antennas. A quantity that has consider¬ 
able usefulness in connection with antennas is the average characteristic 
impedance of the antenna. The significance of this term as applied to 
cylindrical antennas can~be understood by first considering a biconical 
transmission line or a biconical antenna. The characteristic impedance 
of a transmission line is defined as the voltage-current ratio existing 
on the line when the line is infinitely long. For a uniform transmission 
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line, this ratio is constant along the line. It is 
easily shown that the transmission line, formed 
by two infinitely long coaxial conical conductors 
having a common apex (Fig. 11-28), is a uniform 
line, and that the ratio of voltage to current 
along the line will remain constant, that is, in¬ 
dependent of r. (The voltage V is applied across 
an infinitesimal gap at the apex and the current 
l flows out of one cone and into the other.) In 
secs. 14.13 and 14.14 the general solution for a 
finite length of such a transmission line (or 
antenna) will be obtained. It will be found that 
such a structure can support the TEM wave, 
as well as higher-order TM waves. For the out¬ 
going TEM wave (which alone is excited on the 
infinitely long line) the expressions for the fields 
are 


Ht 


A 

r sin 8 





Figure 11-28. Input to 
a conical transmission 
line (or a biconical 
antenna). 



A V* > 

r sin 8 

E<f> = Hd = Hr = 0 


(11-44) 


Maxwell’s equations in spherical co-ordinates for the case of no varia¬ 
tion in the <fi direction are 

1 djrEe) __ 1 dE r 
r dr r 86 

8 


-jcojiH'p 


_ 

r sin 6 86 


(sin 8H$) = jcoeE r 


(11-45) 


1 cjrHj) 
r 8r 


= jcoeEe 


Direct substitution of (44) into (45) shows that Maxwell’s equations 
are satisfied. In addition, because E r — 0, the boundary conditions are 
automatically satisfied. 

It will be noted that the electric field distribution is just that 
corresponding to the static case (problem 8, chap. 2) and that the 
magnitude of the voltage between the cones at any distance r from 
the apex is constant. That is 

px—8\ rn~8i 1 

V = E,rdd = Tt v Ae~ iBr ~ dd 

J a, ' Jo, sin 6 

= hi„A In cot -y e~ iBT 


(11-46) 
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Also the amplitude of the current flowing in 
along the line and is given by 

I — litr sin Q X H^ 

— 27tAe~^ T 

Therefore, the characteristic impedance for a 
line or biconical antenna is constant and is 

Zo = £ = 5= In cot ^ 

/ 7t 2 

= 120 In cot -y (11-48) 

Because the electric and magnetic field configurations are the same as 
for the stationary-fields case, this same result could have been obtained 
directly by using the static capacitance per unit length as calculated 
in chap. 2. Thus 



where 


the cones is constant 


(11-47) 

biconical transmission 


and 


Then 


C = 


In cot -y 




V LC a/ ji v € v 


3 X 10 8 meter/sec 


Z 0 = In cot ~ — 120 In cot ~ 


For thin antennas, that is when d x is small, the characteristic imped¬ 
ance is given approximately by 

Zo = 120 In (j-j = 120 In (¥) (11-49) 

where a is the cone radius at a distance r from the apex. 

When a cylindrical antenna is treated in a like manner, it is evident 
that the corresponding “bi-cylindrical” transmission line will be non- 
uniform, with a capacitance per unit length and characteristic imped¬ 
ance that vary along the line. However, for thin antennas the elements 
dr can be considered as elements of a biconical line which has a cone 
angle d l — a//*, where a is the radius of the cylinder and r is the 
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distance from the origin to the element dr (Fig. 
11-29). Then the characteristic impedance at a distance 
r will be 

Z„(r) = 120 In = 120 In (fy (11-50) 


It is seen that the characteristic impedance of a 
cylindrical antenna varies along the antenna, being 
larger near the ends. For a center-fed cylindrical 
antenna of half-length H , an “average” characteristic 
impedance can be defined by 


Zo(av) = ± \*Z 0 (r)dr 


= lj*1201a dr 


= 120 In 


2 H 


a) 
- 1 


(11-51) 


(11-52) 



Equivalent L a , C a , and Q in terms of Z 0 ( av ). Use Figure 11-29. 
of the average characteristic impedance of an antenna 
makes it possible to obtain values for the equivalent R, L, C circuit 
of the antenna in terms of the antenna dimensions. This is done by 
first finding a Q for the antenna by comparison with ordinary trans¬ 
mission-line theory, and then determining L a and C a in terms of this 
Q and the known R a . 

From transmission-line theory for low-loss lines, the Q of a trans¬ 
mission line is 


ft _coL __ cdZ 0 __ 2/rZ 0 

^ — R ~ ~Rv ~ XR 


(11-53) 


where R,L, and C are the resistance, inductance, and capacitance per 
unit length of line and 



for low-loss lines. For a resonant length (/ = A,/4) of open-circuited 
line, it is easily shown that the input impedance is a pure resistance 
of value 


R[ = RX 
2 8 


(11-54) 


and this must be equal to R a in the equivalent lumped-circuit repre¬ 
sentation of antenna input resistance (Fig. 11-26). That is, 
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RX - R _ R 

-g- K a — A rai 


For the equivalent lumped-constant circuit 

Q = C£ ih 

Therefore 


.. r _ n r\ _ 

arLa -KQ-—~ 


7tZ§ 

T" 



and 



r — - ^ _ 

° 7T 2 /rZ 0 

“ -&rad 


(11-55) 


where the Z 0 in the case of a cylindrical antenna will be the average 
characteristic impedance Z 0 (av) defined in the preceding section. The 
Q of the antenna as given by eq. (55) will be the unloaded Q . When 
the antenna circuit is loaded by a properly matched generator imped¬ 
ance or load impedance, the total Q of the circuit is one-half the Q 
of the antenna above. That is 


Sc loaded ?Sc unloaded 

It is this Qioaded which is of chief concern in band-width considerations. 

Problem 7. (a) Using the curves of Fig. 14-7, determine an approximate 

value for the Q of a half-wave dipole antenna constructed with No. 12 copper 
wire, at a frequency of 100 MHz; (b) compute Q for the same antenna using 
eq. (11-55). 

Problem 8. From the point of view of band width, discuss the suitability 
of each of the following antennas for (a) an FM receiving antenna, (b) a 
television receiving antenna: a half-wave dipole constructed of (1) No. 12 wire, 
(2) 1-cm diameter rods, (3) 1-in. diameter pipes, (4) a biconical cage arrange¬ 
ment with a total cone angle of 10 degrees. 

Noth: The FM band covers from 88-108 MHz. The low-frequency televi¬ 
sion channels are 6 MHz wide and, at present, are 54-60, 60-66, 66-72, 76-82, 
82-88. In both cases it is desired, if practical, that a single antenna should 
cover the entire band with a decrease of received power of less than 3 db. 

11.14 The Antenna as an Opened-out Transmission Line. Using 
an assumed sinusoidal current distribution, the power radiated from an 
antenna can be calculated, and approximate values for input Resistance 
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and reactance can be obtained for very thin antennas. However, for 
thicker antennas, such as tower antennas for broadcast use, especially 
when fed near a current node, the sinusoidal-current assumption fails 
to give sufficiently good answers. Faced with the necessity of having 
to feed such antennas, and in the absence of a rigorous solution to the 
antenna problem, it was natural that engineers should look for a better 
assumption than the sinusoidal for the current distribution. Because 
the input impedance of an antenna goes through variations somewhat 
similar to the input impedance of an open-circuited transmission line, 
it was also natural to attempt to treat the antenna as an opened-out 
transmission line. This attack had the advantage of using transmission- 
line theory with which the engineer was already familiar, and it provided 
him with a simple expression for current distribution and input imped¬ 
ance which, although only approximate, could always be “adjusted” in 
the light of measured values. Although in more recent years the 
cylindrical antenna problem has been solved to a fairly good approxi- 
matiori and accurate values for input impedance are now available in 
the form of curves or tables, it is often still very convenient to have 
available simple analytic expressions, which will indicate the correct 
order of magnitude of input impedance and current distribution. For 
this reason, and because it is instructive to compare the antenna with 
the transmission line, one of the methods developed for treating the 
antenna as a transmission line will be outlined. 

The most extensive study of the transmission-line representation of 
an antenna has been made in a series of papers* by Siegel and Labus, 
and their results have been used in the broadcast antenna field for 
many years. The method treats the antenna as an opened-out trans¬ 
mission line that is open-circuited at the end. An antenna differs from 
a transmission line in two important respects. An antenna radiates 
power, whereas transmission-line theory assumes negligible radiation of 
power. Ordinary transmission-line theory deals with uniform lines for 
which L, C, and Z 0 are constant along the line (except very close to 
the end). For the nonuniform line representing the antenna, L, C, and 
Z 0 all vary along the line, and indeed it becomes necessary to define 
what is meant by these quantities under such conditions. Siegel and 
Labus assume that the radiated power can be accounted for by intro¬ 
ducing an equal amount of ohmic loss distributed along the transmis¬ 
sion line. Knowing this loss, an attenuation factor can be calculated, 

*J. Labus, "Mathematical Calculation of the Impedance of Antennas,” Hochf. 
und Elek., 41 , 17 (1933); E. Siegel and J. Labus, "Apparent Resistance of Antennas,” 
Hochf. und Elek 43 , 166 (1934); E. Siegel and J. Labus, "Transmitting Antennas,” 
Hochf ; und Elek., 49 , 87 (1937). 
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and this factor can be used to give a better approximation for the 
current distribution. In addition the variable characteristic impedance 
of the antenna is replaced by an average value. Because the value used 
for this average characteristic impedance determines very largely what 
the input impedance will be, considerable effort was expended in ob¬ 
taining a truly significant expression for Z 0 . The essentials of the 
Siegel and Labus method (with slight modifications) are outlined below. 

Input Impedance by Transmission-line Analogy. Figure 11-30 illustrates the 
representation of a center-fed dipole antenna as an opened-out transmission 
line. The “equivalent” transmission line has a length equal to the half-length 
H of the dipole antenna. The diameter of the antenna or transmission-line 
conductors is 2a. The problem of a ground-based antenna of height H , erected 
on a perfect reflecting plane [Fig. ll-30(d)], i s the same as that of the dipole 
antenna of half-length H [Fig. 11 -30(c)], except that values of characteristic 
and input impedances will be just one-half those obtained for the correspond¬ 
ing dipole antenna. 



[a) ib) (c) l d) 

Figure 11-30. The antenna as an opened-out transmission line. 


The first step is to obtain an expression for Z c (av), the average char¬ 
acteristic impedance of the antenna. In sec. 11.13 a simple expression for 
average characteristic impedance was developed from elementary considerations. 
Siegel and Labus have developed a somewhat different expression in quite 
another way. The scalar potential for an antenna carrying a sinusoidal 
current distribution was set up and compared with the usual expression for the 
scalar potential along a uniform parallel-wire line. Comparison of these ex¬ 
pressions yielded an expression for the characteristic impedance Zo(s) at each 
point s along the antenna. From this, an average characteristic impedance 
for the total length was defined by 

Z c (av) = -g. r Zo(i) ds (11-56) 

The final expressions obtained for Z c (av) were 

(a) For the center-fed dipole antenna of half-length H [Fig. ll-30(c)] 

Zc (av) = 120 (in ^ - 1 - y In ~) ohm (11-57) 
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(b) For the antenna of height H, fed against a perfect reflecting plane 

[Fig. 11 -30(d)] » 

Z c (av) = 60 j^ln — 1 —^-ln—^ ohm (11-58) 

The notation Z c (av) has been used to distinguish this average characteristic 
impedance from the Z 0 (av) given by eq. (52). For the special case of H — X/A 
(half-wave dipole or quarter-wave ground-based antenna), the expressions for 
Z c (av) become 

(c) Half-wave dipole, 

Z c (av) = 120 (in ^ - 0.65^ ohm (11-59) 

(d) Quarter-wave ground-based antenna, 

Z c (av) = 60 [in ~ — 0.65^ ohm (11-60) 

Having a value for Z c (av), the expressions for the voltage and current 
distribhtions and input impedance may be written down from transmission-line 
theory. For the open-circuited line the expressions are 

Ks = Kfl cosh (11-61) 

Is = ZW) siahrys (11 ' 62) 

Z s — = Z c (av) coth ys (11-63) 

Z in = Z a (av) coth yH (11 -64) 

In these expressions Vs and I s are the voltage and current, respectively, at a 
distance s from the open end of the line and Vr is the voltage at the end of 
the line. 7 = ci 4- 7/5 is the complex propagation constant for the line. Its 
imaginary part yS = 2 7t/X is the phase-shift constant, and its real part a is 
the attenuation constant, which is still to be determined. 

The expression for current distribution [eq. (62)] may be written in terms 
of the current at the loop or maximum, / m , as follows: Expanding sinh 75 , 
and taking the absolute magnitude, it is seen that, if the attenuation is not 
too great, the maximum amplitude of current (the loop current) will occur 
approximately at s = X/4, and will be given by 

Im = = j z - -- ^ cosh CL ~ sin /3 

xz j — YjL- 

] z c (av) 

Then eq. (62) may be written as 

Is — ( —j)Im sinh ys 

— 7 m (cosh as sin /3s — j sinh as cos fis) (11-65) 

The next step is to determine the attenuation factor a for the “equivalent” 
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transmission line. On the basis of a sinusoidal current distribution, the power 
radiated by the antenna can be computed by the Poynting vector method or 
the induced-emf method. This gives a value for i? lad , the radiation resistance, 
referred to the loop current. By definition, 

Power radiated = |/ m | 2 7? rad (11-66) 

7? rad for ground-based antennas on a perfect reflecting plane is plotted as a 
function of antenna height in Fig. 14-5. Alternatively, for H greater than 
0.2A, i? rad may be obtained with good accuracy from the approximate formula 


*rad = 15| 


7 r . AtcH 
T sm —' 


In 


2 H 


1.722 cos 


4 tcH 


4.83 


21n xJ 


X ' — J X 

(11-67) 

For the corresponding center-fed dipole (L = 2 H) in free space, the values 
of R v ad given by Fig. 14.5 or eq. (67) must be doubled. 

In the transmission-line representation the radiated power is replaced by 
an equal amount of power dissipated as ohmic loss along the line. This power 
loss may be assumed to be due to a series resistance r ohms per unit length, 
shunt conductance g mhos per unit length, or both. It turns out that if the 
power loss is considered to be due to both series resistance and shunt con¬ 
ductance of such values that the Pr loss per unit length at a current loop is 
equal to the V~ 2 g loss per unit length at a voltage loop, simpler expressions 
result. There is the added advantage that input impedances calculated from 
these simpler expressions seem to be in better agreement with values determined 
by other means. This is especially true for short antennas where the series- 
resistance assumption (used by Siegel and Labus) leads to values of input 
resistance that are consistently too high, whereas the assumption used here 
leads to correct values. 

Assuming both series resistance r per unit length and shunt conductance 
g per unit length, the total power loss along the line is 


W 


= \ H (\I[ 2 r + \V\' 2 g)ds 
J o 


) ds 


= f (/m^lsinh <ys\ 2 + K4g1cosh yj| 2 ) < 

J 0 

The values of r and g are so chosen that 

Im r — Vmg 

Then the expression (68) for power dissipated becomes 
rn 

W =s fm r (|sinh OLs cos /3s + j cosh cts sin /3s| 2 
J o 

+ |cosh OLs cos f3s 4- j sinh ois sin /3s | 2 ) ds 

which reduces to 


( 11 - 68 ) 

(11-69) 


W 


— fin r ( 

J o 


- Pm rH 


cosh lots ds 
sinh 2 OLH 


2aH 


(11-70) 
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For small values, of 2 <XH, this becomes approximately 

IV m I'm rH 

That is, the power loss per unit length is approximately constant and is 
equal to 

Thriving (11-71) 

The total power dissipated must equal the power that is actually radiated, 
so 

Itn f H — Fn i?rad 


Therefore 


Also, using (71), 


H 


S '■ 


Im f 

K 


Rr. 


Zi (av) HZi (av) 

For any low-loss transmission line the attenuation factor is given by 

so for this “equivalent” line 

“ = t(: r 


Rn 


Rn 


2 \Z C (av) 1 HZ C (av)/ 
The total attenuation for the length H is 

aH = ^vj 


HZ C ( a v) 


(11-72) 


(11-73) 


The input impedance can now be obtained from eq. (64). For purposes of 
computation eq. (64) can be expanded into more suitable forms: 


Z in = Z c (av)! £ 


cosh ( aH + jgffp . 


Lsinh ( aH -f- jJ3H) i 

. Z c (av) ( sinh 2a H - j sin 2/3FA 
’ — cos 2 0H J 


2 \ cosh 2 aH ■ 


Z c (av) 


/ sinh 2 aH — j sin 2/3 
V cosh laH — cos 2 j3H 


D 


(11-74) 

(H-75) 


The input resistance and input reactance are, respectively, 
Fin — 


_ Zc (av) l 
2 


sinh 2 aH \ 

r - cos 2 BH! 


(11-76) 

(11-77) 


Icosh 2 CtH — cos 2 ftH. 

_ Z 0 (av) ( -sin 2ft H \ 

Ain ~ 2 Icosh 2 aH- cos 2 ftH) 

The current distribution is given by eq. (65). When only the magnitude of 
the current is of interest, this may be obtained from 

Is = /mlsinh 7*1 


= / m Vsinh 2 as + sin 2 /3s 


(11-78) 
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Correction for the End-effect. Equation (77) for the input reactance for an 
antenna indicates that the reactance goes through zero for lengths of line that 
are integral multiples of a quarter-wavelength. It is known from experiment 
that this is not the case, and that, in fact, the reactance zeros occur for 
physical lengths of antennas that are somewhat less than multiples of X/4. 
This effect, which also occurs on open-ended transmission lines, is known as 
end-effect. It is due to a decrease in L and an increased C near the end of 
the line. This results in a decrease in Z Q and an increase in current near 
the end of the line over that given by the sinusoidal distribution. With 
transmission lines the magnitude of the effect depends upon the line spacing 
in wavelengths. The region in which the change in the line “constants” occurs 
is known as the terminal zone. In the case of the transmission line, the 
terminal zone extends back a distance approximately equal to the line spacing. 
In the case of antennas, the end-effect produces an apparent lengthening of 
the antenna, the amount of which depends in a rather complicated manner 
on the characteristic impedance, the length, and the configuration of the an¬ 
tenna. The effect is somewhat greater for antennas of low characteristic 
impedance (large cross section) than it is for thin-wire antennas. Siegel has 
investigated* the end-effect on both transmission lines and antennas and has 
computed the following table, which shows numerical values for the amount 
by which the apparent electrical length of the antenna exceeds its physical 
length measured in wavelengths. It is seen that the rule of thumb often used 

Table 11-1 

Increase in Apparent Length of Antennas due to End-Effect 


Per cent Increase 


H„A 

f | 

Tower antenna 

Z c ( av ) — 220 ohms 

Wire antenna 

Z c (av) — 500 ohms 

1 

4 

5.4 

4.5 

3 

B* 

5.3 

4.3 

1 

T 

5.2 

2.2 

0.59 

5.1 

1.9 


in the field, by which the physical length is made 5 per cent less than the 
desired electrical length, is a rather good approximation for tower antennas. 
In computing input impedance by this method it is the apparent electrical 
length that should be used for H. 

Example 1: Determine an approximate value for the input impedance at 
anti-resonance of a full-wave (L — 2 H ^X) cylindrical dipole antenna having 
a diameter of 2 cm. The frequency is 150 MHz. 

*Ernest M. Siegel, Wavelength of Oscillations Along Transmission Lines and 
Antennas , University of Texas Publication No. 4031, Aug. 15, 1940. 
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Physical half-length 

o- _ 2 x 0.95 A 

Ho ~- 2 -= 0.95 meter 



Z c (av) = 120(ln 95 - 1 - £ In 0.95) = 430 ohms 


aH = 


Rrad _ 210 

Zc (av) “ 430 


/3H=7t 


0.489 


Z ia = R ln = 430 


' sinh 0.978 \ 

,cosh 0.978 — 1 j 


= 948 ohms 


Example 2: A uniform-cross-section tower antenna is 400 ft high and 7 ft 
square. Calculate the base impedance at a frequency of 1300 kHz. 

(a) Characteristic impedance 

* Equivalent* radius a= 0.5902 x 7 =4.14 ft 

Physical height H 0 = 400 ft 

Then H 0 /a = 96.6 2 H 0 /X = 1.06 

Z c (av) = 6o(ln^ — 1=210 ohms 

(b) Attenuation factor 

ci * • , u * u* ou 27T x 1-05 X 400 . AQ 

Electrical height pH = — 231 x 3 281 — = 3.48 rac * ians 


<XH=^- = ~ = 0.386 nepers 

X-Q 2 lU 

(c) Theoretical base impedance 
n _ 210 l 0.851 \ 

R 2 (l. 155 -0.883/ - 329 ohms 

v 210 /0.643N ,. a , 

X ~-—{o3n) =-248 ohms 

-2Tbase = 329 — y'248 ohms 


*E. Hallen has shown that the correct value for the equivalent radius of a 
noncircular cylinder is obtained by finding the radius of the infinitely long circular 
cylinder that has the same capacitance per unit length as does an infinite length of 
the noncircular cylinder. For the square cross section of side length d he obtains 
for the equivalent radius, a = 0.5902^. “Theoretical Investigations into the Trans¬ 
mitting and Receiving Qualities of Antennae/’ Nova Acta Upsal 4, 11, 7 (1938). Also, 
"Admittance Diagrams for Antennas and the Relation between Antenna Theories,” 
Cruft Laboratory Report No. 46, June, 1938. Also, equivalent radii for elliptical and 
polyhedral cross sections have been determined by Y. T. Lo, “A Note on the 
Cylindrical Antenna of Noncircular Cross Section,” J. Appl. Phys., 24, pp. 1338-1339, 
October, 1953. 
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Example 3: The antenna of example 2 is to be used as antenna ( 1 ) in a 
two-element directional array, with a quarter-wave tower as antenna (2). The 
loop current of antenna ( 2 ) is equal to, but leads, the loop current of antenna 
(1) by 90 degrees, that is, 

h (loop) = h (loop) /90° 

Assume Z M is nearly equal to the self-impedance of antenna (1) and use 
Z V2 = 20 /—25° (referred to current loops) 

Z-22 = 36 -j- y '20 


Determine the driving-point impedances: 

(a) Refer the mutual impedance to the base of antenna (1). The mutual 
impedance Z- n referred to the base current 7i(0) of antenna ( 1 ) is 


Z n (base) = 


Vu _ h (loop) __ h (loop) 

MO)” MO) i\ (loop) MO) 


Z 2 1 (loop) 


where V n is the open-circuit voltage at the terminals of ( 2 ) due to the current 
flow in ( 1 ). 

From example 2, 


7t (loop) _ sinh <y\/4 __ ._ cosh OtX /4 _ 

7 i (base) ” sinh 7 77 ” J sinh 0.386 cos 200° + j cosh 0.386 sin 200° 


1 / 90 ° 

~ 0.523 /224.8 0 


1.91 /-134.8 0 


then 


Z 21 (base) = 20 /-25° X 1.91 /-134.8° = 38.2 /-159.8° 
(b) Driving-point impedances 

Z[ = Z\\ + j-Z 12 (all referred to base) 

I 2 (base) __ 1-2 (base) h (loop) 

7i (base) “ h (loop) 7i (base) 

= 1 [90^_ X 1.91 7-134.8° = 1.91 7-44.8° 

Z; = 329 - ;248 + 1.91 / —44.8° X 38.2 /-159.8° 

= 263 - 7218 

For antenna (2), base current equals loop current. 

Z; = Z 22 + -r* Z l2 (loop or base) 
h 


= 36 + j 20 + 


38.2 / —159.8° 
1.91 / —44.8° 


= 36 + j20 + 20 / — 115.0' 
= 27.5 + y 1.9 
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11.15 Practical Antennas and Methods of Excitation. The direc¬ 
tional and impedance characteristics of antennas have been considered 
briefly in the preceding sections, and will be treated in more depth in 
later chapters. In this section several practical considerations relating 
to the feeding and matching of antennas and arrays will be discussed. 

Effect of the Earth on the Impedance of Elevated Antennas. A 
practical “half-wave dipole” refers to a resonant-length dipole for which 
the reactance is zero. Because of the end-effect (sec. 11.14) and as can 
be seen from the impedance curves of Figs. 14-7, 14-12, and 14-19, a 
resonant-length antenna is always shorter than a half-wavelength (by 
an amount depending on the antenna thickness) and the radiation 
resistance at resonance may be about 65 to 72 ohms, which is somewhat 
less than the theoretical value of 73 ohms for the infinitely thin dipole. 

In addition to the above effect, an actual dipole is always located 
above the ground or other supporting and reflecting surface, so that 
the theoretical free-space conditions do not apply. The effect of the 
presente of a perfectly conducting ground on the input impedance of 
the antenna can most readily be accounted for by replacing the ground 
by an appropriately located image antenna carrying an equal current 
in proper phase, and then computing the driving-point impedance under 
those conditions by the methods of chap. 14. Figure 11-31 shows how 
the input impedance of a (theoretical) half-wave dipole varies with 
distance above a ground plane that is assumed perfectly conducting. 
In general the input impedance now has a reactive component as well 
as resistance, and the magnitude of the resistance oscillates about the 
free-space value of 73 ohms. For a practical dipole a similar effect 
could be expected, with the input resistance oscillating about the actual 
free-space value. The effect of a finitely conducting ground could be 



Figure 11-31. Variation of the radiation resistance of a 
theoretical half-wave dipole with height above a per¬ 
fectly conducting earth. 
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determined in a similar manner, the only difference being that the 
image antenna would carry a current, the magnitude and phase of 
which would depend upon the actual reflection coefficients of the earth 
(see chap. 16). The final results would be similar to those of Fig. 11-31, 
except that the amplitude of oscillation about the free-space impedance 
would be slightly less, with a slight shift in the actual heights above 
ground at which the maximum and minimum impedances occurred. 
Because of irregularities of the ground itself, and unknown reflections 
from buildings, trees, and other surrounding objects, some deviation 
from the theoretical values must always be expected. 

The effect of the presence of the ground on the vertical radiation 
pattern can also be obtained by use of the image principle. In Figs. 
16-7 through 16-11 are shown the vertical patterns of short vertical 
and horizontal dipoles above earths of various conductivities. For greater 
heights above the earth the vertical pattern becomes multi-lobed. The 
approximate location of the maxima and minima of the pattern can 
be obtained by considering the perfect ground case and using the 
principle of multiplication of patterns as in sec. 11.08. For horizontal 
antennas in the plane perpendicular to the axis of the antenna the 
factor by which the free-space pattern must be multiplied to account 
for the effect of the ground is 



where h is the height of the center of the antenna above ground and 
^[r is the angle of elevation above the horizontal. The first maximum 
in this pattern occurs at an angle ^ ml which is given by 


sin ^ ml 


4k 



For a vertical antenna the corresponding ground-effect 
perfectly conducting earth is 


2 cos 



factor of a 


( 11 - 80 ) 


For a finitely conducting earth, expression (79) should give a good 
approximation to the actual multiplying factor for all angles of ^ 
because, for horizontal polarization, the reflection factor of an imperfect 
earth is always nearly equal to minus one (Fig. 16-3). However, for 
vertical antennas, expression (80) will give reasonably good results only 
for large angles of As will be shown in chap. 16 (Fig. 16-4), for 
angles of t/t less than about 15 degrees (the “pseudo-Brewster angle”), 
the phase of the reflection factor is nearer to 180 degrees than it is 
to zero, and the use of (80) for low angles of -yjr would lead to erroneous 
results. 
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In the vertical plane parallel to the axis of a horizontal antenna, 
the radiation is vertically polarized, and it is the reflection factor for 
vertical polarization that must be used in determining the effect of the 
ground. This means that for large angles of 'i/r, the reflection factor 
will be approximately plus one, but for small angles (below about 15 
degrees) it will more nearly approximate minus one. This result has an 
effect of some practical importance in connection with low-angle ra¬ 
diation or reception off the end of a horizontal antenna. Because the 
vertical components of the direct and reflected waves are oppositely 
directed as they leave the horizontal antenna, they will have the same 
direction (or phase) after reflection of the reflected wave by the im¬ 
perfect ground. Therefore, at low angles, direct and reflected waves will 
tend to add instead of cancel, resulting in a relatively strong vertically 
polarized signal off the end of a horizontal antenna. 

Methods of Excitation . Several common methods of feeding half¬ 
wave ^ntennas are illustrated in Fig. 11-32. Figure 11 -32(a) shows the 
balanced-line type of center feed. Because of the mismatch between 
the high characteristic impedance of open-wire lines and the low input 
resistance of a resonant dipole, this manner of excitation results in 
standing waves on the feed line as indicated in the figure. However 


\ 

* 


i. i 

i 

/ 


U) 




(c) U) 


Figure 11-32. Common methods of exciting high-frequency 
antennas. 
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with solid-dielectric, low-impedance lines this mismatch can be almost 
completely eliminated, but there is now some loss in the dielectric. 
The “delta-match” or “shunt-feed” arrangement of Fig. 11-32(6) can 
result in a good impedance match and low standing waves on the 
feed-line if the various dimensions are properly chosen. 

Probably the simplest of all possible methods of excitation is the 
single-wire line “end-fed”" arrangement of Fig. ll-32(c). In this case 
the vertical “transmission line” also radiates energy, a result that may 
or may not be desired. By tapping on the vertical wire at a lower 
impedance point along the horizontal antenna as in (<f), a better imped¬ 
ance match and lower standing-wave ratio on the feed line can be 
obtained.* This results in smaller radiation from the vertical wire, 
which now carries a traveling-wave current distribution. Optimum 
dimensions for the types of feed shown in ( b ) and ( d f) are dependent 
on the height of the antenna above ground and upon the conductivity 
of the ground. They may be determined by trial in each case. 

Long-wire Antennas. The single-wire feeds of Figs. ll-32(c) and (, d ) 
are also suited to the excitation of horizontal long-wire antennas. 
When such antennas are unterminated (that is, open at the far end), 
the current distribution is chiefly that of a standing wave, and the 
antenna should preferably be cut to a resonant length, so that the 
input impedance is resistive. However, with the resonant-line feed of 
Fig. 1 l-32(c) it is usually possible to tune out a certain amount of 
reactance at the point of coupling between transmitter and feed line. 
The patterns of end-fed resonant long-wire antennas are multi-lobed 
patterns given by the expressions 


E 


60/ 


cos (ttL/X cos 6 ) 


sin i 


(11-8 la) 


for wires that are an odd number of half-waves long, and 

e= 6 M 

r 

for wires that are an even number of half-waves long. Qualitative 
patterns for these antennas can be obtained by inspection through use 
of the principle of multiplication of patterns. The theoretical current 
distribution and calculated pattern for a two-wavelength end-fed long- 
wire antenna are shown in Figs. 11 -33(a) and (6). Since the actual 
current distribution consists of a traveling wave as well as a standing 
wave (because of loss due to radiation), the actual patterns will differ 
from the theoretical as was pointed out in sec. 11.04. The chief effect 


sin ( 7zL/\ cos 6 ) 
sin 6 


(11-8 lb) 


*W. L. Everitt and J. F. Byrne, “Single-wire Transmission Lines for Short-wave 
Radio Antennas,” Proc. IRE, 17, 1840 (1929). 
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of this difference is to tilt the 
lobes toward the unfed end. This 
difference between actual patterns 
and theoretical patterns (based on 
standing waves only) is much less 
in the case of center-fed antennas. 

If a long wire is terminated 
in a resistance equal to its charac¬ 
teristic impedance the current dis¬ 
tribution along it is essentially 
that of a traveling wave, and its 
pattern will have the general 
shape of that shown in Fig. 11-7. 
The longer the wire, the smaller 
will be the angle between the wire 
and the first or main lobe. The 
important difference between the 
patterns of terminated and un¬ 
terminated wire antennas is the 
absence of large rear lobes in the 
former. 

Stub-matched and Folded Di¬ 




Figure 11-33, (a) Theoretical current dis¬ 
tribution and (b) radiation pattern of a 
two-wavelength end-fed antenna. 


poles. A simple dipole has an input 

impedance that is too low for direct connection to an ordinary open- 
wire transmission line, and some sort of impedance-matching arrange¬ 
ment is required if the desirable condition of no standing waves on the 
line is to be attained. An easy way of obtaining this match is by 
means of the stub-matched dipole shown in Fig. 11-34. By making the 
length L = 2 H somewhat less than a half-wavelength, the input imped- 



Flgure 11-34. Stub-matched dipole. 
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ance will be a capacitive reactance in series with the radiation resistance. 
For a length s of stub line less than X/4, the input impedance of the 
shorted transmission line will be an inductive reactance, the magnitude 
of which can be adjusted to tune out the capacitance of the antenna. 
The resulting impedance at the terminals a~b will be a pure resistance, 
the resistance of the parallel-resonant circuit. By proper choice of L 
and s this resistance can be adjusted to almost any value desired. The 
arrangement is good mechanically, because by extending the lines of 
the stub back beyond the shorting bar, the antenna can be mounted 
on, and a quarter-wavelength in front of, a reflecting ground screen, 
without the use of insulators. 

An alternative way of obtaining a high-impedance input is by means 
of the folded dipole described by Carter* and shown in Fig. 11-35. This 
method has the added advantage that it also increases the band width 
of the antenna, an important consideration in FM and television ap¬ 
plications. The folded half-wave dipole consists essentially of two half¬ 
wave radiators very close to each other and connected together at top 
and bottom. As far as the antenna currents or radiating currents are 
concerned, the two elements are in parallel, and if their diameters are 
the same, the currents in the elements will be equal and in the same 
direction. If 1 amp flows in each element (at the center) the total 
effective current is 2 amp, and the power radiated will be (2I X ) 2 R rod ^ 
4 x 13I\ or 4 times that radiated by a single element carrying 1 ampere. 
However, the current that is required to be delivered by the generator 
at the terminals a-b is only 1 ampere, so that the input resistance is 



X 


7 

a — 




b^~ 

m 

\ 



z 


L 


( a) 


\ _ 

7 

m 



— 

! 

i 


V. 



( c) 



Figure 11-35. (a) Folded dipole. ( b ) Folded monopole, (c) Multi¬ 
element folded dipole. 


*P. S. Carter, “Simple Television Antennas,” RCA Rev., 4, 168, October 1939; 
W. Van B. Roberts, “Input Impedance of a Folded Dipole,” RCA Rev., 8, 289 (1947). 
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seen to be 4 times that of a simple dipole. If there are three elements 
of equal diameter connected together as in Fig. ll-34(c), the input 
resistance will approximately be 9 times that of a simple dipole. If the 
elements are of unequal diameters, the currents will divide unequally 
between the elements. If it is assumed that the currents divide in¬ 
versely as the characteristic impedances Z 01 and Z 02 , so that 



then if element 1 is the driven element, the input resistance will be 

Rin = - R rii (l + ^ ! =jRra ^l +|(H-82) 

As before, is the radiation resistance of a simple half-wave dipole 
(theoretically = 73 ohms, actually R rad < 73 ohms). 

In order to understand the increased band width that results with 
the folded-dipole arrangement, consider the simple half-wave (resonant- 
lengtA) dipole of Fig. 1 l-36(a) which is connected in parallel at its 
terminals with a shorted quarter-wavelength line. At the resonant 
frequency the dipole resistance is in parallel with the input impedance 
of the transmission line, which is a resistance of very high value. 
Below resonance, the antenna impedance becomes capacitive, but the 
transmission-line impedance becomes inductive, and the parallel com¬ 
bination tends to remain nearer unity power factor than does the 
antenna alone. Conversely, above resonance the antenna impedance 
becomes inductive and the line impedance becomes capacitive so that 
compensation is again obtained. Although compensation is far from 




la 

If 


Figure 11-36. 
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perfect, because the susceptances are not equal and opposite, if the 
frequency is shifted far enough in either direction from the resonant 
frequency of the dipole, a point of perfect susceptance compensation 
(where the input impedance is a pure resistance) is again obtained. 
Below resonance this occurs for the same conditions that led to the 
stub-matched dipole of Fig. 11-34. Above resonance the point of perfect 
susceptance compensation occurs when the capacitive susceptance of 
the stub is just sufficient to tune out the inductive susceptance of the 
antenna. Of course, the input resistance at these stub-matched or anti¬ 
resonant points will be considerably higher than at the resonant 
frequency, but for some purposes the resulting standing-wave ratio is 
good enough over the range that the effective band width may be said 
to extend from one anti-resonant point to the other. This represents 
almost a two-to-one frequency range. 

The above considerations apply directly to the folded dipole of 
Fig. 11-36, which has the stub line (actually two stub lines in series) 
as a built-in feature. The elements of the folded dipole then carry 
both the antenna currents, which are in the same direction in the two 
elements, and the transmission-line currents, which are in opposite 
directions in the two elements of the dipole [Fig. 11-36(6)]. At the 
resonant frequency the antenna currents are relatively large [I a = 
(V/R m ) = (K/4jR md ) in each element, at the center], whereas the transmis¬ 
sion-line currents are zero at the center, but have the value I t = V/2Z ot 
at the ends, where Z ol is the characteristic impedance of each of the 
two shorted quarter-wave transmission-line sections. 

For FM broadcast reception a common type antenna is a folded 
dipole made of flexible solid dielectric “twin-lead.” For a transmission 
line made of such cable the phase velocity, and hence the length of 
a wavelength, is only about 80 per cent of the free-space value. 
Therefore an electrical quarter-wavelength section is only 0.8 times 
A/4 physically, and the physical line must be made shorter than would 
be the case with a free-space dielectric. On the other hand, the thin 
dielectric covering on the cable has almost negligible effect* on the 
apparent phase velocity and wavelength of the antenna currents, so 
that for resonance the physical length of the antenna should still be 

*The reason for the difference in the two cases is as follows: As a transmission 
line the return displacement currents flow from one wire to the adjacent wire, 
mostly through the solid dielectric that is in parallel with the surrounding air 
dielectric. As an antenna the “return” displacement currents flow from both wires 
in parallel, through the solid dielectric and air dielectric in series to the opposite 
arm of the dipole (or to ground in the case of the monopole). In this latter case 
the length of path through the solid dielectric is short compared with the remainder 
of the path through the air dielectric so that the solid dielectric has negligible effect. 
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0.95 X/2 


0.8 X/2 


approximately L ^ 0.95A,/2 (that is 
H % 0.95A./4). The method for satis¬ 
fying these two conditions simulta¬ 
neously is indicated in Fig. 11-37. 

The two elements are cut to 0.95 
times X/2, but the shorting connec¬ 
tions are spaced only 0.8 times X/2 
apart. 

An added insight into the opera¬ 
tion of the folded dipole (and also 
certain of the “baluns” described in 
the next part of this section) is 
provided by the superposition prin¬ 
ciple. Consider the operation of the 

folded monopole of Fig. 11-35(6), which operation is identical with 
that of the corresponding folded dipole of Fig. 1 l-35(a). The single 
zero-j?mpedance generator may be replaced by three equivalent generators 
having equal voltages, zero internal impedances, and connections and 
polarity as shown in Fig. 11-38(6). If V x — V 2 = V 3 — K/2, then a 



Figure 11-37. Common type of 4 
in” antenna for FM reception. 


built- 



quick check shows that as far as the currents in the two elements 
are concerned, the operation of 11-38(6) is identical with that of 
ll-38(a). In (6) generator V 3 causes equal antenna currents to flow in 
the same direction in elements (1) and (2). Generators V x and V 2 in 
series cause equal and opposite transmission-line currents to flow 
in elements (1) and (2). Because points B and C have the same voltage 
at all times they could be joined together without affecting the opera¬ 
tion (when all generators are generating) and the circuit of Fig. ll-38(a) 
would result. Now consider the superposition principle applied to the 
equivalent circuit (6). By this principle the total currents flowing in 
any branch with all generators generating is just the sum of the 
individual currents produced by each of the generators alone, the other 
generators being replaced by their internal impedances. With V x and 
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V 2 not generating, V 3 sends equal antenna currents into the two ele¬ 
ments (1) and (2) (assuming these elements to have equal diameters). 
With V 3 not generating, V x and V 2 send equal and opposite transmis¬ 
sion-line currents in the two elements. The total currents that actually 
flow are the sum of the two sets of currents. The impedance relations 
given previously follow directly. At resonance the transmission-line 
currents at the input produced by V x and V 2 are approximately zero. 
The total antenna current is V z /R n<x , where i^ rad for aX/4 monopole is 
approximately 36.5 ohms. The antenna current in element (1) is one- 
half the total antenna current, or I al = V z /2R n<i . The actual applied 
voltage V = 2K 3 , so the input impedance at resonance is R ln = V/I al = 
4-Rfad- 

Baiuns . An ordinary dipole is a balanced load in the sense that 
for equal currents in the two arms, the arms should have the same 
impedance to ground. Such a load should be fed by a transmission 
line such as a two-wire line, which itself is “balanced to ground.” 


h~h A 





h Ail>z !z ' Iz 
X g 

( a) 





Figure 11-39. Baiuns. 
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However, at very high and ultra- 
high frequencies unbalanced co¬ 
axial lines are nearly always 
used, so that we encounter the 
problem of transforming from an 
unbalanced to a balanced system 
or vice versa. The device that 
accomplishes this balance-to- 
unbalance transformation is called 
a balun . There are many different 
types of baluns and four of the 
most common are shown in 
Figs. 11-39 and 11-40. In Fig. 
ll-39(a), a balanced dipole an¬ 
tenna is shown connected directly 
to tip end of an unbalanced 
(coaxial) line. The currents / L 
and L must be equal and opposite. 

At the junction A , current L 
divides into J 3 , which flows down 
the outside of the outer con- Figure 1140. Baiun and “equivalent 
ductor of the line and L — / 3 circuit.” 
which flows on the second arm 

of the dipole. The current / 3 depends upon the effective “impedance 
to ground” Z Q provided by this path along the outside of the con¬ 
ductor. This impedance can be made very high, thus making / 3 very 
small, by the addition of a quarter-wave skirt around the outer con¬ 
ductor as in Fig. 11-39(6). With the skirt shorted to the conductor at 
the bottom, the impedance between the points A and B (and therefore 
between A and the effective ground part wherever it may be) is ex¬ 
tremely large, being limited only by the O of the shorted quarter- 
wave section. In the arrangement of ll-39(c) the dipole feed is balanced 
by making the impedance of the shunt paths from A and B to the 
common point C equal. When the stub length is approximately a 
quarter of a wavelength, these equal shorting impedances are very large, 
and, in addition, the arrangement exhibits the desirable broadband 
characteristics discussed in connection with Fig. ll-36(a), to which 
it is exactly equivalent. Figure ll-39(d) is a more practical version 
of the arrangement shown in (c). Similar broadband characteristics 
are obtained with the balun of Fig. 11-40(a) for which the equivalent 
circuit of Fig. 11-40(6) may be drawn. The impedances Z 01 which 
shunt each side of the balanced load, are given by 

Z Q — jZ 0 tan J3s 
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where Z 0 is the characteristic impedance of each of the parallel stubs. 

VHF Antenna Arrays . For point-to-point communication and ap¬ 
plications such as radar the gain or directivity that can be achieved 
by the use of arrays is usually desirable and sometimes necessary. At 
these frequencies, line arrays and rectangular arrays become practical. 
A common array is the “mattress” antenna (Fig. 11-41) which consists 
of a rectangular array of coplanar elements, mounted a quarter wave¬ 
length in front of a reflecting screen. The patterns of such arrays are 
easily obtainable by the methods of secs. 7 and 8, but the methods of 
feeding the arrays to obtain the desired currents in the elements have 
not yet been considered. Figures 11-42 and 11-43 illustrate two methods 
for feeding a number of elements with equal currents, or with any 
specified currents, as required, for example in the binomial array of 
sec. 10. In Fig. 11-42 the points A, B t C, and D are spaced half a 
wavelength apart on the transmission line, so that the voltages at these 
points are always equal in amplitude. By feeding the antennas from 
these points through quarter-wave sections, the current amplitudes 
depend only upon these equal voltages and the characteristic imped¬ 
ances of the sections, and will be independent of the antenna driving- 


Screen 



( a) 


JL JL JO. JO JL JL 

(d) 

Figure 11-41. Typical rectangular array of co-planar elements. 



Figure 11-42. A method of feeding antennas in an array with spec¬ 
ified currents: I\ = V/Z ou h = V/Z 02 , h = VjZ { 03 , h — K/Z 04 . 
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h tH-tH 



Figure 11-43. A second method of feeding the 
elements of an array with specified currents. 


point impedances. This technique provides a simple way of circum¬ 
venting the bothersome effects of unequal and (difficult to calculate) 
mutual impedances between antennas in an array. For similar quarter- 
wave ^sections the antenna currents will be equal, although they can 
be made to have almost any ratio by suitable choice of characteristic 
impedances for the quarter-wave sections. In the arrangement of Fig. 
11-43, it is easy to show that the amplitudes of the driving voltages 
at the antenna terminals will be related by 



In practice the quarter-wave sections are made by slipping copper 
tubing of the correct diameter over the main feed line Z 0 i, and solder¬ 
ing the tubing to the inner line at both ends. 

VHF and SHF Antennas . The antennas and arrays used in the VHF 
band, for the most part can be and are used in the UHF range also. 
However, at the upper end of the ultrahigh-frequency band, and es¬ 
pecially at superhigh frequencies (3-30 GHz), the size of the elements 
becomes impractically small. It is then convenient to use “current- 
sheet” radiators such as paraboloids, horns, and slot antennas. The 
radiation from such sheet radiators can be computed from the fields 
of the individual current elements, exactly as is done for ordinary 
linear radiators, providing that the current distribution on the con¬ 
ducting sheets is known or can be estimated. However, in most cases 
the current distribution is neither known nor readily estimated, so that 
other methods of determining the radiation must be sought. A quite 
powerful method consists of determining the radiation from the an¬ 
tenna in terms of the fields that exist across the “aperture” of the 
antenna. Radiation from aperture antennas is the subject of chap. 13. 

Problem 9. Verify the relation given in eq. (83). 
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Problem 10. Using eq. (82), determine the wire size required for the excited 
arm of a folded dipole, in order to transform the input resistance of 21.5 
ohms, for an element in an array, to 150 ohms. The second arm of the dipole 
should be of the same diameter as the other elements (1-^-in.), and a spacing 
between arms of 3 in., center-to-center, is suggested. 


11,16 Transmission Loss between Antennas. Up to this point the 
antenna has been studied as an entity.. It is now necessary to examine 
it as an element in the overall communication system. It is interesting 
to compare* the transmission of signal power in guided-wave systems 
such as coaxial cables, wave guides, etc., and in radiated-wave systems, 
such as microwave links. In the former the transmission loss per unit 
length is independent of distance, and usually increases with frequency. 
In the latter the transmission loss per unit length decreases with in¬ 
creasing distance, and the frequency variation depends upon the ap¬ 
plication. The notion of transmission loss is common in guided-wave 
systems but it also has direct application in radio transmission! where 
it is simply a measure of the ratio of power transmitted or radiated 
to the power received, expressed in decibels. 

For free-space transmission, the transmission loss is easily deter¬ 
mined. For a power W T radiated from an isotropic antenna the power 
density at a distance d is W T /47ccP. If the transmitting antenna has a 
gain gi in the desired direction the power density is increased to 
giW T /4rt<f. The effective area of the receiving antenna is A = \ 2 g 2 /47t 
so the power received will be 


W — W T X~g 2 __ X*' gig 2 
R 4tt d 2 4tt (And) 2 


W T 


(11-84) 


Hence the ratio of received to transmitted power is 

W K _ X i g lg2 
W T (47 tdf 

The basic transmission loss , L b , is defined as the reciprocal of this 
ratio, expressed in decibels, for transmission between isotropic antennas 
(gi =£2 = 1). That is 

L 6 =101o gl /i^ 2 (11-85) 


The actual transmission loss L will be less than L b by the amount of 
the antenna gains Gi and G 2 , expressed in decibels. 

L = L b — G x — G 2 (11-86) 


*A more comprehensive discussion appears as chap. 16, “The Channel in Elec¬ 
tronic Systems,” by E. C. Jordan, in Foundations of Future Electronics , D. B. Langmuir 
and W. D. Hershberger, eds., McGraw-Hill Book Company, New York, 1961. 

|K. A. Norton, “Transmission Loss in Radio Propagation,” Proc. IRE , 41, 146-152 
(1953); also Nat. Bur. Stand. Tech. Note 12, June, 1959. 
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Problem 11. Determine the basic transmission loss between a ground-based 
antenna and an antenna on an aircraft (assuming free-space conditions) at 
distances of 1, 10, 100 and 200 miles 

(a) at a frequency / = 300 MHz 

(b) at a frequency / = 3000 MHz 

(c) How high should the aircraft be flying to be within line-of-sight at 
distances of 100 and 200 miles? (see sec. 16.06) 

Problem 12. If the ground-based antenna of problem 11 is a 25-ft-diameter 
paraboloid with an effective area equal to 60 per cent of actual area, and the 
aircraft antenna is essentially isotropic, what is the transmission loss at both 
frequencies? 

Problem 13. If the ground-based antenna of problem 12 is also required 
to be azimuthally omnidirectional so that its directive gain is approximately 
2 at both frequencies, what is the transmission loss at 300 MHz and 3000 MHz? 

Transmission Loss as a Function of Frequency . Problems 11, 12, and 
13 have emphasized that the variation with frequency of transmission 
loss depends upon the circumstances of the problem. Three particular 
cases are of special interest: 

(1) For vehicular communication, air-to-ground links and naviga¬ 
tional systems it is normally required that both antennas have omni¬ 
directional coverage. (An ‘‘omnidirectional” antenna is one that has 
essentially uniform coverage in the azimuthal plane but which may 
have some directivity in the vertical plane. A monopole or vertical 
dipole is a typical omnidirectional antenna.) Under these circumstances 
the directional gain is fixed and independent of frequency. From (11-84) 
it is evident that under these circumstances of transmission between 
fixed-gain antennas, the received power is proportional to wavelength 
squared, or inversely proportional to the square of the operating frequency. 

(2) For transmission between a fixed-gain antenna and a fixed-area 
antenna the transmission loss is independent of frequency. An example 
occurs in transmission between a satellite antenna and a ground-based 
antenna. It is often desired to make the satellite antenna behave as 
closely as possible to an isotropic radiator to allow for spinning. The 
size of the ground based antenna is set by cost considerations, so its 
effective area, A 2 = (X 2 /4n)gi, being proportional to actual area, is 
essentially fixed. From (11-84) the received power under these circum¬ 
stances is given by 


Wr __ g\A 2 
W T 4 ltd 1 

and is independent of frequency. 

(3) For ordinary microwave links both antennas are made directional 
with a size that is limited by cost considerations. In this case, for 



412 


Antenna Fundamentals 


§11.17 


which 

A x A t 

W T A rd 1 

the received power is directly proportional to the square of frequency. 

It is important to bear in mind that the conclusions reached above 
apply only for the ideal case of free-space transmission. In practice 
the propagation path almost always requires that allowances be made 
for the effects of the ground, the ionosphere, or the troposphere on the 
transmission loss. Moreover the important quantity is not received 
power, but rather received signal-to-noise ratio, so it is the variation 
with frequency of this latter factor that is most significant. Signal-to- 
noise ratio is considered in sec. 11.17 and the effects of the ground, 
troposphere and ionosphere on propagation characteristics are covered 
in chaps. 16 and 17. 

1 1.17 Antenna Temperature and Signal-to-noise Ratio. The basic 
problem in the design of a communication channel is to receive a 
signal strong enough to yield an acceptable signal-to-noise ratio. If 
the noisiness of the system is low, the received signal can be very 
small indeed, and still produce a quite adequate transmission channel. 
The design of an antenna receiving system for satisfactory signal-to- 
noise output requires a knowledge of effects of both antenna noise and 
receiver noise. 

Although noise power can be expressed in watts, or watts per hertz 
of band width, a more convenient measure is given in terms of tem¬ 
perature through the Nyquist relation. According to this relation* the 
noise power available from a resistor R at absolute temperature T° K 
is 

P a = kTB (11-87) 

where B is band width in hertz and k is Boltzmann’s constant 
(k = 1.37 X 10~ 23 joule/ 0 K). Because this noise power is independent 
of the value of R and directly proportional to T y the absolute tem¬ 
perature makes a convenient specification for noise power per hertz of 
band width. From (11-87) it is easy to calculate the thermal noise 
voltage across the resistor. Knowing that the (maximum) power available 
from any source having resistance R is P a = V 2 /4R 7 it follows that the 
thermal noise voltage across R at temperature T° K is given by 

V — 2\fkTBR (11-88) 

When an antenna or other source is connected to a receiver of gain 
G , both signal and source noise are amplified, and in addition noise 

* Nyquist, H., “Thermal Agitation of Electric Charge in Conductors,” Phys. Rev., 
32, 110 (1928). 
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is added by the receiver, so that the input signal-to-noise ratio is 
degraded (decreased) at the output. There are several factors which 
can be used to describe* this result, but attention here will be con¬ 
fined to the approach that is particularly suitable in antenna work 
where very low-noise receivers are frequently utilized. 

The design objective for antenna receiving systems is to produce a 
specified output signal-to-noise ratio with a minimum received or input 
signal. Considering an input signal S A generated by a source (in this 
case the receiving antenna) at temperature T At the output signal power 
S from an amplifier of power gain G will be S A G. The output noise 
power will be the sum of the amplified antenna noise and the receiver 
noise Py. That is, the output noise power N is given by 

N = kT A BG + P y = kT A BG + kT e BG 


where T e is the effective noise temperature! of the receiver network, 
referrfed to the input terminals. Then the output signal-to-noise ratio 
is given by 


5 _ 

N (T, + T e )kB 


(11-89) 


Hence the input signal required to produce a specified output S/N 
ratio is proportional to the effective antenna noise temperature T A 
plus the effective noise temperature T e of the network. From the point 
of view of signal-to-noise ratio, the system design calls for a maxi¬ 
mization of S a /(T a + T'). 

In view of expression (89) it is worthwhile to examine the range 
of antenna noise temperatures to be expected in practice. Fig. 11-44 
shows the limits of antenna noise temperatures in the frequency range 
from 100 kHz to 100 MHz. It is seen that in the HF band and below, 
that is below 30 MHz, antenna noise temperatures can range from a 
low of 100°K at 2 MHz to a high of (10 l5 )°K at 100 kHz. It seems 
hardly necessary to point out that these figures bear no relation to the 


*See bibliographical references to Heffner, Susskind, Hayden and Hansen at end 
of chapter. 

■{-Effective noise temperature T e and noise figure (or noise factor) F,y of a net¬ 
work are related as follows: 

Fy is the ratio of actual noise power out (when connected at input to a source 
at standard temperature T 0 = 290°K) to the noise power out that would exist for 
the same input, if the network were noiseless. Hence 

j 7 ^.kT^BG Py kT n BG -J- kT e BG _ n , T % 

N kT 0 BG ~ kT 0 BG + T 0 

Note that Fy = 1, or 0 db corresponds to T e = 0°K, 

Fy —2, or 3 db corresponds to T e = 290°K, 
and so on. 
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Figure 11-44. Noise temperatures at medium and high frequencies (after 
E . C. Hayden). 


ambient temperature of the antenna but are simply a measure of the 
noise power (in this case atmospheric noise) available from the antenna 
(assumed over this frequency range to be a lossless monopole). The 
extraordinarily high temperatures shown are indicative of the high 
temperatures that would be required of a resistor to produce an equiv¬ 
alent amount of thermal noise according to the relation P a — kTB . 
It is evident that over most of this frequency range the antenna noise 
temperature T A is so large that it would be pointless to expend any 
great effort in designing a low-noise receiver to keep T e small. A quite 
different situation exists, however, at higher frequencies, as can be seen 
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Figure 11-45. Noise temperatures at microwave frequencies (Pierce 
and Kompfner—after D. C. Hogg). 


from Fig. 11-45. Between about 50 and 500 MHz atmospheric noise 
becomes negligibly small and one is concerned with cosmic or galactic 
noise, the daily limits of which are shown in both Figs. 11-44 and 
11-45. Above about 1000 MHz cosmic noise becomes negligible and 
there remains only a contribution due to oxygen absorption which has 
a resonance peak at 60 GHz. Over this frequency range highly directive 
reflector-type antennas are used. In Fig. 11-45 several curves are shown 
corresponding to various elevation angles (above the horizon) at which 
the highly directive antenna is pointing. When the antenna is pointing 
straight up, the absorption in the thin blanket of the earth’s atmo¬ 
sphere is small, but as the antenna points more toward the horizon, 
the relative thickness of the absorbing layer increases. Using the 
principle of detailed balancing it can be shown that the temperature 
“seen” by the antenna looking at a region having a temperature T is 
aT, where a is the fraction of the total radiation from the antenna 
(when transmitting) which is absorbed in the region. Also, if an antenna 
illuminates several regions or bodies, the antenna temperature T A on 
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receiving is the mean temperature of the illuminated region weighted 
according to the fraction of radiated power which is absorbed in each 
of the several regions or bodies. That is, 

T A = 'Ei otfcTjc 

where T k — temperature of kth body 

a k = fraction of radiated power absorbed by &th body 
It follows that if a high-gain antenna is pointed at a signal source in 
a “cold” sky it is essential that the power in the antenna side and 
back lobes (which see a “warm” earth at approximately T 0 — 290° K) 
be kept small if the low-temperature characteristics of the antenna are 
to be realized. For example,-consider an antenna beamed upward at a 
satellite-borne transmitter, and suppose that the main beam and first 
side lobes, which contain 90 per cent of the radiated power, “see” an 
average temperature of 20° K due to oxygen absorption. The other 10 
per cent of side-lobe and back-radiated power sees a warm earth at 
300° K which reflects skyward, say, 50 per cent of the incident power. 
Then the effective antenna temperature will be given approximately by 

T a = 0.9 x 20° + 0.5 x 0.1 x 300° + 0.5 x 0.1 x 20° = 34° K 

As was indicated above, the temperature of an ideal (lossless) 
antenna is a measure of the noise power received by the antenna, and 
bears no relation to the ambient temperature of the antenna. When 
the antenna has ohmic loss, the situation is different. The ohmic 
resistance of the antenna is effectively in series with the antenna’s 
radiation resistance and can be expected to contribute thermal noise. 
Since the mean-square noise voltage across resistors in series is the 
sum of the individual mean-square voltages, that is 

V 2 — v\ + VI 

it follows using expression (11-88) that TR — T l R l + T 2 R 2 from which 
the effective noise temperature of the combination is obtained as 

r = r,| + r,| 

where R = R t + ^ 2 . Hence the temperature of each resistor adds to 
the total temperature in proportion to the relative magnitude of the 
resistance. If R x is the radiation resistance of an antenna which “sees” 
a temperature T A , and if R 2 is the ohmic resistance of the antenna 
at an ambient temperature T 0 , the total effective antenna temperature 
T a will be 

T. = T a ^ + r 0 ^ = T aV + 7 0 (1 - rj) (11-90) 

where 77 = RJ{R X + R 2 ) is the antenna efficiency. 
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11.18 Space Communications. The design of space communication 
systems provides the engineer with challenging problems that can be 
made to yield quantitative answers. Unlike most other applications, 
the conditions of space communication can usually be approximated 
by “free-space propagation” assumptions, uncomplicated by the in¬ 
fluences of the ground and ionosphere, which are often difficult to 
evaluate quantitatively. An example that will serve to illustrate the 
type of problem encountered is that of communication between two 
points on the earth via a 24-hour, “synchronous” satellite. 

The advent of earth satellites has extended the range of line-of- 
sight propagation paths and made possible transoceanic transmission 
of microwaves with their potentiality for large band widths. The 
transmission path can be extended in any of several ways. The satellite, 
in the form of a metallic-coated plastic balloon, can be used as a 
passive reflector, in which case no equipment is required on the satellite. 
It has!been estimated* that 24 such passive reflectors in random 3000- 
mile polar orbits can result in transatlantic transmission that would 
be interrupted less than 1 per cent of the time. As a second possibility 
the satellite can be used as an active microwave repeater, relaying the 
signal to the receiving location, either instantly or after storage and 
waiting until the satellite is near the receiving station. In this latter 
case the channel capacity is necessarily limited. With the satellite in 
a near orbit, say less than 5000 miles, the transmission loss is quite 
reasonable, but the ground-station antennas should be capable of 
scanning almost from horizon to horizon. If the satellite is placed in 
a 24-hour equatorial orbit (at a radius of approximately 25,000 miles) 
it will appear to remain fixed above some point on the equator. Three 
such synchronous satellites equispaced around the equator would provide 
nearly world-wide coverage. With the satellite “fixed” in position with 
respect to the earth, and stabilized in orientation, large but relatively 
economical antennas can be used on the ground, and an antenna with 
modest directivity can be used on the satellite. 

Example 4: Synchronous Satellite Relay . It is required to estimate the 
performance capabilities of a 24-hour “fixed” satellite microwave relay. From 
the standpoint of antenna size, and keeping in view the noise curves of Figs. 
11-44 and 11-45, choose frequencies in the 1 to 10 GHz range, say f% = 3 GHz 
for the ground-to-satellite link, and / 2 = 6 GHz for the satellite-to-ground 
link. Then the basic transmission loss for this 25,000-mile path will be 

At f x = 3 GHz or X = 0.1 m, 

♦Pierce, J. R., and Kompfner, “Transoceanic Communication by Means of Satel¬ 
lites,” Proc. IRE , 47, No. 3, pp. 372-380 (1959). 
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r 1A1 /4 tt X 25,000 X 1609\ 2 1A . . ,, 

L & = 10 log I- - - J = 194.5 db 

At /* = 6 GHz, L b = 200.5 db 

Using 30-meter (lOO-ft)-diameter antennas on the ground and a 0.3-meter- 
diameter on the satellite, and assuming effective areas equal to 0.65 times 
areas gives 

A = 0.657f(15) 2 = 460 m 2 (for the ground antennas) 

A = 0.046 m 2 (for the satellite antenna) 

The corresponding maximum directive gains are 

(a) For the ground antennas 

G x = 57.5 db at 3 GHz G 2 = 63.5 db at 6 GHz 

(b) For the satellite antenna 

Gx = 17.5 db at 3 GHz G 2 = 23.5 db at 6 GHz 

With a ground transmitter power of 5 kw or 37 dbw, the power received at 
the satellite receiver will be 

37 + 57.5 4- 17.5 - 194.5 = -82.5 dbw 

This received power (0.6 X 10~ 8 watts) is more than adequate (see below). For 
the solar-battery-powered satellite transmitter the power requirements should 
be kept as small as possible. Using a transmitter power of 1 watt (0 dbw), 
the received power will be 

0 + 23.5 + 63.5 - 200.5 ^ -113 dbw 
The noise power at the receiver input is 

TV = k(T A + T e )B watts 

where 

k = 1.38 x 10" 23 watt/deg./hertz 
= —229 dbw for 1°K and 1 hertz band width 
B = band width, hertz 

From Fig. 11-45, T\ will be about 20°K if the antenna never points closer 
than 10 degrees to the horizon. For a parametric amplifier at this frequency 
T e will be about 30°K, whereas for a maser amplifier it will be negligible. 
Assuming a maser amplifier and using T A = 20 °K the noise power per mega¬ 
hertz is 

N = -229 + 13 + 60 = —156 dbw/MHz band width 

For a 10-MHz rf band width the noise power at the receiver input would 
be —146 dbw with a resulting 33-db signal-to-noise ratio. For a 100-MHz rf 
band width the signal-to-noise ratio would be 23 db. For an FM feedback 
system* an output S/N ratio of 40 db can be obtained with a signal input 
of 32 kTb (or 15.1 db above kTb ), where b is the base modulation band width. 


♦Pierce and Kompfner, loc . cit. 
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For a modulation band width 6 — 10 MHz, a 310-MHz rf band width is 
required but the available received power need be only 

15.1 - 146 = —131 dbw 

Hence the transmitter power could be reduced by nearly 18 db, that is to 
about 15 mw, or alternatively, smaller antennas could be used. 

Problem 14. Determine approximately the minimum satellite transmitter 
power required for an active satellite repeater in a near orbit for which the 
maximum distance from satellite to ground station has been computed to be 
5000 miles. Use a frequency / = 5 GHz, and assume the same type of FM 
feedback modulation as in example 4. Assume an isotropic antenna on the 
satellite and a 20-meter diameter ground antenna. Make any other necessary 
(but justifiable) assumptions. 

Problem 15. It is desired to establish a transoceanic communications link 
using passive reflectors in 3000-mile polar orbits, for which the maximum 
satellite to ground station distance is 5240 miles. Using tcD 2 /A for the scat¬ 
tering cross section of a conducting sphere of diameter D, determine the 
transmitter power required to receive a signal having a base band width of 
5 MHz if 30-meter diameter spherical reflectors and 30-meter diameter ground 
antennas are used. Use /= 6 GHz and assume a noise temperature of 20°K. 

(Note: Scattering cross section ,* discussed further in chap. 13, may be 
regarded as the area from which power would have to be extracted from the 
incident plane wave in order to give the same radiation intensity in a specified 
direction as does the obstacle, if the extracted power were re-radiated isotrop¬ 
ically. A perfectly reflecting sphere which is large compared with a given 
wavelength scatters an incident plane wave approximately isotropically.) 

Problem 16. By measuring the Faraday rotation of the plane of polariza¬ 
tion of a radio wave reflected from the moon it is possible to determine the 
electron content of the ionosphere (chap. 17). Determine the expected signal- 
to-noise ratio of the received signal if the following conditions apply: 

/ = 400 MHz 

Power radiated = 50 kw 

Band width B ~ 1 kHz 

Antenna diameters = 20 meters 

Diameter of moon D — 2160 miles 

Distance to moon d — 225,000 miles 

Cosmic noise temp. T A = 100°K 

Receiver noise figure F x — 5 db (T e = 630°K) 

Because the moon is neither smooth nor perfectly conducting its scattering 
cross section cannot be calculated. However, experimental evidence suggests 
an effective cross section 


*IEEE Test Procedure for Antennas, No. 149, Jan., 1965. 
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0.57 tD 1 
= 4 

at / = 400 MHz. Allow 10 db for fading from various causes (wave interference 
between reflections from different parts of the rough moon, moon libration, 
turbulence of the ionosphere, etc.) 


ADDITIONAL PROBLEMS 

17. Derive an expression for the radiation pattern of an antenna of length 
L which has a traveling-wave current distribution represented by I = Ioe ~ {a+j&)L . 
The phase-shift factor ft is equal to litjX where X is assumed to be equal 
to the free-space wavelength. 

18. Using the principle of multiplication of patterns, sketch the following 
radiation patterns: 

(a) The horizontal pattern of four vertical antennas spaced one-half wave¬ 
length apart and fed with equal currents, but with 180-degree phasing between 
adjacent elements. 

(b) Same as part (2), but for eight elements. 

(c) The horizontal pattern of four vertical radiators spaced one-quarter 
wavelength and having a progressive phase shift of 90 degrees between elements. 

(d) The free-space vertical patterns (obtained for the array remote from 
the earth) of each of the arrays of parts (a), (b), and (c): 

(1) In the plane of the array 

(2) In the plane perpendicular to the plane of the array. 

19. An elevated antenna is one wavelength long and is fed a quarter 
wavelength from one end. Assuming a sinusoidal current distribution [not the 
distribution of Fig. ll-6(</)] calculate its free-space radiation pattern and its 
radiation resistance. 

20. A resonant-length dipole (L = 2 H, slightly less than X/2) has a free- 
space input impedance of 73 + jO ohms. What is its input impedance when 
placed parallel to, and a quarter-wavelength from, a large perfectly conducting 
screen ? 

21. A parasitic (unfed and short-circuited) dipole has a length of 108 cm 
and a radius of 0.5 cm. Determine the magnitude and phase of the current in 
it when placed parallel to and 0.1 wavelength from a half-wave dipole carrying 
1 amp. Frequency = 150 MHz. From curves, find Z i2 = 68+710 approximately. 
What is the input impedance of the driven dipole (antenna 1) if it is assumed 
that Z\\ ~ 73 ohms? 
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Chapter 12 


ANTENNA ARRAYS 


12*01 The Mathematics of Linear Arrays* The binomial array 
discussed in chap. 11 is but one example of a large class of linear arrays, 
having special current distributions by means of which the radiation 
patterns can be made to have almost any prescribed shape. Schelkunoff 
has shown* that linear arrays can be represented as polynomials and that 
this representation becomes a very useful tool in the analysis and 
synthesis of antenna arrays. 

For a general linear arr ay of equ^U ^ (Fig. 12-1), the 

relative amplitude^TtEe 1 radiated field strength is given b y 

\E\ = \a 0 e ja ° + a x e»+ ja ' + a 2 e j2 ^ ja ' + ... 

+ + e Kn - {) *\ (12-1) 

where '\/r = fid cos <f> + a, /3 — ^ 

In this expression d is the spacing between eleme nts. The coefficients q 0 , 
a u a 2 » etc., are proportional to the current amplitudes in the respective 
TffErhents. a is the progressive phase shift (lead) ffomTeft to right; a u a 2 . 



Figure 12-1. A linear array. 


*S. A. Schelkunoff, “A Mathematical Theory of Linear Arrays,” BSTJ 22, 1, 
80-107 (1943). 
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etc., are the deviations from this progressive phase shift. Expression (1) 
may be written 

I Ie|"=|X + A t z + A 2 z 2 + ... + A n _ 2 z”~ 2 + z n -'| | (12-2) 


where 


A m ~ a m e jUm 


The coeffici ents A u Ai± etc., are now complex and indicate the ampli¬ 
tude of current in each element and the phase deviation of that 
current from the progressive phase shift of the array. If any of the 
coefficients are zero, the corresponding element of the array will be 
missing, and the actual * separation between adjacent elements can 
be greater than the “apparent separation” d . The apparent separation 
is the greatest common measure of the actual separations. 

The following fundamental theorems are due to SchelkunofF, and 
lay the foundations for the method: 

Theorem I: Every linear array with commensurable separations 


between the elements canjpf!jfepreseAt^d-.by. a poiynomialTTina every 
polynomial can be interpreted as a linear array. 


polynomial can be interpreted as a linear array. 

IHi ■ jj—I -■ • 1ll. MfT I wBt, >*>£ 

Since the product of two polynomials is a polynomial, a corollary 

to Theorem I is: ( U L I 

d" StU -'^4 

Th e o rem II : There exists a linear array with a space factor equal 
to th^p roduct of the space factors dT.t wo ^^li near arrays. 

Theorem III: The space factor of a linear array of n apparent 

, ‘ iii -.mm r id **********> * .* **■»*»**«- * •• ,, 

elements is me product of (n ~~ 1) virtual couplets with their null 
points at the zeros of £. [eq. (2)] 




The space factor of an array is defined as the radiation pattern of 
a similar array of nondirective or isotropic elements. The degree of the 
p olynom ial which represents an array is a lwa ys one less than the 
appa rent numbex^,e1 egig.a t s. The actual number of elements is at 
most equal to the apparent number. The total length of the array is 
the product of the apparent separation and the degree of the poly¬ 
nomial. [?) 

Consider a simple two-element array in which the currents in the 
elements are equal in magnitude. The relative radiation field strength 
is represented by 


where 


(12-3) 


Making use of Theorem II, a second array can be constructed which 
will have a radiation pattern that is the square of that given by (3), 
that is, 
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It is seen that the array that will produce this pattern is a three- 
element array having the current ratios 

1 : 2:1 

The current in the center element will lead the left-hand element by 
a, and the current in the right-hand element will lead that in the left- 
hand element by 2 at. 

If the polynomial of (3) is raised to the mth power, there results 
the general^binomia^rra^already discussed. When the element spacing 
d is not greater than X/ 2 , such an array produces a pattern with no 
secondary lobes. However, the principal lobe is considerably broader 
than that produced by a uniform array having the same number of 
elements. Anjirray haying a narrower principal lobe than that given 
by the binomial distribution and smaller secondary lobes than that 
given by the uniform distribution can be obtained by raising the poly¬ 
nomial of the uniform array of n elements (where n > 2) to any desired 
power. 

For an 

f \E\ = |1 + r +''^+!T?T? g:! P|? (12-4) 

It has already been shown that when n, the number of elements, is 
large, the ratio of the principal maximum to the first secondary maxi¬ 
mum is approximately independent of n and is 13.5 db for the uniform 
array. If an array is formed to produce a pattern that is the square 
of that given by (4), the ratio of the principal to first secondary maxi¬ 
mum will be 27_ d.b . This second array is given by 

\E\ = |1 +z + z 2 + ... + z*-T 

= |1 + 2z + 3z 2 + ... + nz n ~ x + (n - 1 )z n + ... 

+ 2z 2n “ 3 + z 2n ~ 2 | (12-5) 

The current ratios for this array have the triangular distribution 
1,2,3...(/I- 1),/!,(/!- 1) # ...3,2,1 

Raising the uniform array to a still higher power would, of course, 
increase still further the ratio of principal to secondary lobes. The 
respective patterns for the uniform, binomial, and triangular distribution 
are shown in Fig. 12-2. 

The significance of Theorem III, the decomposition theorem, can 
be understood by studying the variable z, where 

z = e t/t = fid cos <j> + a 

Since j£js real, is a pure imaginary, and the absolute value of z 
is always unity. Plotted in the complex plane, z is always on the 
circumference of the unit circle (Fig. 12-3). 
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Figure 12-2. Radiation patterns for uniform (solid), triangular (dashed) and 
binomial (short dashed) amplitude distributions. (Courtesy Bell System 
Technical Journal ) 



As <fi increases from zero to 180 
degrees ^ decreases from fid + a to 
—fid + a and z moves in a clockwise 
direction. Because of symmetry the 
range of <fi to be considered is from 
zero to 180 degrees. Thus the range* 
of ^fr described by z is ^fr = 2 fid 
radians. For example, for a separation 
between elements of A/4, ^jr varies 
through 7t radians as <£ goes from 
zero to 180 degrees, and z describes a 
semicircle, (z retraces its path to the 
starting point as goes from 180 degrees 
to 360 degrees, and the pattern is sym¬ 
metrical about the 0-180-degree line.) 

For d = X/2 the range of ^ is 27r radians and z describes a complete 
circle as <f> varies from zero to 180 degrees. If d is greater than X/2 , the 
range of ^ is greater than 2nr, and z will overlap itself. The geometrical 
representation of Fig. 12-4 makes it a simple matter to observe the 
radiation characteristics as z moves around the circle within its range 
of operation. For example, for the simple two-element uniform array 


Figure 12-3. As <f> increases from 0 
degrees to 180 degrees, z moves in 
a clockwise direction on the unit 
circle. 


♦This is the “visible” range of ft. Operation in the “invisible” region, outside of 
the visible range, is discussed later. 
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{a) {£>) (c) 

Figure 12-4. Active range of z (shown for a = — /3/) for a separation between 
elements of (a) A/4, {b) A/2, (c) 3A/4. ^rO dp * O (IhJ - 

given by (3), the field strength 
is the sum |z + 11 , which may 
be written as the difference 
|z — (—1)[. This value is given 
geometrically by the distance 
between z and the point — 1 
(Fig. 12-5). For the more general 
case of unequal amplitudes, 
where the source intensities are 
proportional to 1 and —the 
radiated field strength pattern 
Figure 12-5. is given by \z — t j which geo¬ 

metrically is the distance be¬ 
tween the points z and /. Since z is always on the unit circle, the 
pattern will have a zero only when t is also on the unit circle, and 
when t is within the range of z. 

By the fundamental theorem of algebra, a polynomial of the (n — l)th 
degree has (n — 1 ) zeros (some of which may be multiple zeros) and 
can be factored into (n — 1) binomials. Thus 

\E\ — |(z — fi)(z — t 2 )... (z — r„_i)| (12-6) 

from which Theorem III follows directly. 

It is evident that the relative radiation field in any direction is 
given by the products of the distances from z (corresponding to the 
chosen direction) to the null points of the array. 

Example 1: Uniform Array . Consider the case of the uniform array that 
is represented by 

[E\ = |1 +z + z 2 + ... + z rt - I | 


1 - z n _ 

z n - 1 

1 — z 

z — I 



(12-7) 
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The null points of such an array, given by the roots of (7), are in this case 
the nth roots of unity (excluding z — 1, which is the principal maximum). In 
the complex plane the roots of unity all lie on the unit circle, and divide the 
circle into n equal parts (Fig. 12-6). The roots are 

2 = e - K ~^/ n ) . e - jm { 2 x / n ) 



I 


C 47) 


Figure 12-6. 


it?) 


It is seen that the null points of the array are given by = —mlit/n where 
m = 1, 2, 3,... (n — 1). Since i/r = /3d cos <j> 4- <2, the null points of the radi¬ 
ation pattern are given in terms of the angle by 


COS (f)m 


OC _ litm 

}5d n/3d 


When z — \ } \E\ has a principal maximum. Other maxima occur approximately 
midway between the nulls. As z moves around the circle the radiation pattern 
is given by the product of the lines connecting the null points to z. A plot 
of \E\ as a function of i/r is shown in Fig. 12-7. Using 

= cos-* 

\E\ can be drawn as a function of <£. 


Example 2: Four-element Broadside . A simple array, which has already 
been considered is the four-element broadside having half-wave spacing be¬ 
tween elements and equal currents fed in phase. For this case 

(3d — it <2 = 0 = 7T COS (f) 

The range of z is ^ = 2/3d = 2tt. 

The relative field strength pattern is given by 

\E\ = |1 Fz + : 2 + z 3 | 

_ - 1 
z —* 1 

- |(z - e-x x/2) )(z - e~ jx Xz - e- j V* /2) )\ 


(12-8) 
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The nulls are spaced equally on the unit 
circle as shown in Fig. 12-8(4). As <£ in¬ 
creases from 0 to 180 degrees, ^ decreases 
from re through zero to —7r and the curve 
of Fig. 12-8(6) results. This is plotted in 
polar co-ordinates as a function of <f> in 
Fig. 12-9. 

Example 3: Four-element End-fire. Con¬ 
sider a uniform four-element end-fire array 
having an element spacing of one-quarter 
wavelength and a progressive phase shift 
of —7f/2 radians. For this array 

#=T *=-f 

and * = fid cos <f> + €C = ~ (cos <£ — 1) 


90° 



The range of i/r is it radians. 

As before, the expression for \E\ is given Figure 12-9. Relative field 

by eq. (8) and the three nulls occur at strength as a function of <£. 

^ — —7r/2, —7r, — 37T/2. However, in this 

case the range of ifr is only from '\jr — 0 to i/r = — it (Fig. 12-10), so the 
null at — 37r/2 obviously has very little effect on the pattern. An improved 
pattern (that is, one with a narrower principal lobe and smaller secondary 
lobes) can be obtained with the same number of elements by spacing the 
nulls equally in the range of This gives rise to the array that has the 




Figure 12-10. 
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Figure 12-11. Circle diagram for a four- 
element array having nulls equispaced in 
the range of 0. For an element spacing of 
one-quarter wavelength the range of ^ is tt 
radians. 

circle diagram of Fig. 12-11 and the pattern given by 
\E\ = |0 - e-x* /Z) )(z - e-^* ;Z) ){z - e->*)\ 

= |r* 4- (1 - e-K*™ - e -*-* !3) )z l + (-1 - e'**™ - e~w* /3) )z - 1| 

= 11 + 2 e- J <* ;3) z + 2e~ J(2r/3) z 2 + e~ Jr z 3 1 (12-9) 

The current amplitudes of the array are 

1 : 2 : 2 : 1 

and the progressive phase shift between elements will be —7t/2 — tt/ 3 = 
— 57T/6 radians. The resultant pattern as a function of <j> is shown as curve 
B in Fig. 12-12. 

If the overall length of the array is maintained constant, but the 
number of elements is increased, it is possible to improve the di¬ 
rectivity still further if the nulls are properly spaced in the range of 
operation. (However, it will be shown later that this improvement in 
directivity over that of a uniform array is achieved at the expense of 
other factors of antenna performance.) Curve C of Fig. 12-12 shows 
the pattern that results when the number of elements is increased to 
seven with the spacing reduced to one-eighth wavelength, so that the 
overall length is still f A,. To obtain this result the nulls were equispaced 
in the range i/r = 2 /3d — it/2. Curve D shows the pattern obtained for 
13 elements at X/16 spacing, with the nulls again equispaced in the 
range of 

For the uniform array it was found that the maximum directivity 
and gain obtainable were directly related to the length of the array. 
In contrast to this, when the current ratios and phasings are properly 
chosen, it appears possible to obtain arbitrarily sharp directivity with 
an array of fixed length by using a sufficiently large number of 
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Figure 12-12. Radiation patterns for several end-fire arrays, all having an array 
length of 3A/4. Shown at A is a four-element uniform array (d — A/4); B , four 
elements with nulls equispaced in the range of if> (d — A./4); C, seven elements 
with nulls equispaced in the range of if> (d = X/8); D y thirteen elements with 
nulls equispaced in the range of rf> {d = A/ 16). (Courtesy Bell System Technical 
Journal ) 


elements. However, it will be found also that with the phase relations 
and close spacings between the elements required to obtain this result, 
the radiation resistance is reduced to extremely low values. That is, 
extremely large currents are required to produce radiation fields of 
appreciable strength. Associated with these large currents are large 
amounts of stored or reactive energy. With actual antennas that have 
a finite ohmic resistance, the antenna efficiency enters the picture to 
limit the directivity and gain that can be obtained from an array of 
given length. 

Problem 1. (a) Draw the circle diagram and sketch the pattern of a three- 
element, uniform, end-fire array, using d — \/2. (b) Using the same number 
of elements and same spacing, redesign the array to have nulls at <j> = 90 
degrees and <f> = 60 degrees. 

12*02 Antenna Synthesis* It is a simple and straightforward job 
to compute the radiation pattern of an array having specified con¬ 
figuration and antenna currents. A somewhat more difficult problem is 
the design of an array to produce a prescribed radiation pattern. 
Making use of Fourier analysis, the methods of the preceding sections 
may be extended to accomplish this result. 

It is convenient to consider an array having an odd number of 
elements with a certain symmetry of current distribution about the 
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center element. The polynomial for an array with n = 2m + 1 elements 

\E\ = Mo + A x z + A,z 2 + . .. + A m z m 

+ A m+l z m+l + ... + A 2m z~ m \ (12-10) 

Now the absolute value of z is always unity, so equation (10) can be 
divided by z m without changing the value of |£|. That is 

\E\ = \A 0 z~ m + A x z- m " + . .. + A m . x z- X + A m 

+ A m+X z + ... + A 2m z m \ (12-11) 

It is now specified that the currents in corresponding elements on 
either side of the center element be equal in magnitude, but that the 
phase of the left-side element shall lag that of the center element by 
the same amount that the corresponding right-side element leads the 
center element (or vice versa). That is, the coefficients of corresponding 
elements are made complex conjugates with 

A m = a 0 A m _ k = a k — jb k A m+k = a k + jb k 
Then the sum of terms of two corresponding elements may be written 
A m - k z~ k + A m+k z k = a k (z* k + z~ k ) +jb k (z k — z“ k ) 

— 2a k cos k^jr — 2 b k sin k^r 
since z k = e jklf> 

The expression for |£| is now* 

|£j = 2 [?a 0 + a x cos Ar +.., + a m cos 

— (+b ! sin + ... + b m sin m'v/r)] 

= 2 Wk cos k^jr +J[ — b k ) sin (12-12) 

These are the first 2m + 1 terms of a Fourier series in which the co¬ 
efficients of the cosine terms are the a k s, and the coefficients of the 
sine terms are (— b k s). Now any radiation pattern specified as a 
function f{Ar) may be expanded as a Fourier series with an infinite 
number of terms. Such a pattern may be approximated to any desired 
accuracy by means of the finite series (12). When this is done the 
required current distribution of the array can be written down directly. 
From the theory of Fourier series, this approximation is in the least- 
mean-square sense; i.e., the mean-square difference between the desired 
and the approximate pattern for ^ from 0 to 27r is minimized. 

*Since cos rmb and sin rmb can be expressed as polynomials of cos if) and sin 
it may be stated, as a corollary to SchelkunofTs theorem, that for a symmetrically 
excited cophasal array, E can be expressed in terms of a trigonometric polynomial. 
Because is real, the visible range is on the real axis instead of a unit circle as 
in the previous case. This fact will be used later in sec. 12.04 for relating the 
pattern function to the Tchebyscheff polynomial. 
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Example 4: Synthesized Bidirectional Array. Design an array that will 
produce approximately a pattern of Fig. 12-13. This pattern is defined by 

/(<#>) = i 

m =o 

/(<*>) = i 

It will, of course, by symmetrical about the line of the array, (f> = 0. If the 
spacing is chosen to be X/2, then ^jr = it cos (f> + ct. The corresponding 
function is 

=1 7t + C£> ^ > y + a 
Fty) = 0 y + a > >-y + a 

Fty) = l —y + a > > —tc + ct 


0<^<y 
X ^ A l7t 

y < <£ < 3- 
y < <f> < Tt 



Figure 12-13. A prescribed pattern, A , and approximations to it, obtained 
with an eleven-element array, B , and a five-element array, C. 
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* 


Choosing a — — 7t for an end-fire 
array results in the function shown 
in Fig. 12-14. The Fourier series ex¬ 
pansion for this function is 

F(f) =(y + ^|j sin ~ cos kf) 

Comparison with (12) determines the 
coefficients 


kit 


Figure 12-14. 1 

a ° ~ T 

ak = h sin ir 

b k = 0 k =£ 0 


The pattern obtained using the value of m — 4, is given from eq. (11) as 



1 _ 3 t _i i rr . 1 

- jZ 3 -fz 1 + y +• Z — y Z 


(12-13) 


This is a five-element array having the current ratios indicated and an over¬ 
all length of three wavelengths (the apparent spacing between elements is 
one-half wavelength, but four of the elements are missing). The pattern pro¬ 
duced by this array is shown in Fig. 12-13. Also shown in this figure is the 
pattern obtained with an 11-element array formed using m = 9 in the series. 


In the above example the apparent element spacing was arbitrarily 
chosen as one-half wavelength, which made the range of ^ equal to 
2tz radians. If the element spacing is less than A/2, the range of ^ 
will be less than 27r radians. This means that although the radiation 
pattern as a function of <f>, that is /(<£>), is completely specified for 
the whole range of <£, the corresponding /(t/t) is specified only over its 
range, which is less than the interval of 2it radians required for the 
Fourier expansion. It is possible then to complete the interval with any 
function that satisfies Dirichlet’s conditions. Naturally, the function 
chosen would be one which would simplify the series as much as 
possible or make it converge rapidly. It is evident that when the ap¬ 
parent spacing is less than A/2 there is an unlimited number of solu¬ 
tions that will satisfy the conditions of the problem. If the apparent 
spacing of the elements is greater than A/2, the range of ^ is more 
than 2i r radians. Except for some special cases* it is then not possible 
to obtain the prescribed directional pattern by this method. 

When an apparent spacing less than A/2 is used, f(y\r) is specified 

♦Examples of cases where a larger spacing is permissible are given in the fol¬ 
lowing article: Irving Wolff, “Determination of the Radiating System Which Will 
Produce a Specified Directional Characteristic,” Proc. IRE, 25, 5, 630 (1937). 
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over only a portion of the required lit radians, and the function used 
to fill in the remainder of the interval can be chosen at will by the 
designer. A judicious choice of a “fill-in” function will produce a 
desirable pattern with a minimum number of elements, and conversely 
a poor choice of function may result in a poor pattern or in high Q 
factor for the array. An example will illustrate this point. 

Example 5: Synthesized Unidirectional Array . Let it be required to design 
an end-fire array that will have an approximately semicircular pattern given 
by 

/(«#>)=i o<<£<! 

m = o j<4><x 

The apparent spacing is to be X/4. 

Then, for this problem, 

f ^ cos + a 

and the range of is it radians. By choosing different values of <2, the range 
of 'ijr which is used can be shifted anywhere in the interval of In radians, 
which is required for the Fourier expansion. This is shown in Fig. 12-15 for 

_ 77 * _ 7T 

a ~ ct ~ O ct - 2 





Figure 12-15. Range of ^ for 0 < 4> < x for three different values of a. 

(Range used is indicated by double arrows.) 

three values of OL . In this example there is a finite discontinuity within the 
range of '*//% so the coefficients of the series will decrease at a rate that is of 
the order of l//i. (They will be less in absolute magnitude than c/n, where 
c is some positive constant.*) If the functions were continuous in the range, 
the series would converge at a rate that would be at least of the order of 
l/n 2 . Because no choice of a fill-in function can remove this discontinuity 
within the range of ijr, it is anticipated that, in this case, the fill-in function 
may not have much effect on the number of terms required. However, it is 
interesting to examine some actual cases. 

* Doherty and Keller, Mathematics of Modern Engineering , John Wiley Sc 
Sons, Inc., New York, 1936, 1, p. 89. 
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Figure 12-16. A possible choice of fill-in function 
(shown dashed) for a — — it/A. 

Case 1: A possible choice for ct and for the fill-in function is illustrated 
in Fig. 12-16. This choice would appear to be good, because it results in the 
following conditions: 

(1) j(% + 'ifr) = —/(i/r). Therefore, only odd harmonics will be present. 

(2) /(i^) is an even function, so the coefficients of the sine terms will be 
zero. 

(3) fiplr) has an average value of zero, so the d-c term (or center element) 
is eliminated. 

The antenna array resulting from the choice used in Fig. 12-16 is shown in 
Fig. 12-17(a) for m = 7 (eight elements), and the corresponding pattern is shown 
in Fig. 12-17(A). This pattern has two serious defects. It approaches a relative 
value of 0.5 at <$> — 0 where it should be unity, and it also approaches 0.5 at 
cf> = 7T where it should be zero. Using more terms of the series will not remedy 
these defects, which are inherent in the particular function used in Fig. 12-16. 
This function is discontinuous at the values jof(/i/r Corresponding to c f> — 0 and 
(f> = 7T, and the series converges to the average of the values taken by the 
function on the two sides of the discontinuity. Therefore, the function of Fig. 
12-16 is an unsuitable choice. 

Case 2: The discontinuities at values of i/r corresponding to <f> = 0 and 
<f> = 7r can be eliminated by a different choice of a, and a suitable fill-in 
function. A possible function is that shown in Fig. 12-18(a). The corresponding 
antenna array and resulting pattern are also shown, and it is seen that this 
function is a suitable one. 

Whereas many other types of fill-in functions are possible, it is found for 
this example, where the apparent spacing is fixed at A/4, that none of them 
results in appreciable improvement over the design of Fig. 12-18. However, if 
the apparent spacing d is permitted to have other values, this puts one more 
variable under the control of the designer. For a given number of antenna 
elements it is in general possible, with this additional control, to improve the 
pattern obtained. In the present example for a given number of elements, an 
apparent spacing of 3A/8 instead of A/4 results in a closer approach to the 
ideal pattern in the critical regions, <j> — ±7t/ 2. 
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(£) [c) 


Figure 12-18. A better design (a) results in the array (b) and the pattern ( c ). 

12.03 The Tchebyscheff Distribution. A particular, but very im¬ 
portant, problem in antenna synthesis is the following: For a given 
linear antenna array, determine the current ratios that will result in 
the narrowest main lobe, for a specified side-lobe level; or, in other 
words, determine the current ratios that will result in the smallest 
side-lobe level for a given beam-width of the principal lobe. The current 
distribution that produces such a pattern will be considered as being 
the optimum in the above sense. The directive gain of this “optimum’^ 
distribution is less than that of a uniform array. 

From the material of sec. 1, it will be recalled that a desirable 
pattern (but not necessarily the optimum) can be obtained by equi- 
spacing the nulls on the appropriate arc of the unit circle. An exami¬ 
nation of Fig. 12-7, which shows a pattern obtained by equispacing 
the nulls, indicates how a better pattern can be obtained. For a given 
width of principal lobe, the first secondary lobe can be decreased by 
moving the second null closer to the first. Of course, this increases 
the second side lobe, but that is permissible as long as it does not 
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exceed the first. It is evident that the optimum pattern is obtained 
when all the side lobes have the same level. The problem is simply 
that of finding the spacing of nulls which makes this true. The answer 
is given in terms of the Tchebyscheff polynomials. 

The Tchebyscheff * polynomials occur quite frequently in design and 
synthesis problems. They are defined! by 

T n (x) — cos ( m cos" 1 x) — 1 < x < +1 
T m (x) — cosh (m cosh -1 x) |x| > 1 

The general shape of T m (x) is shown in Fig. 12-19 for both m even 
and m odd. 

By inspection, 7 0 (x) = 1, 7\(x) = x 

The higher-order polynomials can be derived as follows: 

T 2 (x) = cos (2 cos- 1 x) = cos 2S 
where* S — cos- 1 x or x = cos S 

Now since cos 2S = 2 cos 2 8 — 1 

T z (x) = 2x 2 - 1 

Similarly, it can be shown that 

T m+l (x) = 2TTti{x)T X {x) — r m _!(x) 
so that T z {x) = 4x 3 — 3x 

T 4 (x) = 8x 4 - 8x 2 + 1 

and so on. 

The important characteristic of the Tchebyscheff polynomials, as 
far as antenna pattern synthesis is concerned, is evident from Fig. 12-19. 
As x is allowed to vary from some point c up to a value x Q and then 
back to its starting point, the function T m (x) traces out a pattern 
consisting of several small side lobes and one major lobe. The secondary 
lobes will all be of equal amplitude (unity) and will be down from the 
main lobe by the ratio l/b. This ratio can be chosen at will by 
suitable choice of x 0 . Such a pattern will be called the optimum or 
Tchebyscheff pattern.^ Since a technique for obtaining the pattern is 
available once the positions of the nulls on the unit circle are known 
(sec. 1), all that is required from the Tchebyscheff polynomials is in¬ 
formation on the proper distribution of the nulls. This information can 

*An alternative spelling of this Russian name is Chebyshev. 

fCourant-Hilbert, Methoden der Mathematischen Physik, Julius Springer, Berlin, 
1931, 1, p. 75. 

%C. L. Dolph, “A Current Distribution for Broadside Array which Optimizes 
the Relationship between Beam Width and Side-lobe Level,” Proc . IRE, 34, No. 6, 
p. 335 (1946); also H. J. Riblet, Proc . IRE, 35, No. 5, p. 489 (1947). 
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Figure 12-19. Tchebyscheff polynomials, T m (x\ for m even and m odd. 


be obtained by causing x to trace out the desired portion of the 
Tchebyscheff polynomial (of correct degree) as the variable t/t moves 
over its range on the unit circle. This is accomplished as follows: 
Consider the Tchebyscheff polynomial of mth. degree 

T m (x) = cos {m cos - * 1 x) = cos (m8) 
where cos § = x 

The nulls of the pattern are given by the roots 

cos (mS) = 0 

that is, by 

81 = D* k — 1,2,... m 
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Next consider the function ^jr. For a broadside array for which 

oc — 0, 

= /3d cos <f> 

As <f> varies from 0 to %/2 to r r, 'xfr goes from fid to 0 to — fid and the 
range of 'i/r is 2 fid. 

Now let x = x 0 cos^/2. Then, as <f> varies from 0 through 7r/2 to 
7 r, varies from /3<i through zero to —fid, and x will vary from 
x 0 cos nd/X to x 0 back to x 0 cos (—7cd/X) = x 0 cos 7td/X. For example, if 
d = X/2, will range from tc through zero to —it, and x will range 
from 0 to +x 0 and back to zero. Again, if d = X, ^ will range twice 
around the circle from 2 tc through 0 to — 2tc, (two major lobes) and 
x will range from —x 0 to x 0 and back to — x 0 . This is the corre¬ 
spondence desired. 

The nulls in the Tchebyscheff pattern occur at values of x given 
by 

I 

xj = cos Sfc 

so the corresponding position for the nulls on the unit circle will be 
given by 

xl = x* cos 4- 


or 


where 


— 2 cos 1 



= 2 cos~* 


cos 8% 

. *o I 


so _ (2 k — 1 )n 
°fc - tz: - 


k = 1,2 ,m 


(12-14) 


Equation (14) gives the required spacing of the nulls on the unit 
circle for a pattern whose side lobes are all equal. The degree m of 
the polynomial used will be equal to the number of nulls on the unit 
circle, and this will be one less than n , the apparent number of ele¬ 
ments. The value of x 0 is determined by the desired ratio b of principal 
to side-lobe amplitudes. The value of x 0 is given in terms of b by 

T m {x 0 ) = b 

It can be calculated by noting that if b = cosh p, then 

x 0 = cosh (p/m) 

The graphical-analytical method for obtaining the pattern of the 
array from the location of the nulls yields a detailed and accurate plot 
of relative field strength versus the defined angle For many pur¬ 
poses a rough sketch of the pattern may be adequate, and this can be 
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obtained directly from the known properties of the Tchebyscheff poly¬ 
nomial. Thus, knowing the location of the nulls in the pattern and 
the amplitude of all the side lobes relative to the principal lobe, the 
pattern as a function of ^fr may be sketched in with good accuracy. 
The pattern as a function of the azimuthal angle <£ is then determined 
using the transform <£ = cosThe binomial expansion method 
of calculating the required current distribution from the location of 
the nulls proves satisfactory for small arrays, but tends to become 
unwieldy for larger arrays. For large multi-element arrays, alternative 
procedures requiring less labor have been developed.* 

Example 6: Design a four-element broadside array having a spacing d = 
X/2 between elements. The pattern is to be optimum with a side lobe level 
which is 19.1 db down ( b = 9.0). 

For d — X/2, the range of operation is 2 fid — 27T. Since there will be 3 
nulls, use TaOc) = 4x 3 — 3x. Then 

r 3 (x 0 ) = 4xl — 3*0 = 9 

Solving for x 0 , 

p = cosh -1 b — 2.887 



= 1.5 


The nulls are given by cos (mS) — cos (38) = 0. Therefore 
go _ (2k-J.)7t _ (2 k- _ 1)7T k=l,2, 3., 

Then S? = ^- S| = ^ S° 3 = ^ 

0 0 0 


k 


x% — cos Ok 

xl/xo 

■M = 2 cos -1 — 

r Xo 

(radians) 

1 

7t/6 

0.866 

0.577 

109.5° 

1.910 

2 

37T/6 

0 

0 

o 

oo 

7t 

3 

5tt/6 

-0.866 

-0.577 

250.5° 

4.37 


The polynomial representing the array is 

\E] = j(z — e^ x ){z - e^)(z - e^ 27 )\ 

= |z 3 + 1.667z 2 + 1.667z+ 1| 

*T. J. van der Maas, “A Simplified Calculation for Dolph-Tchebyscheff Arrays,” 
J. Appl. Phys., 25, pp. 121-124, Jan., 1954. Also, R. J. Stegen, “Excitation Coefficients 
and Beamwidths of Tchebyscheff Arrays,” Proc. IRE, 41, pp. 1671-1674, Nov., 1952. 
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The required relative currents in the elements are 

1 : 1.667: 1.667: 1 

In concluding this section it is pertinent to note that the Tchebys- 
cheff “optimum” design is strictly applicable only for a line array of 
isotropic sources. Actual antennas are not isotropic and the effect of 
element directivity should not be forgotten. Moreover, instead of the 
typical fan-beam pattern of an equiphase line array, the more usual 
optimization problem calls for a maximum in only one direction in 
space, with the peak field strength in all other directions minimized. 

1 2.04 Superdirective Arrays. In any engineering problem a major 
goal is the determination of an optimum solution, a process which 
usually requires the maximization (or minimization) of some param¬ 
eter, while holding other parameters fixed. In antenna engineering a 
key problem is often the maximization of antenna gain or directivity. 
An early example was the determination by Hansen and Woodyard of 
the optimum phase of an end-fire line source with continuous constant- 
magnitude excitation to produce maximum directive gain.* Another 
example was the attempt by La Paz and Miller to determine the opti¬ 
mum current distribution on a vertical monopole for maximum gain in 
the horizontal plane.t Although this attempt did not yield an optimum 
distribution, it did yield distributions that model studies} confirmed 
as being superior to uniform or the normal sinusoidal distributions. It 
also led Bouwkamp and De Bruijn,§ using a function-theoretic argument, 
to prove that if practical considerations like radiation resistance are 
ignored, there is no upper limit on the maximum directivity that can be 
attained from a (continuous) current distribution. Antennas or arrays 
designed to yield directive gains appreciably greater than those obtain¬ 
able from uniform distributions have become known as supergain or 
superdirective arrays. Although the term “supergain” is in common use, 
the correct term is “superdirective” because it is directive gain that 
is maximized. Indeed, as will be shown, any design that yields ap¬ 
preciable superdirectivity will have very low efficiency, and hence low 
power gain. 

The Bouwkamp and De Bruijn paper triggered a series of discussions 

*W. H. Hansen and J. R. Woodyard, “A new principle in directional antenna 
design,” Proc. IRE, 26, pp. 333-345, March, 1938. 

|L. La Paz and G. Miller, “Optimum current distribution on vertical antennas,’* 
Proc . IRE 31, p. 214, 1943. 

XE.C. Jordan and W. L. Everitt, “Acoustic models of radio antennas,” Proc. IRE, 
29, No. 4, p. 186, 1941. 

§C. J. Bouwkamp and N. G. De Bruijn, “The problem of optimum antenna current 
distribution,” Philips Research Reports, 1, Rll, pp. 135-158, 1945/6. 
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which continues even to the present. Although it is relatively easy to 
show in specific instances that superdirective designs are highly im¬ 
practical, so strong is the urge to get the most for the least, that 
attempts to achieve even a small amount of superdirectivity prove al¬ 
most irresistible, as evidenced by the extensive literature on the subject.* 
It is the purpose of this section to display by means of specific 
examples the nature of the difficulties associated with superdirectivity 
and to indicate a general solution to the maximum directivity problem, 
both with and without the constraints that arise from practical con¬ 
siderations. 

Superdirective Tchebyscheff Arrays . In the case of end-fire arrays, 
the technique of equispacing the nulls in the range of ^ yields desirable 
patterns even when the spacing between the elements becomes small in 
wavelengths. Indeed, it was seen in sec. 12.01 that if the number of 
elements is increased as the spacing is decreased, so that the overall 
length of the array remains fixed, the technique of equispacing the 
nulls leads to designs having arbitrarily sharp directivity—that is, to 
superdirective arrays. When this same technique of equispacing the 
nulls is applied to broadside arrays having small spacings, it is found 
that as the spacings are made smaller the patterns become progressively 
poorer. However, if the nulls are distributed in the range of ifr ac¬ 
cording to a Tchebyscheff distribution, desirable patterns having small 
side lobes and arbitrarily sharp principal lobes result. The design 
procedure for superdirective arrays is indicated below. 

Referring to Fig. 12-19, the range of the Tchebyscheff polynomial, 
which is used, lies between the points c and x 0 . The position of the 
starting point c depends upon the element spacing and is given by 

ltd 

c = x 0 cos — 

A 

For a spacing d equal to A/2, the point c is at origin. For d > A/2, 
c is negative as shown in Fig. 12-19, whereas for spacings less than 
A/2, c is positive, approaching x 0 as the spacing approaches zero. Since 
the radiation pattern is determined entirely by that portion of the 
Tchebyscheff curve lying between c and x 0 , it is evident that for small 
spacings (c near x Q ) full use is not being made of the pattern control 
available. This failing can be remedied by compressing the desired 
range of Tchebyscheff curve into the region that will be used. This 
result can be accomplished by a simple change of scale on the abscissa. 

*A. Bloch, R.G. Medhurst, S. D. Pool, “A New Approach to the Design of Super- 
directive Aerial Arrays,” Proc. IEE (London), Part III, 100, pp. 303-314, Sept., 1953. 
(Gives 28 references.) See also “Superdirectivity,” by the same authors in Proc. IRE* 
48, p. 1164, 1960, which gives 31 additional references. 
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The method will be illustrated by an example to be solved as a problem 
by the student. 

Problem 2. Design a five-element broadside array having a total array 
length of \/4 (spacing between the elements d = A,/16). The side-lobe level is 
to be 25.8 db down, or 1/19.5 times the main-lobe level. 

For the above problem there should be four nulls on the unit circle 
within the range of and four nulls in the range of the Tchebyscheff 
pattern that is used. Thus it would be possible to select r 4 (x) and 
use the range from 0 to x 0 and back (again four nulls). Because it is 
simpler to work with the lower-degree polynomials, it is suggested that 
J 2 (x) be used. Start by letting x = x 0 cos i/r, where for this case, 

~ COS ( j > 
o 

Then as <f> ranges from 0 through it/2 to 7 r, ^ will range from {it/ 8 ) 
to (—tt/ 8 ), and since cos ( 7 ^/ 8 ) = 0.92388, x will vary from 0.92388x 0 
to x 0 * and back to 0.92388x 0 . By a simple translation and change of 
scale of the abscissa, the portion of curve between —1 and x 0 can be 
compressed within the range 0.92388xo to x 0 . When the problem is 
solved* in this manner, it will be found that the nulls on the unit circle 
will be placed at 

= ±17° 17f and ±21° 41ft' 

Using these values in an expression such as eq. (9) gives the pattern 
of Fig. 12-20(a) and the current ratios which will be found to be 

1 : -3,7680 : 5.5488 : -3.7680 : 1 

In the above example it will be noted that to obtain the pattern 
by the semigraphical method of multiplying together the distances from 
z to the null points of the array, as indicated in eq. ( 6 ), three-figure 
accuracy is adequate. However, if it is desired to obtain the pattern 
from the simple phasor addition of the fields due to the individual 
elements, as in eq. ( 1 ), it is necessary to compute the current ratios 
with great accuracy if a reasonably accurate pattern is to be obtained. 

The reason for the extreme accuracy required in this case becomes 
evident when the fields are added to determine the resultant field in 
the direction of the maximum, broadside to the array. In this direction, 
there is no phase difference due to difference in path lengths and so 
the field strength is proportional to the simple arithmetic sum of all 
the currents. Adding these currents, with due regard for sign, we have 

1.0000 - 3.7680 + 5.5488 - 3.7680 + 1.0000 = 0.0128 

*Details of the method of solution are given by Nicholas Yaru, “A Note on 
Supergain Antenna Arrays/* Proc . IRE, 39, No. 9, pp. 1081-1085, Sept., 1951. 
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Figure 12-20. Broadside “super gain” patterns for arrays that have an overall 
length of one-quarter wavelength: (a) five-element array; ( b ) nine-element 
array. 


It is seen that the “effective current” radiating in the direction of the 
maximum is only about one-fifth of 1 per cent of the current in the 
center element. This low value of radiation results from the fact that 
the array acquires its superdirective properties by virtue of the addition 
of the radiation from elements carrying large, almost equal and oppo¬ 
site currents. Furthermore, a slight error of the order of 1 per cent in 
the setting of any one of the currents would change the resultant by 
several hundred per cent, and so completely destroy the supergain 
pattern. 

These effects are demonstrated even more clearly in the next ex¬ 
ample,* which is the case of a nine-element array having the same 
overall length (one-quarter wavelength) as the array of the previous 
example. The pattern of this array is shown in Fig. 12-20 (b). For this 
array, using a null spacing corresponding to the distribution of the 


nulls in T t (x), the calculated 

current ratios are 

4=4 

260,840.2268 

4 = 4 

— 2,062,922.9994 

4 = 4 

7,161,483.1266 

4 = 4 

-14,253,059.7032 

4 

17,787,318.7374 

Total 

00,000,000.0390 


See the article by Yaru, which also discusses efficiency and required accuracy. 
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It is seen that, if a current of the order of 17 million amperes is 
fed to the center element, with corresponding currents in the other 
elements, the total effective current radiating broadside to the array 
(the direction of the maximum) is equivalent to a current of 39 milli- 
amperes in a single antenna! 

From the above examples it seems reasonable to conclude that 
although superdirective arrays are possible in theory, they are quite 
impractical. However, it has been argued,* with some justification, that 
specific examples such as the above do not constitute a general proof 
of impracticability. More recently a completely general solution of the 
problem of maximum directivity of an array of a given number of 
elements has been obtained by Lo, et al.f Their results show maximum 
directivity and 2’factor as a function of element spacing. The Q- 
factor is equal to the ratio of the complex input power to the power 
radiated by the array (and hence is inversely proportional to efficiency). 
As ^ould be expected, for the optimum excitation the g-factor in¬ 
creases sharply as the spacing d is decreased into the superdirective 
region. For example, for a 10-element array excited for maximum 
directivity the Q-factor increases from 3.4 to a value of the order of 
10 4 as d decreases from 0.45A. to 0.3A,; for smaller spacings the 2 -factor 
increases to astronomically large values. The referenced paper gives 
other examples, as well as a thorough discussion of the sensitivity 
factor which provides a measure of the accuracy requirements on ele¬ 
ment excitations. From their results it is possible to obtain a quantitative 
measure of the deleterious effects of any stated amount of super- 
directivity. It is also concluded that from a practical point of view 
the uniform current distribution yields a directivity near to the 
optimum. However, this conclusion may be invalid when the antenna 
is used for reception where signal-to-noise ratio is to be optimized. 

1 2.05 Radiation from a Current Sheet. The antenna arrays con¬ 
sidered so far in this chapter have been represented by discrete current 
filaments lying in a plane. However, there are many other problems 
in electromagnetic theory for which it is advantageous to use instead, a 
representation by continuous current distributions lying in a plane. 
For instance, a continuous current distribution can be used to represent 
the induced currents in a metal sheet or grating when it is excited by 
an incident wave; if the induced current distribution can be estimated, 
then the scattered field can be calculated approximately. In addition, 
a closely spaced array of discrete elements can be represented approxi¬ 
mately by a continuous current distribution. 

*A. Bloch, R. G. Medhurst, S. D. Pool, loc . cit. (1953). 

fY. T. Lo, S. W. Lee, and Q. H. Lee, “Optimization of Directivity and Signal-to- 
Noise Ratio of an Arbitrary Antenna Array,” Proc. IEEE , 54, 1033-1045, Aug., 1966. 
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Figure 12-21. Continuous distribution of electric current lying 
in the y-z plane. 


Consider a sheet of electric current lying in the y-z plane and flowing 
in the z direction as shown in Fig. 12-21. The electric field strength far 
from this source may be deduced using eqs. (10-99) and (10-101). The 
result is 

= 02-15) 

in which f e = —sin 0 f z 

and f z = f J z (x')e iBtT ‘ dV 

■J all space 

With the observation point r in spherical co-ordinates and the source 
point t j in rectangular co-ordinates, the dot product in the volume integral 
is given by 

t . F = x’ sin 6 cos <f> + y' sin 8 sin (f> + z' cos 6 

For currents lying in the y-z plane, x' = 0 and thus (15) may be ex¬ 
pressed as 

e —— sin 9 f T M /. z'y B,v ' sln Ssin * + 2 ' cos $) dy' dz' ( 12 - 16 ) 

47T r J J -oo 

The integral in (16) has the same mathematical form as a two-dimen¬ 
sional Fourier transform and thus it is clear that the far field of a planar 
current distribution may be expressed as the Fourier transform of the 
surface current density. 

In many cases the surface current density is separable, that is, it may 
be written in the form 

/«(/, z') = Jaiyyfz’) 
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so that (16) becomes 

E s = i& e — sin 6 f” J«(y')e m ' 3in * 3in * dy' f~ J b (.z')e }i3: ' cos * dz' (12-17) 
47r r J -oo J _oo 


The absolute value of the integral over z' multiplied by sin 6 constitutes 
the element factor in the radiation field, an element being any one of the 
current filaments making up the total current distribution. The integral 
over / is the space factor (or array factor) due to the arrangement of 
current filaments and thus (17) provides an example of the principle of 
multiplication of patterns discussed in chap. 11. 

The radiation field in the x-y plane may be expressed as 


in which 
and 


E{v) = f = f Uy)e^dy 

8 - , 1 . , 
v = sin <p = — sin <p 

Ai 


(12-18) 


Note that the primes have been dropped because the source and observa¬ 
tion points may be distinguished easily without them. Equation (18) is 
in the form of a one-dimensional Fourier transform and thus it is very 
convenient for the computation of radiation fields. The exhaustive literature 
on the Fourier transform provides us with a large number of computa¬ 
tional techniques and algebraic manipulations which may be applied directly 
to antenna problems. 

As an example, consider a current strip lying in the y-z plane and 
having a uniform z-directed current distribution of length L in the y 
direction. The radiation pattern in the x-y plane is to be calculated and 
for this reason the current distribution in the z direction need not be 
specified. Such a current distribution would be a first approximation to 
the current on a flat metal strip excited by a normally-incident uniform 
plane wave or to the currents in a large number of closely spaced dipoles 
fed in phase. As illustrated in Fig. 12-22, the y variation in surface 
current density may be represented by 

J a (y) = 1 R*(y) 


in which i^(>>) represents the unit-amplitude gating function of width L 
centered at the origin. The far field in the x-y plane may be expressed 
as 


1 r 1/2 

E{v) = i 

L J -Li 2 


pftw y 


dy = 


sin TtvL 
7tvL 


(12-19) 
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Uniform current distribution 

W - t *V> —f | ► / 

’ T T 

Figure 12-22. Radiation pattern of a uniform current distribution 1.5 
wavelengths long. 

and the radiation pattern is given by \E(v)\. A method of sketching 
the polar radiation pattern is illustrated in Fig. 12-22 for the particular 
case L = 1.5X. It should be noted that in (19) the electric field strength 
is expressed as a function of v which has the range — °° < v < oo if 
it is regarded as a Fourier transform variable. However, the radiation 
pattern is obtained only from that part of the infinite range defined 
by -X ~ l ^ v < X" 1 which is known as the visible range of v (the same 
kind of behavior was discussed in sec. 12.02 with respect to the 
variable ^). 

Because the field expression (18) is given as a Fourier transform, it 
might (at first glance) seem possible to deduce J a (y) from E(v) by 
calculating the inverse Fourier transform 

Uy) = J” E(y)e~ nxvv dv 
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Such a procedure* would be valid only if E(v) were specified or known 
over the whole infinite range of v. In synthesis problems (sec. 12.02) 
E(v) is specified in the visible range; outside the visible range E(v) is 
chosen in such a way as to permit practical realization of a suitable 
antenna array. 

Problem 3. Side-lobe level may be reduced at the cost of increased major 
lobe beamwidth by “tapering” or “smoothing” the current distribution. Discuss 
this statement with reference to uniform, cosine, and cosine-squared current 
distributions. 

Effect of a Uniform Phase Progression. Suppose a current distribution 
J a (y) = A(y) has a far field given by 

£0) = J“ A(y)e j2nv dy (12-20) 

If a progressive phase shift e ~ mky is imposed on this current distri¬ 
bution, the new current distribution is J£y) = A(y)e~ J ' 2xky and the new 
far field is given by 

E'(y) ~ J°° A(y)e J2 ^- t)v dy (12-21) 

= E( v - k) 

Thus the progressive phase shift causes a shift in the radiation pattern 
function which in turn causes the pattern lobes to swing in the di¬ 
rection of the phase progression. This effect is illustrated in Fig. 12-23 
for the case kL — 1/2 and the uniform current distribution of Fig. 
12 - 22 . 


Example 7: Scattering by a Grating. An elementary grating consists of a 
flat grid of very fine wires as shown in Fig. 12-24(a). A uniform plane wave 
incident on the grating causes currents to flow in the wires and these induced 
currents are the sources for the scattered field. Far from the grating the 

^Because in all practical cases J a (y ) must be zero except for a finite interval in 
y, it follows from the Wiener-Paley theorem that E(v) as defined by (18) is an ana¬ 
lytic function. From the theory of functions of a complex variable an analytic 
function is uniquely determined by its value over an interval; These facts seem to 
suggest that the knowledge (including phase) of E(y) over the visible region would 
determine the source J a (y) uniquely. However, in practice this is not possible be¬ 
cause E(v) is not known with unlimited accuracy and, as it turns out, an immeasurably 
small deviation of E(v) in the visible region can lead to an entirely different source 
function 7 a (y). The above misconception has appeared repeatedly in the literature 
in articles covering a wide variety of problems including superdirective antennas, 
information retrieval, optical image reconstruction and radio astronomy. For a further 
discussion of the matter see Y. T. Lo, “On the Theoretical Limitation of a Radio 
Telescope in Determining the Sky Temperature Distribution,” J. App. Phys., 32, pp. 
2052-2054, Oct., 1961. 
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Figure 12-23. Effect of a progressive phase shift on the pattern of a 
uniform current distribution. 

scattered (or re-radiated) field may be found from the Fourier transform of 
the induced current distribution. 

Consider, for example, a grating “illuminated” by a normally-incident uni¬ 
form plane wave whose electric vector is in the z direction. If the grating 
wire has a diameter much smaller than a wavelength, the surface current 
density in the y-z plane may be represented approximately by a row of Dirac 
deltas extending from (— L/2) to (H-L/2). Such a current density function 
could be represented as the product of a “gating function” of length L and a 

“comb function,” C d (y) = 2 8(y ~~ consisting of an infinite sequence of 

Dirac deltas spaced a distance d as shown in Fig. 12-24(6). A current distri¬ 
bution of this type has a y variation of the form 

•40) = ^ R L {y)da{y) (12-22) 

The radiation field in the x-y plane may be found by taking the Fourier 
transform of J a as indicated in (18). The transform of the gating function is 
known from (19) and the transform of the comb function' is another comb 
function with a reciprocal spacing, 

- dy = £ 8(v - ~j = C ui {v) 


(12-23) 



z 



— £ — ~T 2 CO 

R L (y) C d (y) = £ Sijr-m/) 


n=-co 



(c) 


Figure 12-24. Uniform plane wave scattering by a thin-wire grating—normal 
incidence. The figure shows the grating (a), the induced current distribution (b\ 
and the radiation pattern (c) for the scattered field in the x-y plane. 
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proofs of which may be found in books on Fourier analysis.* The transform 
of J a (y ) is the transform of a product which may be expressed as a convolution 
integral; if a(v) and b{v) are the transforms of A(y) and B{y\ then 

| A(y)B(y)e j2 * vv dy = J a(v — |)Z>(£) d% (12-24) 


which states that the transform of the product is equal to the convolution of 
the transforms . Thus the scattered radiation field of the grating may be found 
as follows: 


E{v) = J” j- R t {y)dC d {y)e i2 ’”’v dy 


sin; 


= 2 




(12-25) 


in which v = X' 1 sintf). This function, being periodic, is easy to sketch if 
L/d^> 1 as shown in Fig. 12-24 which includes a radiation pattern in polar 
form for the case Lfd= 10, L/X = 15. It may be seen that the angles <f> n of 
the major lobes are given by 

sin 4> n = n^ (12-26) 

which shows that the wavelength may be deduced from a measurement of <f> n 
if d is known. The grating method of wavelength measurement is widely used 
in studies of optical and infrared radiation. 


Example 8: Periodic Current Distribution . The discussion so far applies not 
jnly to gratings but to any planar current distribution such as the linear 
trrays of filamentary currents mentioned earlier in this chapter. Many antenna 
irrays, however, are made up of periodic arrangements and many gratings 
:onsist of a row of flat strips rather than thin wires. Some light can be shed 
>n these problems by applying Fourier transform analysis to an arbitrary, 
>eriodic current distribution of finite length. Such a current distribution may 
>e regarded as a uniform periodic function 

F(y) = ^ 2 G(y - nd), 

nth an “envelope” given by another function H(y ). 

There are two ways in which a periodic function may be given an envelope. 

♦See, for instance, Lighthill, Fourier Analysis and Generalized Functions , Cam- 
ridge University Press, London, 1960, and Papoulis, The Fourier Integral and Its 
pplications, McGraw-Hill Book Company, New York, 1962. An excellent summary 
ay be found in Reference Data for Radio Engineers (4th ed.), International Tele- 
lone and Telegraph Corp., 1956. 
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The most obvious way is direct* multiplication giving a y variation of surface 
current density of the form 

Uy) = H(y)F(y) = H(y) ±^G{y - nd) (12-27) 

which is illustrated in Fig. 12-25. Such a procedure is frequently useful but 
it is awkward to use when the current elements are identical in shape, dif¬ 
fering only in amplitude. In these cases the current distribution has the form 

J a (y) = S H(nd)G{y-nd) (12-28) 

71= —oa 

which is also illustrated in Fig. 12-25. Because the current elements represented 
by (28) are identical in shape, one would expect the principle of multiplication 
of patterns to apply. 

The radiation field of the current distribution in (27) may be calculated 
easily if one begins by expressing the periodic function in the form of a 
Fourier series. This is done by noting that F(y) may be expressed as a con¬ 
volution, 

» F(y ) = ± G{y-nd)= f" G(y - £) ± S(f -n<D<% (12-29) 

n = —oo J -oo 71=1—00 

from which it is clear that the transform of F(y) is 

/(»-*(»>} JX’-i) < 12 - 30 > 


F(y) --^Gky-nd) 



J a ky) - Y,H(nd) G(y-nd) 



Figure 12~25. Two methods of applying an envelope function 
H(y) to a periodic current distribution. 
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If it were needed, the Fourier series could be obtained by transforming (30). 
What is needed is the transform of (27) which may be expressed as the con¬ 
volution, 

(12-31) 

Substitution of (30) into (31) gives 

-tX*(tH—t) (12 ' 32) 

which represents the radiation field. If the elements were isotropic (current 
filaments), g would be unity and (32) would have the form 

(,2 - 33> 

The radiation field of the- current distribution in (28) may be obtained by 
noting that (28) can be expressed as a convolution: 

Ja{y) = S H(nd)G(y — nd) 


= S r W£ffl-nd)G(j-S)<% 

71=3 — DO J — >3 


= f ~_"G(y - 


(12-34) 


in which M(f) = H(%) S §(£ — nd). Taking the Fourier transform of (34) 

7Z =3 — oo 

gives the radiation field, 

E{v) = g{v)m{v) 


= «(.)J'_ f) dt 

A-t) <12 - 35) 


Equation (35) expresses the idea of multiplication of patterns since it consists 
of the pattern function g(v) of a single current element G(y) multiplied by 
the pattern function of an array of isotropic sources as expressed in (33). 


Problem 4. Obtain an expression for the radiation pattern of uniform 
(infinitely long) current strips of equal amplitude and phase. Take a to be the 
strip width and d to be the center-to-center spacing. Obtain expressions for 
the radiation field using both (32) and (35). This problem constitutes an ap¬ 
proximate solution for the scattered field when a uniform plane wave is 
normally-incident on a grating composed of flat conducting strips. 

12*06 Wave Polarization* The concept of wave polarization was 
introduced in chap. 5 where it was shown (for some special cases) that 
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at a fixed point in space the endpoint of the £ vector traces out an 
ellipse called the polarization ellipse . The polarization of the wave is 
therefore specified by the shape (axial ratio), orientation, and sense of 
rotation of the polarization ellipse. These three quantities are used 
frequently but there are also other important representations for the 
state of polarization. These are the polarization ratio (in both rectangular 
and rotating co-ordinates), the Stokes parameters, and the Poincare 
sphere. The purpose here is to introduce these representations and 
indicate how they are used. 

Polarization Ratio Using Rectangular Co-ordinates . A wave of arbitrary 
polarization may be produced by combining the waves radiated by a pair of 
crossed-dipole antennas. If the dipoles are aligned parallel to the x and y axes, 
the waves radiated in the z direction will be of the form 

E x = A x e J3 > (12-36) 

E y = Aye* (12-37) 

in whiqh A x and A y are positive real amplitude factors, and 8 X and S 7 are 
the phase angles associated with the field components. The relative amplitudes 
and phases of the field components may be adjusted to give any desired 
polarization. The state of polarization may be specified by a complex number 
called the polarization ratio P and defined by the relation 

P = ^ = [P| e-* 5 (12-38) 

E X 

in which |P| = A y /A x and 8 = 8 y — S s . The values of P may be represented 
as points in the complex P plane and it should be noted that there is a one- 
to-one correspondence between all the points in the P plane and all possible 
wave polarizations. 

The path traced out by the endpoint of the time-varying electric vector E 
is given by (see problem 5 on page 459) 

|P| 2 Ei- 2 \P\ cos 8 E x E y + El = A% |F| 2 sin 2 8 (12-39) 

which has the general form 

AEl + BE X E y + CE\ = D (12-40) 

and therefore represents a conic section. The discriminant is given by 

B 2 - 4 AC = -4 |P| 2 sin 2 8 (12-41) 

which is negative, indicating that the conic section is an ellipse. This ellipse 
is inscribed within a rectangle as shown in Fig. 12-26 and the ratio of the 
side dimensions of the rectangle is \P\. The orientation or tilt angle is 
related to the polarization ratio by the equation 

tan = J- w - = T — 5 (12-42) 

in which customarily 0 < < tt. Epuation (42) may be simplified by noting 
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Figure 12-26. The polarization ellipse and its 
circumscribed rectangle. 



Figure 12-27. Sketching the polarization ellipse 
from the amplitude and phase of the rectangu¬ 
lar field components (for the case 8 X = 0, d y =5). 

that \P\ = tanz>, the angle v being indicated in Fig. 12-26. Thus (42) becomes 

tan 2 i/r = tan 2v cos S (12-43) 

The points of contact with the rectangle are as shown in Fig. 12-26 and the 
sense of rotation may be determined by visualizing the time-varying vectors 
at some convenient point such as a point of contact. 

Given the amplitude and phase of the rectangular field components, the 
discussion in the foregoing paragraph shows how to construct the polarization 
ellipse. Construction of the ellipse may be simplified even further by the use 
of the graphical technique illustrated in Fig. 12-27. Either component (x or 
y) of the field vector is a sinusoidally oscillating quantity and thus it may 
be represented as the projection of a line of fixed length rotating uniformly at 
the angular frequency co. As time varies, the endpoint of the resultant vector 
traces out the polarization ellipse. Thus the polarization ellipse may be 
sketched easily for any point in the complex P plane as shown in Fig. 12-28. 
The upper half-plane represents the left-handed sense of polarization and the 
lower half-plane represents the right-handed sense of polarization, with reference 
to an imaginary screw advancing in the direction of propagation (assumed to 
be in the positive z direction). It should be noted that the real axis represents 
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Imaginary axis 



Figure 12-28. The complex P plane with polarization ellipses. 


linear polarization and the points +j and —j represent left-circular and right- 
circular polarization, respectively. Linear polarization in the y direction is 
represented by the point at infinity, a difficulty which leads to frequent use 
of the reciprocal of the polarization ratio. 

Problem 5. Using the time-varying fields corresponding to (36) and (37), 
show that (39) and (41) are satisfied. 

Problem 6. Derive (42) by rotating the co-ordinates in Fig. 12-26 through 
the angle ^fr and writing (39) in the rotated co-ordinate system, so that the 
cross-product term shall vanish. 

Problem 7. Two identical straight dipole antennas lie in the x-y plane, 
antenna (1) parallel to the x axis and antenna (2) lying along the cj p = <f)o line. 
A transmission line from a transmitter is connected directly to antenna (1) 
and an attenuator phase-shifter with a factor Ae Jff is connected between the 
two antennas. Find the values of A and B required for the transmission of 
right- and left-circular polarization in the z direction, assuming each antenna 
radiates linear polarization oriented parallel to the wire. (Neglect any mutual 
impedance effects.) Work out numerical values for </> 0 = 30°. 

Polarization Ratio Using Rotating Co-ordinates. In the foregoing discussion, 
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particular reference was made to combining the radiation fields of antennas 
which individually radiate waves of linear polarization. At times, however, 
it is necessary to obtain an arbitrary polarization by combining right-circular 
and left-circular polarizations from helical or spiral antennas. In such cases 
it is convenient to define a new pair of unit vectors, 

R = * ~jy (12-44) 

L — x -}- yy (12-45) 

It may be shown easily that (44) and (45) correspond to time-varying vectors 
of unit amplitude rotating, respectively, in the right-handed and left-handed 
senses. Thus any wave field may be written in the two alternative forms 

E = ZE X + y E y (12-46) 

and 

E = R Er -{- L Ei (12-47) 

The components of (47) may be written in the form* 

E r = A R e H R 
E l — A L e jiL 


(12-48) 

(12-49) 


This indicates that the state of polarization may be represented by a polar¬ 
ization ratio Q defined as 


Q 


_El 
“ Er 


= \Q\e* 


(12-50) 


/ 



Figure 12-29. Right and left counter¬ 
rotating vectors. 


in which \Q\ — A L /A R and £ — 
£/,—£/?* It may be shown easily that 
A R and A L are the fixed lengths of 
two time-varying, counter-rotating 
electric vectors. At / = 0, these 
vectors are in the directions indi¬ 
cated in Fig. 12-29. The resultant 
field is right-handed for [Q\ < 1 and 
left-handed for \Q\ > 1. If a and b 
are defined respectively as the semi¬ 
major and semiminor axes of the 
polarization ellipse, Fig. 12-29 
shows that the axial ratio is 


b _I 1 - 1(21 

^ hi + iqi 


(12-51) 


Also from Fig. 12-29 it may be 
shown that the orientation angle 
is given by 


*If an antenna radiates a circularly polarized wave, its phase factor Zr or Zl may 
be varied simply by a mechanical rotation of the antenna structure. 
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Imaginary axis 



Figure 12-30. The complex Q plane with polarization ellipses. 


= r . - + m7T (12-52) 

£ 

= - 2 +m7C 

Customarily, is taken to be in the range 0 < ^ < 7r and thus the integer 
m may be chosen to satisfy this condition. This completes the information 
necessary to sketch the polarization ellipse at any point in the Q plane as 
illustrated in Fig. 12-30. It is frequently helpful to make use of the reciprocal 
of Q in order to map left-handed polarizations into the interior of the unit 
circle. 

The relationship between the P and Q ratios may be found using (46) and 
(47). From these equations it may be shown easily that 

E R ^tr{E x +jE y ) (12-53) 

and 

Ez^HEv-jEy) 

The ratio of (54) to (53) gives the desired relationship, 


(12-54) 
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in which T is the voltage reflection coefficient and z is the normalized im¬ 
pedance. Equation (56) may be manipulated graphically using the Smith 
chart and thus the similarity between (55) and (56) makes possible the use 
of the Smith chart in polarization calculations.* It will be noted that (— Q) 
corresponds to T, jP corresponds to z, and the ratio ajb corresponds to the 
VSWR. In his paper Rumsey applies these concepts to the problem of trans¬ 
mission between elliptically polarized antennas, a topic which has also been 
treated by Sinclairt using the concept of complex effective length. 


The Stokes Parameters and the Poincare Sphere . The remaining represen¬ 
tations for polarization require a few basic relations. The first of these has 
already been derived (43) and may be written as 

tan = tan 2v cos 8 (12-43) 



(12-57) 


The second and third relations follow from the rotation of co-ordinates re¬ 



quired to remove the cross-product term 
from the equation of the polarization 
ellipse (39). These may be worked out as 
an exercise or looked up in the literature.! 
The second relation is 

a 1 + b 2 = A% + A% (12-58) 

which states that the corners of the cir¬ 
cumscribed rectangles touch the same 
circle (see Fig. 12-31). In Fig. 12-31 the 
ellipticity angle % is shown and normally 
it would be defined in the range 0 <, % 
< 7tj 2; however, it is convenient to allow 
X to take on negative values in order to 
distinguish between the two senses of 
polarization. That is, 


*V. H. Rumsey, G. A. Deschamps, M. L. Kales, J, I. Bohnert, “Techniques for 
Handling Elliptically Polarized Waves with Special Reference to Antennas,” Proc. IRE, 
39, No. 5, pp. 533-552, May, 1951. (See Part I by V. H. Rumsey.) 

|G. Sinclair, “The Transmission and Reception of Elliptically Polarized Waves,” 
Proc. IRE , 38, pp. 148-151, February, 1950. 

{M. Born and E. Wolf, Principles of Optics [2nd (revised) ed.], Pergamon Press, 
Inc., New York, 1964. 
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tan x = 



(12-59) 


in which (—tt/ 2 )<^% <; (+tt/ 2 ). The minus sign indicates the right-handed 
sense and the plus sign indicates the left-handed sense. The third relation is 

sin 2 % = sin 2v sin 8 (12-60) 

= 4 *+% sin 8 (12-61) 


, lab 

~ “a 2 + 6 2 


(12-62) 


The Stokes parameters are usually used in connection with partially 
polarized radiation. This topic is beyond the scope of this work but it is 
possible to introduce the Stokes parameters for monochromatic (single-frequency) 
radiation. They are defined as follows: 


So — A% + Ay 

(12-63) 

I S 1 = Ax Ay 

(12-64) 

St = 2A x A v cos S 

(12-65) 

£3 = 2 Ax Ay sin S 

( 12 - 66 ) 

The four parameters satisfy the relation 

So = S\ + J 2 + S$ 

(12-67) 


and thus any three of them are independent. 

Equation (67) is the equation in (s\, j 2 , sz) space of a sphere of radius Jo 
known as the Poincare sphere. The three basic relations discussed in the 
preceding paragraph may be used to prove that 

51 = so cos 2x cos 2 ^ 

52 = so cos 2 % sin 2*dr 
s 3 = so sin 2 % 




Figure 12-32. The Poincare sphere, illustrating the Stokes parameters and 
stereographic and orthographic projections on the equatorial plane. 
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which indicate that 2% and 2 t/t are the angles shown in Fig. 12-32(a). A con¬ 
sideration of the parameters % (ellipticity angle) and 'xfr (orientation angle) 
indicates that there is a one-to-one correspondence between all points on the 
surface of the sphere and all possible polarizations, the top and bottom 
hemispheres representing respectively the left-handed and right-handed senses 
of polarization. The poles represent circular polarization while points on the 
equator represent linear polarization. 

Since representations on a spherical surface are awkward, it is desirable 
to map points on the sphere onto some plane, in particular the equatorial 
plane. Two such mappings, the orthographic projection and the stereographic 
projection, are illustrated in Fig. 12-32(6) for the points A and B . The ortho¬ 
graphic projections, A 0 and 3 0 , are simple to carry out but they do not 
distinguish between the two senses of polarization. The stereographic projections 
A s and B s map right-handed polarizations inside the equator and left-handed 
polarizations outside the equator. It is interesting to note that the stereographic 
map is identical to the Q plane discussed previously, provided that the unit 
circle in the Q plane is made to coincide with the equator. Left-handed 
polarizations may be mapped stereographically inside the equator if the pro¬ 
jection line is drawn to the “south” pole, instead of to the “north” pole as 
in Fig. 12-32. 

Deschamps* has pointed out that distance measured on the surface of the 
Poincare sphere is well suited for evaluation of the nearness of polarization 
states. If such an evaluation is being carried out using projections on the 
equatorial plane, it is clear that the orthographic projection is most accurate 
near the poles and that the stereographic projection is most accurate near the 
equator. Additional applications of the Poincare sphere to problems of com¬ 
munication between elliptically polarized antennas, polarization measurement, 
and transformation of polarization can be found in the above referenced 
paper. 


ADDITIONAL PROBLEMS 

8* Design an end-fire array that will produce approximately the pattern 
described by 

m = i o<<£<f 

m = 0 y < 4 > < TV 

Use an element spacing of one-quarter wavelength. 

9. Design a six-element broadside array having a spacing d = X/2 between 
adjacent elements. The pattern is to be optimum, with the side-lobe level 20 db 
down. 

* V. H. Rumsey, G. A. Deschamps, M. L. Kales and J. I. Bohnert, loc. cit. (See Part 
II by G. A. Deschamps) 
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Chapter 13 


SECONDARY SOURCES AND APERTURE 
ANTENNAS 


13.01 Magnetic Currents. In writing Maxwell’s curl equations 

V x H = D + J V x E = —B 

the quantities D, J and 6 are interpreted as the densities of electric 
displacement current, electric conduction current, and magnetic displace¬ 
ment current, respectively. The absence of a magnetic quantity corre¬ 
sponding to J, that is, to a magnetic conduction current, is explained by 
the fact that, so far as is yet known, there are no isolated magnetic 
charges. As a result, it has been found possible to derive the solution of 
electromagnetic problems in terms of electric currents and charges alone 
through the relations 

^H = VxA E = (13-1) 

where the electric potentials A and V are given by eqs. (11-20) and 

( 10 - 21 ). 

Although the above relations have proved adequate for the solution 
of problems considered up to the present, there are many other prob¬ 
lems where the use of fictitious magnetic currents and charges is very 
helpful. In such problems the fields, which are actually produced by a 
certain distribution of electric current and charge, can be more easily 
computed from an “equivalent” distribution of fictitious magnetic currents 
and charges. An example of such “equivalent distribution” is the case of 
the electric current loop and the magnetic dipole. The electromagnetic 
field produced by a small horizontal electric current loop is identical with 
that produced by a vertical magnetic dipole. Conversely, the fields pro¬ 
duced by a magnetic current loop and electric dipole are also identical. 
It will be found in many problems involving radiation from “aperture 
antennas,” that the notion of magnetic currents and charges will prove 
an invaluable aid in arriving at solutions. Therefore expressions for the 
fields due to such magnetic charges and currents will now be developed. 
It should be emphasized that, although the magnetic charges and currents 
used in this procedure are fictitious, the fields calculated from them are 

466 
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physical fields that are actually produced by an equivalent distribution of 
electric charges and currents. 

Written to include magnetic as well as electric conduction current, 
Maxwell’s curl equations would be 

V x H = D + J V x E = —B — M (13-2) 

or in the integral form 

<j> H-rfs = 'P + / = -<I> - K (13-3) 

In these equations K is a magnetic conduction current and M is a 
magnetic conduction current density. K has the dimensions of volts and 
M has the dimensions of volts per square meter. For surface magnetic 
current density (corresponding to J, for the electric case) the symbol 
M, (V/m) will be used. It is apparent from (2) and (3) that (except for 
a matter of sign) complete symmetry now exists in Maxwell’s equations. 

The ^positive sign in the first equations of (2) and (3) indicates that 
directions of magnetomotive force and electric current are related by the 
right-hand rule, whereas the negative sign in the second equation indicates 
that the directions of electromotive force and magnetic current are related 
through the left-hand rule. 

In general it will be desired to solve problems having both electric 
and magnetic distributions. However, for the purpose of developing ex¬ 
pressions due to magnetic currents and charges, consider, first the case 
where the fields are due to these alone. Equations (2), written for magnetic 
currents, and in the absence of electric currents, are 

V x H m = eE m VxE m = -/xH 771 - M (13-4) 

These should be compared with the familiar relations written for electric 
currents alone (without magnetic currents) 

V x E e = —pti e V x H e = eE ! + J (13-5) 

(The superscripts e refer to fields due to electric currents and superscripts 
m refer to fields due to magnetic currents.) 

Comparison of (4) and (5) shows them to be identical sets (except for 
sign) if electric and magnetic quantities are interchanged, H 771 , E 771 , M, p 
and e replacing E e , H e , J, e and p respectively. Therefore, the procedures 
used in chap. 10 for electric currents can be followed to set up potentials 
due to magnetic currents, and the fields can be obtained from these 
potentials by dififerentiation. Corresponding to the magnetic vector poten¬ 
tial A that yields the magnetic field strength through /xH e — V x A, there 
will be an electric vector potential F that will yield the electric field (due 
to magnetic currents) through eE 771 — — V x F. Similarly, corresponding 
to the scalar electric potential V that is set up in terms of the electric 
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charges, there will be a scalar magnetic potential 2F that is set up in 
terms of the magnetic charges. Rewriting eqs. (1), (10-20), and (10-21) 
for sinusoidal time variations and with suitable superscripts for fields due 
to electric currents and charges, we have 


pW = V x A 


E‘ = —VV — jcoA 


■ = ±f 

4*rJ 


n e~ 1BR 

PI - dV 

eR 


(13-6) 

(13-7) 


The corresponding relations for fields due to magnetic currents and charges 
are 


eE m = —V X F 

F = J-f MgZdV 

4tc J R 


H m = -VJ^ - jco F 


i fa 


9 -J& R 


4 7t J flR 


-dV 


(13-8) 

(13-9) 


For problems where both electric and magnetic current and charge 
distributions are involved, the total electric and magnetic field strengths 
(indicated by no subscript) will be the sum of the field strengths 
produced by the distributions separately. Writing E = E e + E m and H = 
FF + ^P l the fields (in a region of no current densities J and M) will be 
given by* 


E = —VV — jcoA — — V x F 
e 


(13-10) 


H = -V3F -jco F + — V x A 
Z 4 


(13-11) 


Alternatively, writing in terms of the vector potentials alone [as was done 
in (10-31)] gives 


E = — V x V x A 
jco fie 


1 


V x F 


H = J—VxVxF + — VxA 
jcofie fi 


(13-12) 


There is one other relation connected with magnetic currents that 
must be considered. It was found that tangential H was discontinuous 


*For dissipative media it is necessary to write the second term of (11) as — (tr 
+ ya>e)F instead of just —jcoe F to include the effects of electric conduction cur¬ 
rents due to magnetic sources in addition to electric displacement currents due to 
magnetic sources. There is, of course, no corresponding term in (10) for magnetic 
conduction currents due to electric sources. In this book there will be no occasion 
to deal with the effects of magnetic sources in dissipative media, and eqs. (10) and 
(11) will suffice. 
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across an electric-current sheet (though tangential E remained con¬ 
tinuous). The discontinuity in tangential H is equal to the linear current 
density J s as showh by the relation 

tfi(tan) ~ Hi (tan , = J, (amp/m) 

This result was obtained directly from an application of Maxwell’s mmf 
equation I; the continuity of tangential E followed from the emf 
equation II (sec. 4.03, page 103). The electric-current density J s and tan¬ 
gential H are mutually perpendicular, and this fact is indicated by the 
vector relation 

|7 S = ft x”(H, - H,) I (amp/m) (13-13) 

where fi, the unit vector normal to the current sheet, is regarded as 
positive when pointing to the side that contains H x . In the same way 
it is found from equations (3) that tangential E is discontinuous across 
jl magnetic-current sheet, whereas tangential H remains continuous. For 
a linear magnetic current density M s (V/m) the relation corresponding 
~ to (13) is 

! M, = — ft x (E, - E 2 ) f (volt/m) (13-14) 

The minus sign results from the minus sign in the second of eqs. (3). 
Equation (14) states that the tangential electric field strength is discon¬ 
tinuous across a magnetic-current sheet by an amount equal to the linear 
magnetic-current density. 

Examples of the use of magnetic currents will appear in the sections 
that follow. 

Si 13.02 Duality. Eqs. (2), (3), (4) and (5) exhibit the property of duality. 
Duality means that it is possible to pass from one equation to another 
by suitable interchange of the dual quantities, which in this case are the 
electric and magnetic quantities. Written for sinusoidal time variations 
and regions with material media, and showing source currents explicitly 
(sec. 13.05), eqs.. (2) may be written in the form 

V x H = YE + J (13-15) 

-V x E = ZH + M (13-16) 

where Y = cr + jcoe and Z — jcofi. For complete duality it would be 
necessary to add, besides the magnetic conduction current density M, 
a magnetic conductivity <x m . However, because there will be no occasion 
to use this nonexistent quantity except in the perfect magnetic conductor 
case, it is generally omitted. The standard list of dual quantities is given 
i in Table 13-1, where the first set is for electric current sources I or 
I J, and the second set is for magnetic current sources K or M. 

i 

l 
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/ 

J 

E 

H 

A £ p 

•Si 

II 

-Vi 

(2) 

K 

M 

H 

-E 

F /J. € 

-I'¬ 

ll 

id; 

H 

s 


*n problems involving electric conductors it is convenient to deal with 
perfect conductors (a- — oo) for which the simplified boundary condition 
x E = 0 or E XZXi — 0 applies. Similarly, in dealing with (nonexistent) 
magnetic conductors, the perfect magnetic conductor case ( cr m ~ oo) is 
sometimes convenient; for this hypothetical case the boundary con¬ 
dition fi x H = 0 or ff tan = 0 applies. According to the principle of 
duality, any problem solution obtained using the quantities of set (1) 
will apply directly (numerically as well as formally) to the dual 
problem, with quantities of set (2) replacing the corresponding num¬ 
bers of set (1). 

13,03 Images of Electric and Magnetic Currents, The field of a 
magnetic current element or “magnetic dipole” Kdl can be derived 
using eqs. (8) and (9), as was done for the electric current element in 
chap. 10. However, because of the duality between electric and mag¬ 
netic quantities displayed in eqs. (2) and (3) and also in eqs. (4) and 
(5), the solution for the magnetic dipole may be written down directly 
from eqs. (10-41), (10-42) and (10-43), with E 9 , E r , H#, I and e being 
replaced by H 9 , H ri — E$, K and p respectively. It will be observed 
that for a magnetic current element the electric field is everywhere 
normal to any plane containing the element, and the magnetic field 
at the surface of every such plane is tangential to it.. From this fact 
it follows that a magnetic current element may be split through the 
middle by a perfect (electric) conducting plane wirfiouT in any way 
affecting the field. This result may be compared with that for an 
electric current element which can be bisected by an electric conduct¬ 
ing plane normal to its axis, without in any way affecting the field 
distribution. For the distant or radiation field the directions of E and 
H produced by a magnetic current are as sketched in Fig. 13-1. 

From the preceding paragraph it follows that if an electric current 
element is placed at the surface and normal to an electric conducting 
plane, or if a magnetic current element is placed at the surface and 
parallel to the electric conducting plane, a positive image results. The 
effect of the conducting plane is simply to double the electromagnetic 
field on the side of the current element, and consequently to reduce 
to zero the field on the shielded or shadow side. Conversely, it will 
be found that an electric dipole parallel to, or a magnetic dipole 
normal to an electric conducting plane results in a negative image. 



§ 13.03 


Secondary Sources and Aperture Antennas 


471 



> Figure 13-1. Lines of E (solid) and H (dashed) 

on a large spherical surface centered on a 
magnetic current element K dl. 


In this case the effect of the electric currents induced on the con¬ 
ducting plane is to reduce the total fields, both electric and magnetic, 
to zero. These results on images in an electric conducting plane are 
summarized by Fig. 13-2 (a). 
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Figure 13-2. 
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For a perfect magnetic conducting plane the boundary condition 
#tan = 0 applies. The corresponding results for images in a magnetic 
conducting plane are given in Fig. 13-2(&). 

13.04 Electric and Magnetic Current Sheets as Sources. In this 
chapter use will be made of electric and magnetic current sheets as 
sources (primary or secondary) of the electromagnetic field. Of interest 
in this connection will be the plane-wave fields produced by (infinite¬ 
ly) large current sheets existing in free space or adjacent to perfectly 
conducting electric or magnetic planes. These fields may be deduced 
through use of eqs. (13) and (14) and the image principles of the 
previous sections. The results for current sheets in free space and for 
those adjacent to conducting planes are summarized in Figs. 13-3 and 
13-4, respectively. The student familiar with transmission-line theory 
will discover that he can set down these results directly from the 
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Figure 13-3. Fields produced by electric and magnetic current sheets ( a , c 
and e\ and the transmission-line analogs (b, d and /). 
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transmission-line analogy. Electric and magnetic current sheets cor¬ 
respond respectively to shunt current and series voltage generators, 
and electric and magnetic conducting planes are representable respec¬ 
tively by short and open circuits on the transmission line. Study of 
these figures reveals the following noteworthy points: 

(1) An electric current sheet alone, or a magnetic current sheet 
alone, generates an electromagnetic field on both sides of the sheet 
[Fig. 13-3 {a) and (c)]. 

(2) Crossed electric and magnetic current sheets of proper magni¬ 
tude can be made to generate an electromagnetic field on one side 
only; perfect cancellation of fields occurs on the back side [Fig. 13-3(e)]. 

(3) The same fields produced in Fig. 13-3(e) by crossed electric and 
magnetic current sheets can be obtained from a magnetic current 
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Figure 13-4. Current sheets adjacent to electric and magnetic conducting 
planes and the transmission-line analogs. 
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sheet alone in front of a perfect electric conductor [Fig. 13-4(6)] or 
from an electric current sheet alone in front of a perfect magnetic 
conductor [Fig. 13-4(c)]. These results are immediately evident from 
the transmission-line analogs. 

Knowledge of the fields produced by these electric and magnetic 
current sheets proves useful in treating radiation from apertures. 
13.05 Impressed and Induced Current Sources. In circuit theory 
it is convenient to regard the voltages and currents in a network 
as arising due to the presence of impressed voltages and currents 
supplied by hypothetical zero-impedance and infinite-impedance genera¬ 
tors. Correspondingly in electromagnetic field theory it is often con¬ 
venient to specify impressed magnetic currents (voltages) and electric 
currents as the sources of the field. These impressed currents are usu¬ 
ally given in terms of the current densities M and J, or in terms of 
the linear (surface) current densities M s and J,. 

In writing Maxwell’s equations, as for example in eqs. (2), no dis¬ 
tinction has been made between impressed current densities and in¬ 
duced current densities (caused by the field), the symbols J and M 
being used for either or both. Where necessary or desirable to make 
such a distinction the symbols J°, M° will be used for impressed cur¬ 
rent densities and the symbols V° and 7° will designate impressed 
voltages and currents. 

Fig. 13-5(a) depicts the circuit representation of a constant current 
generator applied to a pair of antenna terminals. Fig. 13-5(6) shows 
an expanded view of the gap region of the antenna, and (c), (d) and 
(e) show commonly used field representations for the constant-current 
source. In (c) the impressed current is considered to be distributed 
uniformly in the gap region as a current density J° = 7° jita 1 (amp/m 2 ). 
In (d) the impressed current takes the form of a circular current 
sheet of density J° s = P/lna (amp/m). In ( e ) is shown the Dirac delta 
representation which frequently proves convenient in problem formu¬ 
lation. It should be noted in all of these representations, that turning 
off the current source leaves the terminals open-circuited, as is required 
for a constant-current (infinite-impedance) source. 

Fig. 13-6 depicts circuit and field representations of a voltage 
source. In (6) a ring of magnetic current density, M°, circulates about 
a short-circuit connection between the antenna arms. In (c) the gap 
region is replaced by a conductor about which is wrapped a magnetic 
current sheet of density M° (V/m) and height h. In Fig. 13 -6(d) the 
Dirac delta representation for the magnetic current strip is indicated 
for an infinitesimally narrow gap (h —► 0). The equivalence between 
the voltage generator and the magnetic current is especially easy to 
demonstrate in this case. The voltage between B and A is 
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Figure 13-5. Circuit and field representations of a current source. 


V b -V a =\ W-ds = - I E-ds 

JACB JACB 

= -jE-ds = J 

= f [- 4>V° S(p - a) S(z)] • [—$ da] = F° (13-17) 
J s 

It should be noted that the line integral over the path ACB may be 
written as a closed-contour integral because the electric field within 
the conductor is zero. 

For all of the above representations, when the magnetic current is 
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Figure 13-6. Circuit and field representations of a voltage source. 

“turned off” a short circuit remains between the terminals, as is re¬ 
quired for a constant-voltage (zero-impedance) generator. In both Figs. 
13-5 and 13-6 the gap regions are considered to be very small with 
the contours of the integration paths of H and E wrapped closely 
about the electric and magnetic currents. This makes it possible to 
neglect without error the effects of electric and magnetic displacement 
currents. 

Induced Currents . In the preceding paragraphs field equivalents were 
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found for the circuit-theory notions of voltage and current generators. 
Another circuit-theory concept having a field-theory analog is the 
compensation theorem, which states that a passive circuit element 
may be replaced with an ideal generator. The analogous field-theory 
situation is shown in Fig. 13-7. An object with macroscopic properties 
Yi = <r : + jcoe i, Z x = jcofi x occupies the volume V and is immersed in 
an infinite medium having properties T 0 = or 0 + yo)€ 0 , Z 0 = and 
containing sources J°, M°. 



Figure 13-7. Scattering object in an electro- 
* magnetic field. 


The object occupying the volume V may be regarded as disturbing 
or scattering the field that would exist if the object were not present, 
that is, if all of space had the properties T 0 , Z 0 . With the scattering 
object present the total fields outside V satisfy Maxwell’s curl equa¬ 
tions in the form 

V X H = 7 0 E + J° (13-18) 

V X E = -Z fl H - M° (13-19) 

Inside V the curl equations are 

VxH=7 1 E (13-20) 

VxE = - Z X H (13-21) 

The latter two equations may be rewritten in the form 

V X H = T 0 E + J 1 (13-22) 

VxE= - Z 0 H - M 1 (13-23) 

in which 

J 1 = (Y x — T 0 ) E (13-24) 

and 

M l = (Z t - Z 0 )H (13-25) 

Relations (24) and (25) define the induced sources J 1 and M 1 . These 

currents exist only within the volume V and are represented in (22) 

and (23) as flowing in a medium with properties Y 0 , Z 0 ; they actually 
replace the scattering object insofar as electromagnetic effects are con¬ 
cerned. Because eqs. (18) and (22) and also (19) and (23) are of the 



478 


Secondary Sources and Aperture Antennas 


§ 13.05 


same form, they may be written together as follows applying to all 
space both inside and outside the volume V : 

V x H = Y 0 E + J° + J l (13-26) 

V X E = - Z 0 H - M° - M l (13-27) 

Thus the scattering problem in an inhomogeneous medium has been 
replaced with a problem involving sources in an infinite, uniform 
medium. This does not constitute a solution to the problem, however, 
because the fields E and H must be known (or estimated) inside the 
scattering object in order to specify the induced source currents J l 
and M 1 . 

The linearity of Maxwell’s equations makes it possible to separate 
the field into two parts, the incident field E\ H 1 due to J°, M°, and 
the scattered field E a , H s due to J\ M l . Thus Maxwell’s curl equations 


each may be written in two parts as follows: 

V x H 1 = TqE 1 + J° (13-28) 

V x E 1 = - Z 0 H* - M° (13-29) 

V x FT = r 0 E* + J l (13-30) 

v x E s = - Z 0 H S - M l (13-31) 


Scattering problems usually involve a known incident field, for ex¬ 
ample a uniform plane wave or the field of a familiar type of antenna. 
The unknown is the scattered field and finding it can be an exceed¬ 
ingly difficult task. The induced current is the source of the scattered 
field (sometimes called the induced field) but specification of the in¬ 
duced current depends on accurate knowledge of the total field inside 
the scattering object. Fortunately in two important cases considered 
below the field inside the scattering object can be estimated with good 
accuracy. 

Scattering when Z x ^ Z 0 , YY 0 . If the scattering object has 
properties which are but little different from those of the surrounding 
medium, it may be assumed that the field inside the scatterer is iden¬ 
tical to the incident field; this is sometimes referred to as the Born 
approximation. For example, consider a cube of lossless dielectric ma¬ 
terial with e r ^ 1 and measuring L meters on a side. Suppose that L 
is small compared to a given wavelength and that the cube is cen¬ 
tered at the origin in free space. If an incident uniform plane wave 
has an electric field strength given by E* = ±E 0 e ~ Jffy 9 the induced cur¬ 
rent density J t in the cube is approximately equal to z jcoe v {e r — 1)Z 0 . 
This current flows for a distance L through a cross-sectional area V 
and thus the induced current in the small cube comprises a current 
element whose moment Idl is jo)e v (e r — 1 )E 0 L Z . The scattered field may 
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be obtained directly from the expression for the field of a current 
element (problem 4, chap. 10). 

Scattering by a Conductor . If the scattering object is a conductor 
with conductivity o* and permittivity e Vi eq. (24) shows that the in¬ 
duced current density is equal to the conduction current density. 
That is 


J t = crE (13-32) 

so that the scattered field may be calculated approximately from an 
estimate of the conduction current in the scatterer. 

Problem 1. A long, thin dielectric rod with relative permittivity e T ^ 1 
has narrow dimensions equal to W < X and long dimension L — X\ the rod 
extends along the y axis from (—L/2) origin to (-J-L/2). An incident uniform 
plane wave has an electric field strength given by E* = iE o e~ j0y . Find an 
expression for the scattered electric field strength far from the rod and sketch 
the scattered-field radiation patterns in the three principal planes. 

1 3.06 Reciprocity in Electromagnetic Field Theory. The principle 
of reciprocity is one of great generality, finding application in such 
diverse fields as international trade, human relations, science and en¬ 
gineering. Whereas in the political and economic fields a rather loose 
statement of the principle is usually sufficient, in scientific and en¬ 
gineering work a very precise statement is required. For example, it is 
not generally correct to say that according to reciprocity the response 
of a system is unchanged when transmitter and receiver, or generator 
and load, are interchanged, unless we first specify the generator and 
load impedances. In electromagnetic theory a suitably precise statement 
of the reciprocity principle can be derived, starting with Maxwell’s 
equations. 

Consider a region in space which is linear and isotropic though 
not necessarily homogeneous. Suppose that two sets of source currents 
J a , M a and M* can exist in this region, producing the fields E a , 
H a and E fl , H* respectively. These source-field pairs satisfy Maxwell’s 
curl equations 

V x H« = YE a + J a V x H d = YE* + J* 

V x E a = - ZH a - M a V X E* = - ZH* - M* (13-33) 

in which Y = a* 4* jcoe and Z = jcofi. The two sets of sources are as¬ 
sumed to operate in the same medium and at the same frequency but 
whether or not they operate simultaneously is unimportant. 

The principle of reciprocity is simply the statement of an inter¬ 
relationship between the two source-field pairs. It is derived as 
follows: 
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V-(E 4 xff-E-x H 4 ) 

= H a -V X E'- E 4 -V X H° - H 4 V x E a + E°-V X H 4 
= - H a • (ZH 4 ) - E 4 • ( Y E a ) + H 4 • (ZH°) + E a • ( Y E 4 ) (13-34) 

- H a M 4 - E 4 J a + H 4 M° + E a J 4 

For isotropic media* H a -(ZH 4 ) = H 4 -(ZH a ) and E 4 • (Y E a ) = E a • ( Y E 4 ), 
permitting (34) to be simplified greatly. Integration over a volume V 
and application of the divergence theorem gives 

f (E 4 xff-E*x H 4 ).rfa 
J s 


= J f (E°-J 4 - H a M 4 - E 4 J a + H 4 -M a )dV (13-35) 

which constitutes a very general expression of the reciprocity concept 
known as the Lorentz integral. The requirement that cases ( a ) and ( b) 
involve the same medium (or environment) now is seen to be neces¬ 
sary only on the surface S and throughout the enclosed volume V. 

An especially useful statement of reciprocity may be derived by 
letting the surface S become a sphere of infinite radius. If all the 
sources are contained within a finite volume, the fields at infinite 
radius must be outgoing spherical waves satisfying the relations E# = 
and E+ = — rjH d . Under these conditions it is easy to show (the 
reader should do this as an exercise) that the surface integral in (35) 
is zero. Thus (35) becomes 

J (E a • J 4 - H a • M s ) dV = J (E 4 • J a - H 4 ■ M a ) dV (13-36) 


Nominally these integrations are over all space, but of course the 
regions of integration reduce to the regions occupied by the source 
currents. Equation (36) is sometimes written in the form 


<a, by = <Jb , ay 


(13-37) 


in which <a, by is referred to as the “reaction” of field a on source 
The applications of the reciprocity concept are many and a few 
of them will be discussed in detail. 

Derivation of Circuit Reciprocity from Field Reciprocity. The reci¬ 
procity theorem for fields reduces to the familiar circuit-theory state¬ 
ment of reciprocity when applied to the terminals of a pair of 
antennas. A pair of perfectly conducting antennas is shown in Fig. 13-8 


♦Although derived for scalar Y and Z, (35) also holds if Y and Z are sym¬ 
metric tensors. If they are not symmetric tensors, the medium they represent is 
said to be nonreciprocal and (35) does not apply. 

fV. H. Rumsey, “Reaction Concept in Electromagnetic Theory,” Phys . Rev. 94, 
No. 6, pp. 1483-1491, June 15, 1954. 
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(a) U>) 


, Figure 13-8. A pair of antennas connected to demonstrate reciprocity. 

in which the circuit concepts of zero-impedance voltage generators 
and zero-impedance ammeters are used. Two situations are shown, one 
in which a generator and an ammeter are attached to the two antennas 
and another in which the ammeter and generator positions have been 
interchanged. The field formulation of reciprocity may be applied to 
this problem in several different ways, one making use of (36), which 
is valid in an infinite region. The two cases (a) and ( b ) involve 
similar environments, a similarity which is clearly evident if in each 
case the short circuit is represented as a continuation of the antenna 
structure and the voltage source is represented as a ring of magnetic 
current wrapped around a short circuit as depicted in Fig. 13-9. The 



Figure 13-9. Field-theory representation of the reciprocity problem. 
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only source currents in the field problem are M? and and thus 
the applicable form of the reciprocity theorem is 

ju t, r M a l dV = JHS-Mtrfr (13-38) 


Consider the terminal region of antenna (1) to be centered at the 
origin as in Fig. 13-5. If M? represents a filamentary magnetic cur¬ 
rent ring of radius p 0 , the left-hand side of (38) may be evaluated as 
follows: 

J n\ ■ M? dV = J H?. [— 8(p - po)S(z)] p dp d<b dz 

= - f* H% ^ p„ dcf> 

J 0 

= — V\ Hit lit po(if HU * s independent of <f>) 

= - VUi (13-39) 


The right-hand side of (38) may be evaluated similarly, giving finally 



(13-40) 


which is the required circuit-theory statement of reciprocity (see sec. 

11 . 02 ). 

Problem 2. Obtain (40) from (38) for the voltage generator representations 
>hown in Figs. 13-6(6) and (c). 

Problem 3. Show how (40) may be derived if the conducting material in 
the antennas is replaced with the induced current flowing in free space, ac¬ 
cording to the “induced sources” concept. 


Problem 4. Derive the equivalent of (40) using electric impressed currents 
and open-circuited terminals in place of magnetic impressed currents and short- 
circuited terminals. 


Use of a Known Field to Find an Unknown Field . The electric field 
E due to sources J, M may be calculated by the use of the vector 
potentials as outlined in sec. 13.01. The following alternative formula¬ 
tion makes use of reciprocity and the fact that the field of an electric 
current element is known. Referring to Fig. 13-10, suppose an electric 
current element at r p with current density J p (r) = p 8(r — r p ) produces 
the field E p (r),,H p (r) in infinite free space. As shown, J, M are source 
currents (impressed or induced) whose field is to be found. The cur¬ 
rent element with its field and the currents J, M with their fields 
comprise two source-field pairs and as such they must be related by 
reciprocity. Equation (36) gives the expression 


p-E(r p ) = | (J-E„ — 


( 13 - 41 ) 
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Figure 13*10. Use of the known field of an electric current element to 
find an unknown electric field. 

for theJ component of electric field strength parallel to the current 
element. 

At first glance, the evaluation of the electric field using (41) would 
appear to be quite different from the evaluation of the same field us¬ 
ing the vector potential approach described in chap. 10 and in sec. 
13.01. It turns out, however, that the mathematical operations involved 
in the two methods are essentially identical, the only difference 
between them being the manner in which the problem is set up ini¬ 
tially. Choosing between the two methods must therefore be based on 
the ease with which each method can be visualized and used to set 
up the necessary equations. 

Problem 5. Use a magnetic current element to derive an expression 
similar to (41) for the magnetic field strength due to the given currents J, M. 

Problem 6. Use (41) to calculate the scattered field in problem 1. 

Short-Circuit Current at the Terminals of a Receiving Antenna . In 
chap. 11, a formula was derived [eq. (11-5)] expressing the short-circuit 
current at the terminals of a receiving antenna in terms of the in¬ 
cident electric field in free space (no antenna present) and the current 
distribution on the antenna when it is used for transmitting. This 
formula may be derived from the field theory of reciprocity by noting 
that three distinctly different source-field situations are involved as 
sketched in Fig. 13-11. In the receiving case, the antenna responds to 
the field of some external source represented by the electric current 
density J°; the transmitting and incident field cases are self-explana¬ 
tory. 

The procedure to be followed is the application of the reciprocity 
relation (36) to the three situations in groups of two. Applying reci- 
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Figure 13-11. 

procity to cases (r) and (t) gives 

-\ ) W-M t dV = Je ( -JVF (13-42) 

For cases (/) and (/) the restriction to identical environments requires 
that the metal antenna in the transmitting case be replaced with its 
induced current J ( flowing in free space. Applying reciprocity to cases 
(7) and (i) gives 

J E‘-J‘dV- J H‘-M‘ dV = J E‘ • J 0 dV (13-43) 

Equations (42) and (43) may be combined to give 

-J H r -M‘ cfF = [ E‘ J‘ dV — j H‘ M £ dV (13-44) 

The left-hand side of (44) is just the product I T V 1 as may be seen by 
inspection of eq. (39). The second integral on the right-hand side of 
(44) is a terminal-region contribution; it approaches zero as the size 
of the terminal region approaches zero and therefore may be neglected. 
Thus the short-circuit current is given by 

r = y i ^E i -S t dV (13-45) 

which is a generalization of the formula (11-5) derived earlier using 
the circuit concept of reciprocity. 

Problem 7. Evaluate the terminal-region integral in (44) for an incident 
jniform plane wave whose electric field is parallel to the antenna axis. Show 
hat the integral approaches zero as the size of the terminal region approach- 
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Problem 8. Derive an expression for the open-circuit voltage at the ter¬ 
minals of a receiving antenna in terms of the transmitting terminal current 
and the incident field in free space. Use an electric current source for the 
transmitting case and follow a procedure similar to the derivation of (45). 
Also show how the same result may be deduced from (45) using Thevenin’s 
theorem. 

Answer: 


V* = - -JJ- j" E‘J‘ dV (13-46) 

13,07 The Induction and Equivalence Theorems, In sec. 13.05 the 
notion of induced or secondary sources was introduced to aid in the 
solution of problems involving scattering from an inhomogeneity. In 
that treatment the induced sources were current densities distributed 
throughout the volume occupied by the scattered It is also possible 
and frequently advantageous to consider the scattered field in terms 
of induced surface currents over the surface of the scattering volume; 
this treatment leads immediately to two important theorems in electro¬ 
magnetic theory. 



Figure 13-12. A closed surface S divides a region (1) 
containing sources from a source-free region (2). 

In Fig. 13-12 the closed surface S separates two homogeneous 
media, one containing a system of sources and the other being 
source-free. In general the field in region (2) will be different from 
the value that it would have if media (1) and (2) were the same. The 
actual field in (2) can be determined by treating the problem as a 
reflection problem in which an incident field (E\ H l ) sets up at the 
boundary surface S a reflected field (E T ) H T ) and a transmitted field 
(E l , H l ). The incident field (E\ H 4 ) is the field that would exist if 
there were no reflecting surface, that is, if the entire region were 
homogeneous. The actual field in region (1) is ( E * + E r 9 H 1 +- H T ); 
the actual field in region (2) is (E\ H l ), At any actual boundary sur- 
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face S, the tangential components of these fields are continuous. That 
is, 

E\ + El = E\ H\ + H\ = Hi (13-47) 

where the subscript t indicates the components tangential to the sur¬ 
face. Equation (47) can be rewritten in the form 

(El - E\) = El (H\ - H\) = (13-47a) 

Now let attention be concentrated on the “induced” or “scattered” 
fields ( E r , H T ) and (E\ H l ). The reflected fields ( E T , H r ) satisfy Max¬ 
well’s equations in the homogeneous medium (1), and the transmitted 
or refracted fields satisfy Maxwell’s equations in the homogeneous 
region (2). Together these fields constitute an electromagnetic field in 
the entire space. This field is source-free everywhere except on S, and 
the distribution of sources on S is calculable from the incident field, 
and therefore from the given sources $ x . In sec. 13.01 it was shown 
that the discontinuities in E and H across the surface S could be 
produced by current sheets on S of densities 

1 J, = fl x (H{ - HI) = fl x H‘ 

| M s = —fl x (E‘ - EJ) == -ft x E‘ (13-48) 

Thus as far as the “induced” or scattered field is concerned, it could 
be produced by electric- and magnetic-current sheets over the surface 
5, the densities of these sheets being given by (48). This is the, induc ¬ 
tion theorem. 

A second theorem follows directly from the induction theorem for 
the particular case where region (2) has the same constants as region 
(1), that is where the entire region is homogeneous. In this case the 
reflected field is zero and the transmitted field is the actual field in 
tHe homogeneous region due to the sources of s x . But this transmitted 
field can also be calculated from a suitable distribution of electric- 
and magnetic-current sheets over the surface S. The required surface 
current densities of these sheets will be 

J, = ft x H[ = fi x HI M s = -fl x E$ = -fl x E\ (13-49) 

Since the vector product of fl and the normal component of the field 
s zero, the t subscripts can be dropped and eqs. (49) written as 

Tj^ fl x H‘ [ M, = -fl x E*) (13-50) 

The vector fl. is in the direction of the transmitted wave. Thus in a 
ource-free region bounded by a surface 5, in order to compute the 
:lectromagnetic field, the source distribution Sx (outside of S) can be 
eplaced by a distribution of electric and magnetic currents over the 
urface 5, where the densities of this “equivalent” source distribution 
re given by (50). This is the equivalence theorem. 
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These theorems* prove to be powerful tools in solving electro¬ 
magnetic problems that involve radiation from apertures. 

The usefulness of the equivalence theorem is demonstrated by the 
two examples shown in Fig. 13-13. Although, as was pointed out in 

P 




Figure 13-13. Radiation from (a) the open end of a 
coaxial line and (6) an electromagnetic horn. 

sec. 13.01, it is always possible (in theory) to determine the electro¬ 
magnetic field of a system entirely in terms of the electric currents 
and charges, this direct approach proves surprisingly difficult in these 
two cases. The first example concerns the radiation from the open end 
of a semi-infinite coaxial line. In this case, assuming that the trans¬ 
verse dimensions of the line are very small in wavelengths, the cur¬ 
rent distribution is known fairly accurately, but the problem is made 
difficult by the fact that all currents throughout the infinite length 
of the line must be considered in the integration to determine the 
radiated field. The second problem involves the radiation from the open 
end of a wave guide or from an electromagnetic horn. Here the 
currents are known only approximately, especially around the mouth 
of the horn. But even though only an approximate solution is required, 
the integration to obtain the fields from the known or guessed at cur¬ 
rents is extremely difficult because all currents, including those on the 
probe antenna and in the coaxial feed line, must be included. 

In both of these problems it is evident that a simpler way of obtain- 

*There are several such theorems. Those given here are due to Schelkunoff. For 
reference to others see bibliography at end of chapter. 
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ing the radiated field must be found. In particular, although all cur¬ 
rents of the system are involved in determining the radiation, it ap¬ 
pears reasonable that for systems such as those of Fig. 13-13, the 
currents can affect the radiated field only through some change that 
they make in the fields that appear across the open end of the coaxial 
line or wave-guide horn. These latter fields may be known [Fig. 
13-13(a)], or can be guessed at [as in (£)], to the same order of ap¬ 
proximation as the currents of the system. Therefore a method for 
computing radiated fields in terms of known fields across an aperture 
will be sought. 

The means for accomplishing the result is suggested by Huygens' 
principle . This principle states that “each particle in any wave front 
acts as a new source of disturbance, sending out secondary waves, and 
these secondary waves combine to form a new wave front.” Huygens’ 
principle has long been used in optics to obtain qualitative answers 
to diffraction problems. It can be used to give quantitative results for 
many aperture problems when suitably combined with the induction 
and equivalence theorems. 

13.08 Field of a Secondary or Huygens 1 Source. It will be of 
interest to determine first the radiation field of a Huygens’ source, or 
an element of area of an advancing wave front in free space. In Fig. 
13-14 is shown an element of area dxdy on the wave front of a uni¬ 
form plane (TEM) wave, which is advancing in the z direction. By 
the theorems of the previous section this element of wave front having 
electric field strength E° x and magnetic field strength H° y = E° x /tj v can 
be treated as a secondary source and can be replaced by electric and 
magnetic sheets. Using eqs. (50), the directions and densities of these 
current sheets will be 



The element of area dxdy of electric surface current density J x 
constitutes an electric current element ( J x dy) dx , and similarly the 
dement of area of magnetic surface current density M v constitutes a 
nagnetic current element (M y dx) dy. The problem is simply one of 
letermining the radiation fields of these current elements. Because 
mly the radiation fields are required, only the vector potentials need 
>e considered. 

At large distances, the electric field of the electric-current element 
/ill be 

(Jx dy) dx e~ J/3r ~ 

Anr 


E e — —jcoA A = xA x = Xfi 
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Figure 13-14. Radiation from a Huygens’ source. 

The 6 and <f> components of the radiation field of the electric-current 
element will be 


El = — j(oA s H% = — 1 

V* 

El = —j<oA t HI = - %■ 

Vv 

where 


A 9 — A x cos <fi cos 8 and A$ = — A x sin (p 

Similarly for the magnetic-current element the radiation fields are 

H m = -j<o F F = yF v = ye 

= —jaF* Ef — y v H y 

m = 

cos F 9 = F y sin 4> cos <9 

Expressing all the fields in terms of E ° x , the radiation field of the 
Huygens’ source is found to be 
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E$ = E& + E™ — dxdy _ e -( cos ^ cos ^ cos ^ ( 13 . 51 ) 

IXr 

E+ = E% + ££ = 2x7^'"' (sin <#> + sin $ cos (13-52) 

= ^ ^ (13-53) 

Vv Vv 

In the plane <p = 0, the magnitude of the electric field strength is 

\Ee\ = [1 + cos ff] \E,\ = 0 (13-54) 

In the plane (f> — 90 degrees, the magnitude of the electric field is 

|£*!=0 \E 4 ,\ = - x ^ r dj (1 + cos 6) (13-55) 

In the principal planes, which contain the axis of propagation, the 
radiation patterns of an element of wave front have a cardioid or 
unidirectional pattern. The radiation is a maximum in the forward 
direction (0 = 0 ); it is lh "thfc backward direction (0=180 de- 
g?ees)7 In one sense, this “explains” why an electromagnetic wave, once 
launched, continues to propagate in the forward direction. An electric- 
current sheet alone radiates equally onootn sides; similarly a mag¬ 
netic-current sheet alone radiates equally on both sides; but crossed 
electric- and magnetic-current sheets of proper relative magnitude and 
phase can be made to radiate on one side only. A large .square sujdfeqe 
of a plane wave front constitutes a rectangular array of Huygens’ 
sources, a.U.fed,hcu^i^se. The “radiation pattern” of the array is ob¬ 
tained by multiplying the unit pattern of the element (a cardioid 
pattern) by the group pattern or array factor, which in this case is a 
bidirectional pencil beam. The resultant pattern is a unidirectional 
pencil beam, the cone angle of which becomes very small as the area 
of the wave front becomes large. 

13*09 Radiation from the Open End of a Coaxial Line* By ap¬ 
plication of the new approaches outlined in previous sections, the 
problem of radiation from the open end of a coaxial cable of small 
cross-sectional dimensions can now be solved quite easily. If the sur¬ 
face 5, separating the source-free region from the region containing 
sources, is taken to be the surface shown dotted in Fig. 13-13(a),'it is 
:>nly necessary to specify the equivalent electric- and magnetic-current 
sheets over this surface. The surface can be divided into two parts: 
S a is the cylindrical surface that encloses the outer wall of the co- 
ixial line; S b is the flat circular surface which caps the end of the 
ine. Over S a , tangential E is tangential to the metallic wall and has 
xro value. Therefore the equivalent magnetic-current sheet has zero 
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density over S a . Also the magnetic field strength at the outer surface 
of the outer conductor must be zero, since to the order of approxima¬ 
tion used here it is assumed that no current flows on the outside of 
the cable.* With tangential H over S a equal to zero, the equivalent 
electric-current sheet must also be zero over this part of the surface, 
and there remains only the contribution from. Over S b the electric 
field is radial and the magnetic field strength is circumferential; but 
whereas the electric field is relatively strong, to a first approximation 
the magnetic field strength is zero. Therefore the radiation from the 
open end can be computed by use of an equivalent magnetic-current 
sheet only, over the surface S 6 . Having determined the radiation fields, 
and thence the power radiated, it is possible to compute from con¬ 
sideration of power flow through the open end, the small value of 
magnetic field strength that actually must exist there. If desired, an 
equivalent electric-current sheet could then be set up for this magnetic 
field strength, and the small radiation field of the electric-current 
sheet could be calculated. In practice this second approximation rarely 
needs to be made, because it produces only a very small correction to 
the radiation fields and power radiated. 

p Figure 13-15 shows the geometry appropriate for calculation of the 
radiation from the open end of a coaxial cable. Between the inner 
radius a and the outer radius b , the radial electric field E p will have 
a value 





where 


k = 


V 

In b/a 


(V is the voltage between inner and outer conductors at the open 
end.) Using (50), E p can be replaced by a magnetic-current sheet 



The electric vector potential F will be in the direction and will 
have a value 


F+ 



M+ e~ i8r 
r 


P dp d<f> , 


(13-56) 


where the integration is over the area A between inner and outer con- 


*It is assumed that the transverse dimensions of the cable are small so that, 
except very close to the open end, only the TEM mode exists. Close to the end of 
the cable the field structure becomes very complicated due to the presence of 
evanescent modes but to a first approximation these higher-order modes may be 
neglected. Such an approximation implies that the fringing fields also be disregarded 
so that as far as the transmission line is concerned the open end of the cable is an 
ideal “open circuit” at which the line current goes to zero. Thus, to this order of 
approximation, there are no currents flowing on the outer surface of the cable. 
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Figure 13-15. Geometry for calculation of power 
radiated by open end of a coaxial cable. 


ductors. Without loss of generality the point P may be taken/in the 
y-z plane, for which case only the x components, M$ cos <f> l9 of mag¬ 
netic current contribute to the potential, the y components cancelling 
out. Because only distant fields are being considered, the r in the 
denominator of (56) can be put equal to r 0 , and the r in the phase 
factor in the numerator may be replaced by 

r ^ r 0 — p sin 6 cos 

Making these substitutions, and remembering that for small values of 
S the exponential e jd can be replaced by the first two terms of its 
power series expansion, viz., 

e Jd ^ 1 + j8 

the integration indicated by (56) can be carried out. The result is 

F t = - (fc* - fl.) (13-57) 

or o 

The distant magnetic field is obtained from 

= — jcoFj, 


so that 
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H* = (b 2 - a 2 ) e- >/3T ° (13-58) 

OA o 

The strength of the distant electric field will be 

E$ 7]-$ H 

By integrating the Poynting vector over a large spherical surface, the 
radiated power is found to be 

<■«*> 

where A = n{b 2 — a 2 ) is the area of the opening between inner and 
outer conductors. 

13.10 Radiation through an Aperture in an Absorbing Screen. 

Another example of radiation through an aperture occurs in the prob¬ 
lem of the transmission of electromagnetic energy through a rectan¬ 
gular aperture in a perfectly absorbing screen. Although admittedly 
not a very practical problem, because of the difficulties of obtaining a 
screen which is both infinitely thin and perfectly absorbing, the solu¬ 
tion to this problem is required in obtaining answers to other, more 
practical problems. 

In Fig. 13-16 the rectangle ab represents an aperture in a perfectly 
absorbing screen of infinite extent which occupies the z = 0 plane. A 
uniform plane electromagnetic wave traveling in the z direction is 
assumed to be incident upon the bottom side of the screen and aper¬ 
ture, and the problem is that of determining the radiation through 
the aperture in the positive z direction. Under the assumed conditions 
of the problem, the incident wave is completely absorbed at the sur- 


z 



Figure 13-16. An element of area on an advancing 
wave front. 
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face of the screen. Over the aperture the field strength will be just 
that of the incident wave. By dividing up the aperture into a large 
number of Huygens’ sources of area da = Ax Ay, the aperture may be 
treated as a rectangular array of such sources, all fed in phase. 

For a line array of nondirective sources in the x direction, having 
a uniform spacing Ax, the radiation pattern or space factor is (from 
sec. 11.07) 

S x = 11 + e>* + e 2ii> + ... + <? {m “ w | 

771— l 

_ gji S(Ax) sin 6 cos <f> 

0 

— | s ^ n (A*) sin 6 cos <f>] 

~ | sin [Jj8 (Ax) sin 6 cos c£>] 

Similarly, for a line array in the y direction with a uniform spacing 
Ay, the space factor is 

c — f sin [^nj3 (Ay) sin 6 sin <f>] 
v ~~ I sin [fcfi (Ay) sin 0 sin <j>] * ■?' J v 

The total space factor for the rectangular array of isotropic sources 
is then 

S x ,y = S x Sy 

Jf Ax ajid_Ay are now allowed to become small, but m and n are 
made large in such a manner that. 

! (m — 1) Ax = a (n — l) Ay — b > 
the space factor S XyV may be written 


*^x,v — 


ab 

sin (?/3a sin 6 cos 4>) 

Ax Ay\ 

(ifia sin 6 cos <f>) 


(ifib sin 6 sin <f>) 


(13-60) 


Multiplying this space factor or group pattern by the radiation from 
the unit Huygens’ source gives the total radiation from the aperture. 
Then, using (51) and (52), 

~-)&r 


T 7 _ jElabe- 
6 2Xr 


■ [(1 + cos 0) cos <f>] 
E „ — jE% abe~ i&T 


sin u l sin v 


2 Xr 


[(1 + cos 0) cos <£] 


Ui V X 
!sin Uy sin v,j 


Mi 


Vy 


(13-61) 

(13-62) 


where 


Mi = ^/3a sin 6 cos c p and v t = %j8b sin 6 sin <f> 

This is known as the diffracted field and this problem is an example 
of Fraunhofer diffraction. In the principal x-z plane, <f> = 0 or it, E$ = 
0, and the E & field is given by 
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where 


E 0 


jE° x abe~ )&r 
2\r 


(1 + cos 8) 


sin u 
u 


(13-63) 


u = [\/3a sin 8} — ~ sin 8 
X 

The expression (sin u)/u> in (63), has already been encountered in 
sec. 11.07. It occurs in many radiation and diffraction problems and 
is plotted in Fig. 13-17 as a function of u. 



Figure 13-17. Plot of (sin «)/w. 


It will be noted that the first null in this general pattern occurs 
at u = 7t. Thus, for an aperture width a — IX, the first null of the 
pattern occurs at 6 = 90 degrees. For aperture widths smaller than 
IX, there is no null in the pattern. For very large apertures, the 
“beam” is quite narrow, and small angles of 8 are of greatest interest. 
For small values of 8, sin 8^8, and 

For a = 10X, the first null occurs at 8 0 = 0.1 radian or 5.7 degrees. 

Application to Open-ended Wave Guides. If it can be assumed that 
the currents on the outside walls of an open-ended wave guide have 
negligible effect on the radiation from the guide, the problem of dif¬ 
fraction through an aperture has direct application to this second, 
more practical, problem. Since experimentally measured radiation pat¬ 
terns are found to agree roughly with patterns computed by neglect¬ 
ing these outside currents, such calculations may be used if only 
approximate answers are sufficient. 

Referring to Fig. 13-18, and assuming that the fields at the open 
end are approximately the same as they would be if the guide did not 
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Figure 13-18. Field at the open end of a wave guide. 

terminate there, but continued on to infinity, the tangential fields at 
the end surface will be 

The dominant TE l0 mode has been assumed, and for this mode \ c = 
2a. For a very wide guide (a^>X/2) carrying the dominant mode, 
\E°y/H° x \ ^ rj, and the problem is the same as that of the rectangular 
aperture, except for the variation of E and H in the x direction across 
the mouth of the guide. For narrower guides, with operation closer to 
the cut-off frequency [i. e., as X —► 2a, and +/T~ Jx/Xc) 2 —> 0], H° x be¬ 
comes very small and there are two important effects. First, the 
characteristic impedance of the guide becomes very great, so that 
there is now a large mismatch between the impedance of the guide 
and the effective terminating impedance. This means that more of the 
energy is reflected back from the open end, and less is radiated for a 
given value of E° y . Second, the radiation pattern approaches more closely 
that which would be calculated from a magnetic-current sheet alone, 
rather than from crossed electric- and magnetic-current sheets. Experi¬ 
mental and calculated radiation patterns of wave guides and horns 
may be found in the literature.* 

13,11 Radiation through an Aperture in a Conducting Screen, 

When the open end of a wave guide or electromagnetic horn 
forms the aperture in a very large conducting plane, the electro¬ 
magnetic field on the radiating side of the plane can be computed 
from a knowledge of the electric field alone across the aperture. To 

♦Radio Research Laboratory (Staff), Very High Frequency Techniques , Vol. 1, Sec. 
i-4, McGraw-Hill Book Company, New York, 1947. 
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Figure 13-19. Equivalent source for an aperture in a conducting plane. 

see that this is so, consider Fig. 13-19(a) which shows a wave guide 
feeding an aperture in a large conducting screen. In Fig. 13-19(6) the 
E field across the aperture is replaced by its equivalent magnetic- 
current sheet M s = - fl x E at the surface of a perfect conductor. 
The electromagnetic field to the right of the plane is the result of 
M s and the electric currents flowing in the conducting plane, but by 
the image principle, as far as the field in the radiating region is con¬ 
cerned, the conducting plane can be removed and replaced by the 
image magnetic current. Because this image magnetic current sheet is 
positive and virtually coincident with M s , the double sheet of (c) be¬ 
comes the single sheet of double strength shown in (d). By the unique¬ 
ness theorem (problem 23), because the tangential E fields are identical 
over the entire plane (fix E = M s over the aperture, and fix E = 0 
elsewhere), the electromagnetic fields to the right of the plane are the 
same in Figs. 13-19(<z) and (d ). 

Problem 9. The open end of the coaxial cable of sec. 13.09 forms an 
aperture in a “ground screen” (a flat conducting screen, theoretically infinite 
in extent). 

(a) Using the image principle show that the fields in the radiating region 
will be double those computed in sec. 13.09 for the coaxial opening in free 
space. Show that the power radiated and radiation conductance will also be 
doubled. 

(b) Sketch the radiation pattern of the open end of the coaxial line, with 
and without the ground screen, and compare with those of a current element 
Idl (or short antenna) in free space and at the surface of (and normal to) a 
conducting plane. 

Problem 10. The open end of the wave guide in Fig. 13-18 forms the 
aperture in a large conducting ground screen. For a very wide guide Ey/H% 
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« rj v so that the aperture fields form an array of Huygens’ sources. Show 
that the field on the radiating side of the conducting screen computed by that 
approach will be the same as that computed by the method of sec. 13.11, 
using the electric field alone. (Hint: use the image principle.) 

Li 13.12 Fraunhofer and Fresnel Diffraction. For many problems in¬ 
volving radiation from apertures, and also for solving certain propaga¬ 
tion problems, some knowledge of classical diffraction theory is required. 
In the previous section an example of Fraunhofer diffraction was en¬ 
countered, whereas in the problem of radiation from an electromagnetic 
horn, Fresnel diffraction will be of interest. The difference between 
these is illustrated in Fig. 13-20. In the case of Fraunhofer diffraction 



Figure 13-20, Illustration of Fresnel and Fraunhofer regions in diffraction 
theory. 


both the source and receiving point are so remote from the aperture 
or screen that the rays may be considered as being essentially parallel. 
In Fig, 13-20, this means that rays arriving from the secondary source 
(the aperture D) may be considered to arrive in-phase at a point P t , 
which is on a line drawn normal to the screen through the aperture. 
On the other hand, if the distance r to the receiving point P 2 is suf¬ 
ficiently large that the amplitude factor 1/r may still be considered 
constant, but is not so large that the phase difference of contributions 
from the various Huygens’ sources over the aperture may be neglected, 
the point P 2 is in the region of Fresnel diffraction. The region so 
close to the aperture that both the amplitude and phase factors are 
variable with the position of the receiving point is sometimes called 
the near region. The dividing line between Fresnel and Fraunhofer 
diffraction depends upon the accuracy required; however, the distance 
to the dividing line is often taken* as r = 2 D 2 /\. If the distance to the 

*IRE Standards on Antennas, 1948. 


j'-r 
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receiving point is very great, but the source is so close to the screen 
that the phase of the field varies over the aperture (with the source 
on the normal to the screen through the aperture), Fresnel diffraction 
theory is required. 

N 



Figure 13-21. Diffraction at a straight edge. 


Fresnel Diffraction at a Straightedge . Figure 13-21 illustrates a simple 
example of Fresnel diffraction. An obstacle, such as a straightedge 
(considered to be perfectly absorbing), is inserted between a transmit¬ 
ting source T and a receiving location R. To keep the problem two- 
dimensional, the source T is assumed to be a very long line source 
parallel to the long straightedge. The problem is to determine the 
field strength at the receiving point R , as R is moved along the line 
GMN. It is assumed that the distances d 0 and d t are sufficiently large 
| that the approximations inherent in Fresnel diffraction theory are 

valid, but not large enough to permit the approximations used in 
! Fraunhofer diffraction. 

: Assume that each elemental strip du of the wave front produces 

| an effect at R given by 

! ( 13 - 64 ) 

! where (S — lit/X, f(r) is a function of r, and k x is a constant. For 

Fresnel diffraction, the r in the denominator of (64) can be considered 
constant but the variation of r in the phase-shift factor must be ac¬ 
counted for. By geometry, 

(QRf = r = (d, + d 2 y + d\- 2dy(d x + d 2 ) cos 4 
«= (</ t + d,r + d{ - 2 did x + d t ) (i - 
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then 


r = (d 2 + 8f^dt + u 2 + . f !* 

“t 


Neglecting 8 2 , this gives 

s = U 2 ^ u 2 - + 

2</,rf 2 u 2rf,rf, 

The total effect at due to the portion of the wave front between 
u 0 and u u will be 

*4 r.-«•*=. t 


/(/*)J U 


M) J « 




- I rut 


m) 


( cos /38 du — j sin /38 </u 

V Wo ‘'Wo 


(13-65) 
(13-65a) 


where 


08 = ■ 


7t (d[ -j- d' 


d\d*i 


The square of the magnitude of the field strength at R is given by 


|£| 2 


7 2 (i) 


J cos /3S + f J sin f38 du 


(13-66) 


To evaluate and interpret this result consider the following integral 

! C(v) — jS(v) = dv ! (13-67) 

i-__ 1 .o_ i 

which is a standard form of the Fresnel integrals. Plotting this integral 
in the complex plane, with C as th e abscissa an d S as the ordinate^ 
results. _in_a__cur ye known as Cornu’s spiral fFig . 13-22(a)]. In this 
figure, positive values of v appear in the first quadrant and negative 
values .of„K.-in..the_third, quadran t. The spiral has some interesting and 

(13-68) 


(13-69) 

(1) A vector drawn from the origin to any point on the curve 


important properties 


7 


7tV~ j 

cos -y-dv 


= f 


8* = V(sc) 2 + (ssy = Sv f 


• 7TV j 
sin —x-dv 

o 2 
V = s 


, _ t SS , ^ 7 tv 2 ! ! 7tv l 7ts 2 

tan< ^ = sc = tan — ^ = ~ = T 


_ 

ds 


7ts; 


radius of curvature = = — 

.. -.. . .. d<p its 


S(± oo) = 


~C{± co) - ±*; 

The following properties"follow from the above relations: 


t 
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(3) The magnitude *JC Z + S 1 of the integral has a maximum value 
when <f> — 37t/4, or at v = — 1.225. Secondary maxima occur at 

cf> = ^ + 2n?r or v = (n = 1, 2, 3, •■•) 

Minima occur at 

v — + 4m (m — 0, 1, 2, 3,...) 

Returning now to the integral of (65), it can be put in the standard 
form by writing 




\ \ d x d 2 


2 7T «> 

w = T y “ 


where 


Using (68), 


/ 2(rf, +4) = kiU 


E — k 3 \ dv 


k - *. e ' m ' 
3 k,f{d>) 


E — k, ( dv 


= k z [C(vi) ~ C(v 0 ) — ;S(vi) + yS('yo)] 

Because v is proportional to u and inversely proportional to the square 
root of the wavelength (which is very small in optics), v x will be a 
very large number for large values of u x . Therefore C^)C(oo) as 
u x is allowed to become large. Then using (69), the field strength will 
be approximately 

E=m-c(v 0 )]~jti-s(vom 

The quantities (^ — C) and j{\ — S) represent the real and imaginary 
parts of a vector drawn from the upper point of convergence (-^-, ^) to 
a point on the spiral. Thus the magnitude of E is proportional to the 
length of the vector drawn from Q-, i) to the appropriate point on 
the spiral. This makes it possible to visualize the strength variation 
as Vo (and hence either u 0 or d x or d 2 ) is varied. 

For w 0 equal to a large negative value, the free-space field strength 
£o results. Therefore 


Eo = m - (-*)] - Ai - (-«]} = m - j) 
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and therefore 

K= T^-j = T (l + j) 


The received field strength is given in terms of the free-space field 
by 

E — ^2(1 + j) r e-->ww dv (13-70) 

^ J v 0 

where 


Vo — w 0 


m + d,) 

V xd,d 2 


In order for this approximate treatment to be valid, the following in¬ 
equalities must hold: 


I d u d 2 »w 0 j d.d.^X t 

In Fig. 13-22(6) is plotted the magnitude \E/E^\ as taken off the spiral. 
The field strength in the shadow zone decreases smoothly to zero. 
Above the line of sight the field strength oscillates about its free- 
space value. _On the line of sight the field strength is just one-half 
of it s free-space value,. 


This approximate theory of diffraction was developed for use in 
optics, where the approximations and assumptions made are usually 
quite valid. However, it is found that even at radio frequencies, and 
especially at ultrahigh frequencies, there are many problems where the 
theory is applicable. An example occurs in computing the radiation 

from electromagnetic horns. - 

13.13 Radiation from Electromagnetic Horns. In order to secure 
greater directivity a wave guide can be flared out to form an electro¬ 
magnetic horn. A rectangular guide flared out in one plane only con¬ 
stitutes a sectoral horn, whereas a guide flared in both planes forms 
a pyramidal horn. The sectoral horn flared out in the plane of the 
electric field is the easiest case to treat and will serve as an example 
of the method of attack. 

Figure 13-23 shows a horn flared out in the electric plane with a 
flare angle 

For best operation the angle ^ is usually sufficiently small that 
the area of the wave front is approximately equal to the area of the 
aperture. The total field at any distant point is obtained by summing 
the contributions from the Huygens’ sources distributed over the wave 
front. It is permissible to assume that the field distribution over the 
aperture is approximately the same as it would be there if the horn 
did not terminate, but was infinitely long. For the case considered in 
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Fig. 13-23, the field will be constant over the aperture in the y direc¬ 
tion, but will vary in the x direction as cos {rcxja). The informa¬ 
tion of most interest will be the field strength, and hence the gain in 
the forward direction, that is, along the positive z axis. 

At any distant point on the z axis the field due to a Huygens’ 
source of strength E°H° will be 


E° dx dy 
2 Xr 


(1 + COS 6 X ) 


E° dx dy 
Xr 


since cos d x ^ 1 for distant points in the forward direction. The 
strengths of the Huygens’ sources over the aperture will be given by 


E° = E\ cos 


7tX\ 


The total field at a distant point on the z axis is 


P'0 f+d/2 p+a/2 

E = —cos 1 e j0Zl dx, dy x 
Xr J -s /2 J -a/2 a 


where the reference phase has been taken as that due to a source in 
the plane of the aperture (z x — 0). From the geometry of Fig. 13-23, 


Then 


Zi — L cos 0 X — L cos 


^8 L 2 L 



+a/2 

COS 

~o/2 




4aE% ^ 
TcXr Jo 


e 


-J/8e 


dy t 


(13-71) 


where 



§ 13.14 


Secondary Sources and Aperture Antennas 


505 


Putting 


or 


§y± _ * 

2L~ 2 



dv — dy { 



reduces (71) to the form of (67), and the expression for the square of 
the absolute magnitude of field strength will be 


i £i ' - x (x?)’ [ ci by +51 by 


(13-72) 


The effect of changes in any of the horn dimensions is made evident 
by using (72) and Cornu’s spiral. It is seen that, if b is increased, for 
a given L, the forward signal will first increase to a maximum and 
then decrease, increasing again to secondary maximum which is smaller 
than the first maximum. A similar variation results if b and L are 
increased together keeping the horn angle constant. The explanation 
for this result is that as b is increased, the contributions from some 
of the secondary sources on the wave fronts are out of phase with 
others, and so tend to decrease, instead of increase, the field strength 
in the forward direction. 

13.14 Electromagnetic Theory, Geometrical Optics and Physical 
Optics. The treatment of diffraction in secs. 13.10 and 13.12 was an 
example of the use of physical optics or wave optics . Physical optics 
theory accounts for the wave nature of light, allowing for the phase 
differences due to different path lengths. In some cases (as in sec. 13.12) 
the field is treated as a scalar, but in other problems the vector and 
polarization characteristics of the field are accounted for. Geometric 
optics is the high-frequency limit of physical optics in which light is 
considered to travel along “rays” that can be treated by the methods 
of geometry. The methods of geometrical optics are by far the oldest 
and date back to the sixteenth and seventeenth centuries. Huygens 
formulated* his geometrical “wave” theory of light in 1690 but phys¬ 
ical optics really began with Young’s experiments on interference 
(1801) and Fresnel’s mathematical formulation of Huygens’ principle 
in 1815. In 1864 Maxwell presented his dynamical theory of the elec¬ 
tromagnetic field in a paper which set forth the proposition that light 
was electromagnetic in character, and in 1887 Hertz confirmed Max¬ 
well’s theory by generating radio waves. With these waves (X ^ 60 


*C. Huygens, Traite de la Lumiere, 1690. (English translation: University of 
Chicago Press, Chicago, 1945.) 
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cm) he was able to repeat many of the “optical” experiments on in¬ 
terference, diffraction, etc. 

Inasmuch as Maxwell’s theory has superseded the older theories of 
optics it might be supposed that these latter theories could be dis¬ 
pensed with. In principle every electromagnetic or light problem can 
be solved by an application of Maxwell’s equations and the appropriate 
boundary conditions. In fact, there are very few problems which yield 
exact solutions, and we must resort to methods of approximation. The 
methods of geometrical optics and physical optics have long been used 
to give first-order solutions to problems involving large apertures and 
short wavelengths. With the successful generation of both submil¬ 
limeter “radio” waves and coherent “light” waves, the domain of the 
radio engineer now extends without break through optical frequencies. 
Consequently the subject of “optics,” both geometrical and physical, 
has become even more important to the radio engineer than in the 
past. 

Since geometrical optics is the high-frequency limit (m —» oo or A, 
—* 0) of electromagnetic field theory it would be most satisfying to 
start with Maxwell’s equations and the derived wave equations, and 
then demonstrate how physical optics and geometrical optics solutions 
represent approximations which improve as co —> oo. Although several 
such approaches exist, the problem is more complex than it might at 
first appear. Indeed the relation between electromagnetic theory and 
geometrical optics is the subject of an entire book* which has as its 
objective the building of a mathematical bridge between the two fields. 
Such rigorous treatments provide the necessary background and under¬ 
standing to use with confidence the newer intuitive approaches in¬ 
volved in extending ray theory to give a quantitative picture of the 
electromagnetic field. The recently developed geometrical theory of dif¬ 
fraction is a methodt that improves upon physical optics approxima¬ 
tions. It extends ray theory to include diffracted rays and takes into 
account phase differences and polarization. The method is based on the 
conclusion that the processes which give rise to refracted and diffract¬ 
ed rays are local ; for example, the diffracted field near a point on 
an edge depends only upon the incident field and the properties of 
the medium in the neighborhood of the point. These local fields can 
be obtained as asymptotic expansions (as X —> 0) of solutions of bounda¬ 
ry value problems for Maxwell’s equations. 

Reflection from a Flat Rectangular Conductor. Fig. 13-24 illustrates 

* Morris Kline and Irvin Kay, Electromagnetic Theory and Geometrical Optics, 
Interscience Publishers, New York, 1965. 

|J. B. Keller, “Geometrical Theory of Diffraction,” J. Opt . Soc. Am., 52, p. 116, 
Feb., 1962. 
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Figure 13-24. Scattering by a rectangular conducting plate: ( a ) geometrical 
optics approximation, (6) physical optics approximation. 

geometrical optics and physical optics approximations applied to the 
problem of reflection or scattering from a flat conducting plate. No 
exact solution exists for this simple problem, but various approximate 
solutions, valid for various wavelength ranges, are available. In the 
geometrical optics formulation of Fig. 13-24(a) the reflection is con¬ 
sidered to be' specular with the angle of reflection equal to the angle 
of incidence. All of the reflected energy is concentrated at the angle 
0 r and the transition between illuminated and shadow zones is abrupt. 
In the physical optics formulation of Fig. 13-24(6) the transition from 
illumination to shadow as it would be in the Fresnel region is depicted 
in the forward direction. This diffracted field can be obtained by the 
method of sec. 13.12, which yielded Fig. 13-22(6). The reflected or re- 
radiated field is shown for the Fraunhofer or distant region. The ap¬ 
proximation of this field can be obtained by the methods of secs. 13.08 
and 13.10. To calculate the field approximately, the flat plate is con¬ 
sidered to be replaced by a rectangular array of current elements 
J 3 Ax Ay where J, is taken to be the same as it would be if the plate 
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were an infinite conducting plane; i.e., over the area of the plate 
J 3 = 2A x H\ where H f is the magnetic field of the incident wave. 
This method of solution is known as the physical optics approximation. 
The resultant space factor or group pattern of the array of current 
elements is the typical (sin w 1 )/w 1 -(sin v^)/v x factor of eqs. (61) and (62) 
centered about the angle of specular reflection 0 T = 8 U 

The current distribution assumed above also gives the scattered 
field in the forward direction. By symmetry, this forward-scattered 
field, centered about the angle (6 t + 7 r), will have the same distribu¬ 
tion as the backward-scattered field. At the surface of the current 
sheet the relations which hold for the reflected or back-scattered wave 
are d x E r = - x E 1 , and A x H T = A x H 1 , whereas for the forward- 
scattered wave the relations are A x E ; = - A x E 1 , and A x W = 
— A x IT. Thus over the forward side of the current sheet the in¬ 
cident and forward-scattered fields completely cancel, as they should 
on the “dark” side of the plate. The total field at any point in the 
forward direction is the sum of the incident field and this forward- 
scattered field. As the observation point moves from the Fresnel region 
into the Fraunhofer region, the Fresnel diffraction patterns from the 
two edges approach each other (the angle subtended at the observation 
point by the distance between edges approaches zero). Well into the 
Fraunhofer region the relative amplitude pattern in the forward direc¬ 
tion is similar to that of the reflected field and its phase is such that 
it subtracts from the incident field. 

No attempt has been made to illustrate in Fig. 13-24 the geomet¬ 
rical theory of diffraction which emphasizes the role of diffracted rays 
or waves from the edges. The flat conducting plate has been treated 
by this method in the literature* and the theoretical results compared 
with experiments. 

In the long-wavelength or low-frequency region a different set of 
approximations becomes valid for the conducting-plate problem. For 
example, when its dimensions are small in terms of wavelengths, the 
flat plate can be treated as a short-circuited receiving antenna that re¬ 
radiates the incident power. 

Problem II. Using the physical optics approximation derive expressions 
corresponding to eqs. (61) and (62) for the scattered field from a rectangular 
plate when a plane wave at frequency co and with Poynting vector P = —i 
E x H y is incident normally on the plate (Fig. 13-16). 

Problem 12. Expressing the power scattered per unit solid angle (radiation 
intensity <I>) in the z direction as 

*R. A. Ross, “Radar Cross Section of Rectangular Flat Plates as a Function of 
Aspect Angle,” IEEE Trans., Vol. AP-14, 3, p. 329, May, 1966. 
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*- 45 " 


defines the back-scattering cross section or radar cross section ,* cr, of the plate. 
Prove that under the approximation considered 


a 


dl 

crx 


where a x = A/ 2 /47r 

Problem 13. Assuming that a perfectly reflecting sphere which is large 
compared with a wavelength scatters approximately isotropically t all of the 
power incident upon it, show that for a large sphere of radius a , the scatter¬ 
ing cross section is given by 

a = 7ta 2 


13.15 Holography. An example of the merging of optical and radio 
techniques occurs in the intriguing new field of holography, or wave- 
front reconstruction, which was originally developed by Gabor+ in 
1947 ^nd later improved by Leith and Upatnieks§ using coherent laser 
light. According to Huygens’ principle (or the equivalence theorem) 
each point on a wave front acts as a secondary source, and the sum 
of the radiations from this surface sheet of secondary sources repro¬ 
duces the wave at points beyond the surface. Accordingly, if the 
magnitude and phase of the field from some primary source is recorded 
at every point on some surface, e. g., a plane, and then each point on 
the surface is made to generate a signal having that magnitude and 
phase, the wave will be reconstructed beyond the surface, and appear 
to be coming from the original source (uniqueness theorem). At op¬ 
tical frequencies recording the magnitude of a wave is readily accom¬ 
plished with a photographic plate, but recording phase is a more 
difficult task. For an electromagnetic field at radio frequencies, phase 
at a particular point can be measured by adding a signal of adjust¬ 
able but known phase. A minimum in resulting amplitude indicates 
a 180-degree phase difference between known and unknown signals. 
Thus the addition of a reference signal converts phase variations into 
amplitude variations. When applied to light waves this principle sug¬ 
gests that the addition of a reference plane wave to a complex wave 
will result in the conversion of phase variations into amplitude varia¬ 
tions which in turn may be recorded on a photographic plate. 


*For a detailed discussion of these terms see IEEE Test Procedure for Antennas, 
No. 149, p. 28, Jan., 1965. 

|L. N. Ridenour, “Radar System Engineering,” McGraw-Hill M. I. T. Radiation 
Laboratory Series, 1, p. 65, McGraw-Hill Book Company, New York, 1947. 

JD. Gabor, Nature, 161, 111 (1948); Proc. Roy . Soc. (London), Vol. A-197, 454 
(1949). 

§E. Leith and J. Upatnieks, J . Opt . Soc . Am . 53, 1377 (1963); 54, 1295 (1964). 
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Figure 13-25. Basic holography experiment showing (a) 
preparation of the hologram and (preconstruction of 
the image. 

An experimental arrangement for preparing a hologram is shown 
in Fig. 13-25(a). The reference light wave is obtained by using a 
mirror to divert part of the incident coherent light beam to the pho¬ 
tographic plate. Consider for simplicity the situation in which the 
photographic plate lies in the x-y plane of a rectangular co-ordinate 
system. The time-varying scattered and reference wave fields on the 
plate may be written respectively in the form 

W x (x, y 9 t) = A { (x, y) cos [cot + <£(*, y)] (13-73) 

and 

JVo(x, y, t) = A 0 (x, y) cos [of + kx] (13-74) 

in which k = /3 sin <9*. The sum of (73) and (74) gives the total wave 
field W(x, y, t), and it is this total wave field which acts on the 
photographic emulsion. The emulsion responds to energy rather than 
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field strength and thus the effect upon the emulsion is proportional 
to the square of the total wave field, 

W 2 = (Wo + W x f 

= A o cos 2 (cat + kx) + A\ cos (cot + <j>) 

+ 2Aq A i cos (a )t + kx) cos (cot + c p) (13-75) 
= \ A\ + \ A\ + ^ A\ cos 2 (cot + kx)-\- i A\ cos 2 (cot + (p) 

+ A 0 A X cos(2 cot + kx + <£) + AqA x cos (kx — cp) (13-76) 

The interaction with the emulsion involves a time-averaging process 
which results in a hologram having a light-transmission coefficient of 
the form 

T = i At + i A\ + A 0 A X cos (kx - <f>) (13-77) 

This transmission coefficient is illustrated in Fig. 13-26 for the case 
in wiiich the scattered field is a uniform plane wave. 



Emulsion 

transmission coefficient 
after development 



Figure 13-26. Effect of wave interference on the photographic plate. 


It is clear that the interference between the scattered and reference 
waves turns the photographic plate into a kind of grating and that 
the structure of this grating contains complete information on both 
the amplitude and phase of the scattered light. The grating-like pat¬ 
tern on the photographic plate was given the name hologram by Gabor 
from the Greek word holos meaning entire or complete. 

Reconstruction of the original scattered-light wavefront may be 
accomplished by shining a beam of coherent light normally on the 
hologram as illustrated in Fig. 13-25(6). According to Huygens’ prin¬ 
ciple the light passing through the hologram may be regarded as set¬ 
ting up equivalent sources over the surface of the hologram, the 
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strength of these sources being proportional to the transmission coef¬ 
ficient in (77). Thus the time-varying wave field on the surface of the 
hologram may be expressed in the form 

W s = A 2 0 +iA\ + A 0 A l cos (kx + <f>)] cos cot (13-78) 

in which A 2 is the amplitude of the incident light wave falling on 
the hologram. Equation (78) also may be written in the form 

W s = £ A 2 [Al + Af] cos cot 

+ % Aq A i ^4 2 [cos (cot + <j) + kx) + cos (cot — (f> — fac)] (13-79) 

The cos cot term produces a wave which is transmitted with no change 
in direction. The other two terms contain ± kx, indicating that they 
produce waves scattered to either side, the directions of the scattered 
rays making the angle d t with the normal to the photographic plate. 
One of these terms has the same (cot + <f>) space-time phase relation¬ 
ship as the original scattered light wave and therefore an observer 
looking at the hologram toward the source of this light will see the 
virtual image of the object in its original place behind the hologram. 
The other term has the (cot — <£) phase relationship which produces a 
real image as shown in Fig. 13-25(fc). The detailed theory of the im- 
aging process is beyond the scope of this brief description and the 
reader is referred to the original papers. It may readily be seen, 
however, that Fresnel diffraction theory is required in general because 
the distance from the image to the hologram is comparable to the 
dimensions of the hologram. 

The virtual image is of principal interest because it is very easy 
to observe its three-dimensional properties of parallax, perspective and 
focussing. In other words the image has depth, and if the observer 
moves, he can “look around” objects in the image. Many applications 
of this effect are being developed, some of the most promising in the 
field of microscopy. 

An interesting property arises from the fact that any part of the 
photographic plate receives light from the entire object. As a result 
any part of the hologram is theoretically capable of reproducing the 
entire image. A very large hologram produces a clear image with 
little depth of field. As the hologram is made smaller the depth of 
field increases and the resolution decreases. 

An important property of the holographic technique is the capa¬ 
bility of recording more than one image on the same photographic 
plate. Two images may be recorded by the use of light beams at two 
different frequencies. Alternatively the same frequency may be used 
but with the reference wave striking the photographic plate at two 
different angles, say by rotating the plate through 90 degrees. 




§ 13.16 


Secondary Sources and Aperture Antennas 


513 


13.16 Complementary Screens and Slot Antennas. At frequencies 
above about 300 MHz slot antennas cut in a metallic surface, such as 
the skin of an aircraft or the wall of a wave guide, often prove to 
be convenient radiators. The slot may be fed by a generator or trans¬ 
mission line connected across it, or in the case of the wave guide, 
by a guided wave incident on the slot. To explore some of the charac¬ 
teristics of slot antennas we consider Fig. 13-27, which shows a slot 


* z 



Figure 13-27. A slot antenna in a conducting screen, and the 
complementary flat dipole. 


in a conducting plane and the complementary flat dipole antenna 
formed by the metal removed in making the slot. Complementary screens 
are defined in the following manner: An infinite-plane conducting 
screen is pierced with apertures of any shape or size and the resultant 
screen is called S x . Consider then the screen which is obtained by 
interchanging the region of metal and aperture space in S 1 and call 
this second screen S 2 . Then screens S% and S 2 are said to be comple¬ 
mentary, because, added together they result in a complete infinite 
metal screen. In this sense the slot and flat dipole antennas described 
above are complementary. 

For a first approach to the complementary slot and dipole problem 
consider these antennas as separate boundary-value problems. As such, 
the problem in each case is that of finding appropriate solutions to 
Maxwell’s equations, or the derived wave equations, which will satisfy 
the boundary conditions. In both cases, for the free-space regions 
about the antennas, the wave equations to be solved are 

V 2 E = ^eE or V 2 H = pelt (13-80) 

Having obtained a solution for either E or H from one of the above 
equations, the other field strength can be obtained through one of the 
free-space relations 
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V X E = — - fiH. VxH^eE (13-81) 

For the dipole, a solution to the second of eqs. (80) would be sought 
subject to the following boundary conditions: 

(1) In the y-z plane, and outside the perimeter of the dipole, the 
tangential components of magnetic field are zero, i.e., 

H y = 0 H z = 0 

(2) In the y-z plane, and within the perimeter of the dipole, the 
normal component of magnetic field is zero, i.e., 

H x = 0 

The first of these conditions follows from symmetry considerations. 
The second condition is a statement of the fact that the normal com¬ 
ponent of H must be zero at the surface of a perfect conductor. 

For the slot in the conducting plane the first of eqs. (80) would 
be solved subject to the following boundary conditions: 

(1) In the y-z plane, and outside the perimeter of the slot, 

E y = 0 E z = 0 

(2) In the y-z plane, and within the perimeter of the slot 

E x = 0 

The first of these conditions results from the fact that the tangential 
component of E must be zero at the surface of a perfect conductor. 
The second condition results from symmetry considerations. 

It is apparent that, mathematically, these two problems are iden¬ 
tical. It is necessary only to interchange E and H to pass from one 
problem to the other. (Of course it will have to be shown that the 
driving forces are also similar.) Therefore, except for a constant, the 
solution obtained for E for the slot will be the same as the solution 
for H for the dipole, and it is possible to write for the fields at any 
corresponding points 

E, = (13-82) 

where the subscripts s and d refer to the slot and dipole respectively. 
Similarly, the magnetic field of the slot and the electric field of the 
dipole will be related by 

H, = k 2 E d (13-83) 

It follows that the field distribution of E for the slot is the same as 
the field distribution of H for the dipole, and vice versa. Also the 
impedance of the slot is proportional to the admittance of the dipole, 
and vice versa. The relations between the impedance properties can 
be studied by use of the integral expressions for the fields near the 
"eed points. 
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Strictly, for impedance to have meaning, it is necessary to consider 
an infinitesimal gap in each case. However, the results will apply to 
a finite gap if this is kept small, as indicated in Fig. 13-28. For the 
dipole, the impedance is given by the voltage across the gap divided 
by the current through the generator and into one arm of the dipole. 
The voltage across the gap is obtained by integrating E d -ds along a 
line of E between two closely spaced points a and c on opposite 
sides of the gap 

K = — f E d -rfs 

J abc 

The current into one arm of the dipole is equal to the magnetomotive 
force around the (small) closed loop efghe 

/ = <£ B d ds = 2 f B d ds 

J J efo 

The impedance of the dipole is therefore 

-f E d -ds 

Z d = —^- (13-84) 

2\ B d 'ds 

Jefff 

The admittance of the slot can be found by dividing the current 
into one edge by the voltage across the gap. The slot current is equal 
to the magnetomotive force around the closed path abcda. 
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The voltage across the slot can be obtained by integrating E ,-ds along 
the curve efg. 


= \ E,.« 

* efa 


The slot admittance is therefore 


2 H,ds 

Y —- J &be _ 


(13-85) 


Making use of eqs. (82), (83), (84), and (85), it is seen that 

y, = -4|z, or Z.Z. = -£ 

The ratio k t /k 3 can be evaluated by considering the distant fields. At 
any corresponding points 

E s = k l H d H s = k 2 E d 

At points sufficiently distant that the fields are essentially plane-wave 
fields 

E s — TjfjH s E d — TjyHfi 
Combining these relations shows that 

ky _ 2 _ m2 


r)l - 377 2 


Therefore 


7 7 — Vv 

— -4- 


(13-86) 


For the theoretical half-wave dipole, Z d ^ 73 + j43 ohms, so that for 
a theoretical half-wave slot, 

_ 377 2 i 10 / one* 


Z -~ 4x(73 + >3r 418 ^^ 

For a resonant-lengch dipole, the input resistance depends upon the 
dipole thickness. It may be of the order of 65 ohms for practical 



Figure 13-29. Folded slot and folded dipole. 
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dipoles. The corresponding impedance for a practical resonant-length 
slot would be of the order of Z s = 550 ohms. For a folded half-wave 
dipole the input impedance is roughly four times that of an ordinary 
dipole, so that the input impedance of the folded half-wave slot of Fig. 
13-29 is approximately = 138 ohms. 

13.17 Slot and Dipole Antennas as a Dual Problem. The slot 
and dipole antennas considered in the preceding section are comple¬ 
mentary but not duals. However, it is easy to transform them into 
duals, and instructive to do so for later use. In Fig. 13-27, as far as 
the field in the region x > 0 is concerned, the slot in the conducting 
plane can be replaced by a distribution of magnetic current density 
M, = - n x E s at the surface of an infinite conducting screen, where 
E 0 is the electric field that existed across the slot. This equivalence 
follows directly from the uniqueness theorem because of identical 
boundary conditions over the entire screen, viz., nx E = 0 outside 
the slbt perimeter, and fi x E = d x E s within the perimeter. Similarly 
for the region x > 0 , the flat dipole with its surface current density 
J a may be replaced by a similar distribution of electric current density 
«/* = % J a at the surface of an infinite perfect magnetic conducting 
screen. Again the boundary conditions over the plane remain unchanged, 
viz., iixH^O outside the perimeter of the dipole and ft x H = 
ft x = J s within the perimeter. 

These equivalent problems are almost exact duals. To complete the 
duality it would be necessary to replace the free-space characteristic 
impedance 7 = V pfc by its reciprocal rj m = = 1/77 as indicated in 

Fig. 13-30(6). If this were done, the solutions to the two situations 
depicted in Fig. 13-30(6) would be identical with H d replacing E„ 
etc., and H d and E s being numerically equal. Also the (electric) im¬ 
pedance Z e of the electric dipole and the (magnetic) impedance Z m of 
the magnetic dipole would be equal; that is Z e = Z m . 

Now return to the original slot-dipole problem. In actuality the 
free-space medium is the same in both cases so we cannot have rj m = 
I/77 (unless 7 = 1 which it does not). Accordingly the electric and 
magnetic dipoles must operate at different impedance levels, so that 
dual quantities are proportional rather than equal. The constant of 
proportionality can be determined as in the previous section; alterna¬ 
tively, one can note for example in the long-wire, long slit problems 
(sec. 14.10 and problem 2) that the external impedance for electric 
currents is proportional to 7 , whereas the external magnetic impedance 
(or electric admittance) for the slit is proportional to I/ 7 . Hence for 
electric and magnetic dipoles immersed in the same free-space medium 
(of intrinsic impedance 7 ) the ratio of electric impedance to magnetic 
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Figure 13-30. Complementary screens and dual problems. 
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impedance will be 

z: _ pz e _ m z± 

Z' m - ZJ V - Z m 

Finally, to complete the return to the complementary antennas of 
Fig. 13-30(a), note that the actual dipole radiates on both sides so it 
is equivalent in Fig. 13-30(6) to two electric dipoles, one on each side 
of the magnetic conducting plane, fed in parallel by a common volt¬ 
age. Therefore Z d _= 4 Z'. The actual slot also radiates on both sides 
but in this case oppositely directed magnetic currents are fed by two 
magnetic voltages in series, with the result that the (electric) admit¬ 
tance of the slot will be 

y> = 2z; 

The ratio of actual dipole impedance to actual slot admittance is 
therefore 

I i Tf 2 -7" 9 

y ! y _ T Z g _ V Z e _ T}~ 

d/ s ”2z;~ 4 z m ~ 4 

which is the same result that we obtained in sec. 13.16. 

The ability to transform back and forth between complementary 
screens (which can be approximated physically) and hypothetical dual 
problems (whose solution is known) proves to be a powerful tool in the 
solution of certain electromagnetic problems. An example of this tech¬ 
nique occurs in the extension of Babinet’s principle in the next section. 
13.18 Babinet’s Principle. In optics, Babinet’s principle relates to 
transmission through apertures in thin, perfectly absorbent comple¬ 
mentary screens. Applied to such screens Babinet’s principle for optics 
simply states that the sum of the fields, taken separately, beyond any 
two complementary absorbing screens will add to produce the field 
that would exist there without any screen. Thus if U i represents the 
ratio at every point of the field on the right of screen Si to the field 
without the screen, and U 2 similarly represents the ratio for screen 
S 2 , then Babinet’s principle for optics states that 

U x + U f = 1 

The correctness of this intuitively valid statement can be verified 
easily for the simple case of complementary screens consisting of 
semi-infinite absorbing planes (see problem 22). 

In electromagnetics at radio frequencies, thin perfectly absorbing 
screens are not available, even approximately, and one is concerned 
with conducting screens and vector fields for which polarization plays 
an important role. Under such circumstances the simple statement of 
optics could not be expected to apply, but an extension of the prin- 
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ciple, valid for conducting screens and polarized fields has been for¬ 
mulated.* This generalized formulation can be stated as follows: Let 
a source s x to the left of an infinite screen S : produce a field on the 
right of Si, and let U i be the ratio of this field to the field strength 
that would exist there in the absence of the screen; then consider a 
conjugate source s 2 to the left of the complementary screen S 2 , and let 
U 2 be the ratio of the field on the right of S 2 to the field that would 
exist there in the absence of the screen; then 

Ui + U t =l (13-87) 

In the above statement a conjugate source is one for which the 
distribution of electric and magnetic source currents is replaced by 
the corresponding distribution of magnetic and electric currents so 
that, for example, I dl is replaced by Kdl, etc. (Fig. 13-31). This 
replacement has the effect of interchanging E and H for the incident 
fields. 



Source 



i 

i 

i 


Electric conducting 
screen S t 


Aperture 
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Source 


t 

- GO 
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Electric conducting 
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i 





Figure 13-31. Illustrating Babinet’s principle: U\ + U 2 = 1. 


The proof of this extension to Babinet’s principle will be carried 
out by invoking the symmetry arguments applied earlier, and then 
transforming the problem to one of duals, for which the answers are 
known. 

To prove the extended Babinet’s principle, consider Fig. 13-32. In 
(a) screen S u irradiated by source s u has aperture area s A and metal 

*H. G. Booker, “Slot Aerials and Their Relation to Complementary Wire Aerials 
(Babinet’s Principle)/’ JIEE, Vol. Ill A, 620-626 (1946). 
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Figure 13-32. Duality (b and c ) and the uniqueness theorem {a and b) are used 
to prove Babinet’s principle {a and c). 


area s B . In (c) the complementary screen S 2 is irradiated by the con¬ 
jugate source s 2 . In (6) the source S\ irradiates infinite screen s z , ob¬ 
tained from Si by replacing aperture area s A by a perfect magnetic 
conductor, and metal area s B by an aperture. 

In (a) the transmitted (total) field is determined uniquely by the 
specification of the tangential field over S u viz., i x E { = 0 over s B 
and fi x = fi x H‘ over s A . The first condition results from the 
requirement that tangential E = 0 at the surface of a perfect electric 
conductor; the second condition results because fi x H 5 = 0 over s A , 
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which follows from the symmetry of the re-radiated or scattered field 
produced by electric currents induced on s B . In Fig. 13-32(Z?), con¬ 
sidering the scattered field alone, the specifications for the tangential 
field over s 3 are i x E J = 0 over s B and n x H s = — 6 x H* over s A . 
The first condition results from symmetry of the scattered E field 
produced by magnetic currents in the magnetic conductor; the second 
condition results from the requirement for X H = 0 at the surface 
of a perfect magnetic conductor, where fi x H = n X (H 4 + H 5 ). Thus 
in (b) the scattered field is specified over the entire screen as the 
negative of the total or transmitted field in (a). Therefore from the 
uniqueness theorem Ef = — E[ and H| = ~ H{. The total transmitted 
field in (b) is of course the sum of the incident and scattered fields, 
that is El = E 4 + EJ and H' = H 4 +JHi. 

Now comparing ( b ) and (c) it is seen that they are exact duals 
except for the impedance level (p m = r) instead of 7j m = 1 /t? as it 
should). Therefore the fields are proportional with E and H inter¬ 
changed. Accordingly, for each rectangular component, 


Finally, writing 


it follows that 


H{ _ ££ 
HI " E 4 


U\ — k and 



- k 


so that 



U x + U 2 == I 


(13-87) 


This generalized statement of Babinet’s principle for electromag¬ 
netics has the same form as the simple statement for optics, but the 
discussion leading to (87) will have pointed up the additional com¬ 
plexity of problems involving the polarized vector fields of electro¬ 
magnetics. 

In the statement of the generalized Babinet’s principle leading to 
(87), conjugate sources were specified for use with the complementary 
screens. When the incident field is essentially a plane wave from a 
distant source this specification is met by simply rotating the plane 
of polarization through 90 degrees, and thus, in effect, interchanging 
E and H of the incident field. 


Problem 14. Using Babinet’s principle show that the diffracted field 
through a (resonant) half-wave length slot is given by 
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j 6OXHte- j0T cos Qr/2 cos 6) 

9 IZitr ’ sin 6 

E<f> = — 

where JT* is oriented parallel to the length of the slot. For the complemen¬ 
tary (resonant) half-wave dipole antenna, assume the antenna impedance to be 
Z a = 73 ohms. 

13*19 Slotted Cylinder Antennas* An antenna that has important ap¬ 
plications at very high frequencies consists of a slot or slots cut in a conducting 
cylinder. For example, a longitudinal slot in a vertical cylinder produces a 
horizontally polarized signal suitable for FM or television. A method for 
obtaining the complete three-dimensional radiation pattern of a finite-length 
slot in a cylinder will be considered in the next section. The two-dimensional 
problem of an infinitely long slot in an infinite cylinder can 
be solved easily, and is an example that illustrates nicely a z 

method of solution that is quite powerful for certain types of 
problems. The solution of this particular problem is useful because 
it gives the principal plane pattern (perpendicular to the axis) of 
a finit& length slot in a cylinder. 

Figure 13-33 shows a section of the infinitely long cylinder 
of radius a with a longitudinal slot of width a<p 0 . It is assumed 
that the slot is fed between its edges with a voltage V = a(f> 0 E 0 , 
which is uniform in magnitude and phase along the length of 
the slot. This means that there will be no variations in the z 
direction. Also with this method of excitation there will be an 
E$ and perhaps an E p , but no E z . 

Writing Maxwell’s equations in cylindrical co-ordinates for 
the free-space region external to the cylinder where (7 = 0, and 
remembering that E z = 0 and 3/dz = 0, there results 


0 


dH z 

pd<p 

8H. 


= jcoeEp 


■ jcofiHp 


VI 


w 


- = —jcoeE<fi 0 = -jcopHt 


dp 

_ dH* „ d(pEt) 

pdp p 8<f> p dp 


dE„ . „ 

pV$ = 


(13-88) 


It is seen that H p = — 0, and that for this problem all fields 

can be expressed in terms of the axial components of magnetic 
field strength H z . Then 



E - 1 dH < 

Q jcoep d<f> 

£4 = __l 22 * 

* jcoe dp 


(13-89) 


Figure 13-33. 
A section of 
an infinitely 
long slotted 
cylinder. 


Substituting these expressions in the last expression of (88) gives a wave equa¬ 
tion for H z 
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where 

/ 3 2 - co 2 fie 

Solving in the usual manner by assuming a product solution results in* 

H z = [AiHWfip) + BxHfiPpyjfi** (13-91) 

For this problem it is apparent that v must be an integer ru Using only the 
outward traveling wave for this region outside the cylinder, the general solu¬ 
tion for this region will be 

H z = “s" bnH«KPp)e jn + (13-92) 

71 — — co 

and 

E* = £ T b n H™ 0Spy-* (13-93) 

COt rt=-oo 

where the bn s are coefficients which are to be evaluated by applying the 
boundary conditions. At p = a, the expression for E * becomes 

E* !,-« = $; s bnHWipaV** (13-94) 

UJc 

but at p = a, the boundary condition are 

E$ = £o (- y < <£ < (13-95) 

Ei = 0 |<£| > & 

where the electric field strength £ 0 has been assumed uniform over the gap. 
The field distribution at p = a, as represented by these boundary conditions, 
is shown in Fig. 13-34. 

This field distribution may be resolved into a Fourier series, 

£*lp=a= S C«e* n * (13-96) 
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Figure 13-34. Distribution of field strength E$ around 
the cylinder at p = a. 


*Hankel function solutions are discussed in sec. 14.10 and in Appendix II. 
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where 


^ £of + 

2 tt J - 


0 o /2 
<*o /2 ‘ 


e- jn «dct 


2jnX 


0/2 „ e + ;n0 o /2^ 


= ^sin^ 

« 7 T 2 

The distribution represented by (96) is the same as that represented by (94), 
so 


nit 


or 


Jk sin V$l = i£ bnH «V(/3a) 

n<t> 0 


1 


I 


^ _ toe Eq 

bn ~]@rm sm 2 Hf 7 (fia) 


The external field at a distance p is then given by (93). 

r ^Eo sin(n<po/2)H% y (/3p) M 

* tv nW'Wa) 

It is possible to evaluate this expression at large distances from the cylinder 
where the asymptotic expressions* for the Hankel functions may be used. At 
large distance 

a 


HV'(f3p) : 


d({3p) 


7t@f> 


.Vtt 

2 V 7 t(Bpy j l 


(,->(^P-(n?r/ 2 )-(T/n) 


7T(/5p) 3 J V 7T/8p 1 e 

Neglecting the first term, at large distances 


-j(£p-(7»r/2)-(jr/4}) 


^ . }Eo f~2~ ^ 

*■*-- % »=-- nH^pa) 


(nx/2)-(ic/i)~n<f>) 


(13-97) 


Using only the first few terms of this expansion will usually give results 
of sufficient accuracy. Using less than some fixed number, say N, it is pos¬ 
sible to write, if <£ 0 is sufficiently small. 


JL cin n $° ~ 


■ sin^^^ for i/i| < AT 
n 2 2 


Therefore, approximately, 


E* = A 2 


s,jn{<i> + 7c/2) 


HfWa) 


(13-98) 


where 


~jEp(f)Q 

lit 






Appendix II, eq. (9). 
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Recalling that 




eq. (98) can be written 




1 

WW) 


t ”v V (./)“ cos 
nh HWm. 


(13-99) 


This expression gives the amplitude and phase of the electric field strength 
at any distant point (p, <£). The relative shape of the radiation pattern is 
given by the absolute value of the bracketed factor. 

This factor has both real and imaginary parts and may be written as C 
-f- jD. The field strength pattern shape is then given by the absolute value 


D l 


Figure 13-35 shows the radiation pattern calculated by this method for a 
X/20-wide slot in a 5X/4-diameter cylinder. Shown for comparison is the 
measurement pattern of a 1-^X-long slot of width A,/20 in a long, 5A,/4-diam- 
eter cylinder. The radiation patterns of slots in cylinders of other diameters 
may be found in the literature.* 

Transverse Slots. The same method can be used, although with less justifica¬ 
tion, to predict the radiation pattern perpendicular to the cylinder of a trans¬ 
verse slot in a cylinder. In this case the electric field strength applied across 



Figure 13-35. Experimental pattern of a long ,\/20-wide axial slot in 
a long cylinder of diameter 5A./4. Points are calculated for a X/20 
slot that is 1.5X long. 

*G. Sinclair, E. C. Jordan, and E. W. Vaughan, “Measurement of Aircraft An¬ 
tenna Patterns Using Models/’ Proc. IRE, 35, 12, 1451-1462 (1947); E. C. Jordan 
and W. E. Miller, “Slotted-cylinder Antenna,” Electronics, 20, 2, 90 (1947). 
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the slot will be in the z direction. For a narrow transverse slot of length L 
— a<j) o, the electric field across the slot will be assumed to have a distribution 
along the length of the slot similar to that which exists on a short-circuited 
lossless transmission line. That is, it will be assumed that at p — a 

n ^ As ^ ^ 


E z = E 0 sin / 


0<4><f 


E z = £„ sin pa (& + < Q 


E, = 0 




Expressing this function by the appropriate Fourier series, and equating it to 
an expression similar to (94) for E z leads to the following expression for the 
field at any point (p, <£) 


71 




+ ~ cos (n 4p) - cos (Ba 

2^ Hf(J3a){(Baf - «*] (13-100) 



In Fig. 13-36 expression (100) has been 
evaluated for a narrow 3A./4 transverse slot 
in a 5A,/4-diameter cylinder. Although the 
agreement between calculated and experi¬ 
mental patterns is not as close as for longi¬ 
tudinal slots, it is sufficiently good to predict 
approximate radiation patterns. 

13,20 Dipole and Slot Arrays around 
Cylinders** A class of antenna arrays of 
practical interest in several different fields 
consists of an array of vertical or horizontal 
dipoles or slots about a vertical conducting 
cylinder. In practice, the “conducting cylin¬ 
der” may be an existing structure such as 
the spire on a tall building, or part of the 
superstructure on a battleship, or it may 
be an actual cylinder constructed as part 
of the antenna system. The mathematical 

problem to be solved is the diffraction of waves of various polarizations by 
a conducting cylinder. 

Line Source and Conducting Cylinder. Mathematically, the simplest problem 
of this type is the two-dimensional problem of an infinitely long line source 
parallel to an infinitely long conducting cylinder. Consider the problem of a 
very long wire carrying a uniform in-phase current I parallel to a very 
long conducting cylinder (Fig. 13-37). The field due to the current in the wire 
alone, without the cylinder, can first be obtained by integrating over the 


Figure 13-36. Experimental pattern 
of a 3A./4-long transverse slot in a 
5A/4-diameter cylinder. Points are 
calculated. 


*The approach used in this section is similar to that introduced by P. S. Carter 
(see Bibliography). 
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P 



Line source 


Figure 13-37. Line source parallel to a conducting 
cylinder. 


length of the wire the expression for the vector potential due to a current 
element. For a point P , a distance p from the wire (located at the origin), 
the vector potential will be 

T f + « p-j&r 

A > = »ii)J— dz < 13 - 101 > 

where r = V p 2 -f z‘ ? is the distance from the current element I dz to the 
point P. Expression (101) can be integrated by changing the variable. Let 


then 


r = p cosh ci 

z 2 = p 2 { cosh 2 oL — 1) = p 2 sinh 2 ct 
z — p sinh ci dz — p cosh & dOi = r doi 

A z = fi ^J + ~e'^ pcosh a da (13-102) 


This integral is a standard form* and integrates to give 

For the geometry of Fig. 13-37, the vector potential at P due to the line 
source alone will be 

A Zl = CmXfiR) 

where C = — and R = Vp 2 + b l — 2pb cos <£ 

The field due to the line source alone will be called the primary wave. The 
primary wave will induce currents in the conducting cylinder, and the field 
of these induced currents will be called the secondary wave. The total or 
resultant field at any point will be the sum of primary and secondary fields. 
The currents that are induced in the cylinder are of such magnitude and 
phase that the resultant electric field strength tangential to the (perfect) con¬ 
ducting cylinder is zero everywhere over the surface of the cylinder. In order 


*E. Jahnke, F. Emde, and F, Losch, Tables of Higher Functions (6th ed.), revised 
by F. Losch, McGraw-Hill Book Company, New York, 1960. 
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to apply this boundary condition it is necessary to expand the primary wave 
in terms of a sum of cylindrical waves referred to the axis of the cylinder. 
Using the addition theorem* for Bessel functions, this expansion is given by 

H^XfiR) = S e n HVXfib)J n (@p) cos n<f> for p < b 

n=>o 

HPQ3R) = S enH^ifipWnifib) cos n(f) for p > 5 

where e n is Neumann’s number. (e n =1 for n = 0; 6;, = 2 for n ^ 0) 

The secondary waves that originate at the cylinder will be cylindrical 
waves, and the secondary field may be expressed as a sum of cylindrical 
waves originating at the axis of the cylinder. Thus for the secondary field 

A Zt = S enfibuH^Xfip) cos n<fr 

71 = 0 

The electric field strength parallel to the surface of the cylinder is given by 
^ E 2 =-jcoA z (13-103) 

since dV/Bz — O for this case. At p — a, E 2 (total) and therefore A z (total) 
must be zero. Therefore 

A z (total) = A„ + A„ = £ e nf i[H«\pb)Upa) + b n H™(0a)] cos n$ = 0 

72 = 0 

and therefore 

, _ HWfibWfio) 

wm 

Then at any point P, the total field will be given by 

A z (total) =5 2 + b n H'V(/3p)] cos ncj> (p < b) (13-104) 

7l=>0 

or 

A 2 (total) = 2 £np.{H i * ) (fip)[Jn(fib) + bn]} cos n<t> (p > b) (13-105) 

71 = 0 

These expressions give the field due to the infinitely long line source and 
conducting cylinder. The electric field strength is obtained by using (103). The 
magnetic field strength is given by pAA = V x A. The currents on the cylinder 
can be obtained by evaluating H at p — a. 

Short Dipole near a Long Conducting Cylinder. A more practical problem 
than the one above is the case of a short dipole near a long conducting 
cylinder. If an attempt is made to solve this problem in the same manner as 
the preceding one, it is found that when the primary field of the dipole is 
expanded in cylindrical waves originating at the cylinder axis, the result is an 
infinite series in which each term of the series contains an infinite integral. 
The difficulties in evaluating such a series are formidable. Fortunately, the 

*See. J. A. Stratton, Electromagnetic Theory, McGraw-Hill Book Company, New 
York, 1941, p. 372; S. A. Schelkunoff, Electromagnetic Waves, p. 300. 
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problem can be solved by another method, described by Carter,* which makes 
use of the reciprocity theorem. 

In Carter’s method the radiation pattern of the dipole at P near a con¬ 
ducting cylinder (Fig. 13-38) is obtained as a receiving antenna instead of as 



z 



Figure 13-38. Dipole near a conducting cylinder. 


a transmitting antenna. The wave received from a distant source will be es¬ 
sentially a plane wave that is easily expanded into a sum of standing 
cylindrical waves. Equating the sum of primary and secondary tangential 
electric fields to zero at the cylinder surface gives the magnitude of the second¬ 
ary or re-radiated waves. The field at the dipole, and hence its open-circuit 
voltage, K oc , can then be calculated. If it is assumed that the (essentially) 
plane wave is produced by a current I amperes flowing in a properly oriented 
distant dipole at P\ application of the reciprocity principle shows that a cur¬ 
rent 1 amperes in the dipole at P will produce an open-circuit voltage, V 0C9 
at P'. In this manner the distant field of the transmitting dipole near the 
cylinder is determined. To obtain the complete radiation it is necessary to 
consider waves of both polarizations arriving at the cylinder. 

Figure 13-38 shows a short vertical dipole near a very long conducting 
cylinder. Consider a wave, essentially plane, arriving at the cylinder from a 
distant dipole lying in the x-z plane, perpendicular to the radius vector, and 
at a polar angle 6. The magnetic field of such a wave will be horizontal and 
in the y direction, and can be represented by 


H v = e 


JB(z cos 6 + x sin 0) 


gjjSU cos 0 + p cos 4> sin 0) 


(13-106) 


where a wave of unit amplitude has been assumed. For this case the magnetic 
field will be entirely in the horizontal plane, with H z = 0, so it will be pos¬ 
sible to obtain H from a vector A' = zA z which is everywhere parallel to the 
z axis. The appropriate relation for H y is 


*P. S. Carter, "Antenna Arrays Around Cylinders,” Proc. IRE , 31, 12, pp. 671- 
693 (1943). 
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fiHy = (V X A'), = (13-107) 

From (106) and (107) 

sin <? + z cos 0) j(JL €^ sin ^ cos ^ + z cos ^ 

Al ' = “ ^ j/3 sin d = /3 sin (9 

Using a standard Bessel function expansion 


e j(0 p 9in d cos *) = ^ €n(j) n Jn(i3p Sin 6) COS n<f> 

71-0 


the expression for the vector potential due to the primary wave becomes 

Az, = s 7 n g ~ n S ejjyjjftp sin 6 ) cos nfi (13-108) 

In this expression the primary wave has been expanded in terms of standing 
waves (Bessel functions of the first kind) centered at the origin. The secon¬ 
dary waves, produced by induced currents on the cylinder, will have the same 
form, but will be outward traveling waves. For such waves the / n ’s in (108) 
will befreplaced by 7T ( n 2) ’s, so that for the secondary waves 

iupjffz COS $ =5 

Az, = J -!= 0 si ~Q b n e n (j) n H'^(J3p sin d) cos nip 

where the bn s are arbitrary constants that must be evaluated from the bound¬ 
ary conditions. The total wave function is 

j/ipj&z COS d <x> 

A z (total) = a l' —r f S *nU) n \Jn(jip sin Q) -f b n H%\/3p sin (9)] cos ncf> (13-109) 
p sin u ti=o 


Recalling that 


V * A = — jcofieV 


the electric field strength can be expressed in terms of the vector potential 
A by 

E = — jcoA - VV 


so that 


- jcoA 


CD fie 


VV-A 


E z = — ]cdA z — 


j djAz 
cofie dz l 


— [— J® — £ 2 COS 2 0)1 Az = —ja> sin 2 0 A z 

Since E z = 0, and therefore A z = 0 at p = a, it follows from (109) that 

L __ Jnifia sin 0 ) 
n ~ sin d) 

Then the electric field strength at a vertical dipole located near the cylinder 
at ( b , (f>, 0) will be 


E z — 7 ] sin 6 S e n (j) n 


JnWb sin 6 ) - H " (J3b sin d) 


cos ncf> 
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By the reciprocity theorem this will also be the expression for the distant 
field of a vertical dipole, located a distance b from the cylinder. Therefore 
the relative radiation pattern for a short vertical dipole near a long vertical 
cylinder is 


£*=sin 9 2 e n (j) n [ J n (ftb sin 9) - 

n=Q L 




cos n<f> (13-110) 


Expression (110) gives the radiation pattern for all values of 9. For the special 
case of 9 = 90 degrees (the horizontal pattern) it should be observed that 
expression (110) gives the same pattern as was obtained with the infinitely 
long wire near the cylinder. This result, obtained here for a special case, is 
in fact quite general. For example, the horizontal pattern of a finite-length 
axial slot in the vertical cylinder is independent of the length of the slot, and 
is the same as the pattern for an infinitely long slot. 

Expression (110) also gives (exactly) the vertical pattern of a short dipole 
near the cylinder. This result may be used as the approximate vertical pat¬ 
tern of a half-wave dipole at the same location. The vertical pattern of a 
vertical array of dipoles may be obtained by using this pattern as the unit 
pattern and by applying the principle of multiplication of patterns. 

The radiation patterns of horizontal and radial dipoles also may be deter¬ 
mined by this method. In general, it is necessary to consider both polariza¬ 
tions for the arriving plane wave. 

Application to Slots in Cylinders . By replacing the electric field distribu¬ 
tion across a slot by its equivalent magnetic-current sheet, it is evident that 
the above method should have direct application in obtaining the patterns of 
slots in cylinders. The problem of obtaining the radiation pattern of a slot 
in a cylinder is now just that of determining the field patterns produced by 
a magnetic dipole adjacent to the cylinder. The solution carries through, just 
as it did for the electric dipole, except for two differences. The distant dipole 
in this case will be a magnetic dipole, which results in an entirely horizontal 
electric field strength at the cylinder, so that the fields can be expressed in 
terms of an electric vector potential F which is in the z direction. When 
the boundary conditions are applied at the surface of the cylinder, they can¬ 
not be applied on H z (corresponding to the application on E z for the electric 
dipole), but must be applied to E^.’When the problem is worked through, 
keeping these facts in mind, the expression obtained for He due to a short 
axial slot in a long cylinder is 


He = — sin 6 2 tnUY ! sin 6) 

n=o L 


— Jnifia sin 9) 


H { ~ ] (fta sin 9) 
H™'(fia sin 9) 



(13-111) 


which should be compared with eq. (110). In expression (111) the magnetic 
dipole has been allowed to approach the surface of the cylinder so that 
b ~ a. 
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Remembering that H ( „ 2) = J n — jN n and using the following Bessel func¬ 
tion relation* 


JnNn Jn V n — J n+ 1 N n J n Nn+\ 


_ 2 _ 

TtX 


eq. (Ill) reduces to 


H e = K S «„(/)» 

n = 0 


cos n <f> 


sin 0) 


For 0 = 90 degrees 




(13-112) 


Expression (112), which is for a short axial slot in a long cylinder, gives 
exactly the same pattern in the horizontal plane (6 = 90 degrees) as was 
obtained for the infinitely long slot of eq. (99). 


» ADDITIONAL PROBLEMS 

15. A coaxial line has an inner conductor of (outer) radius a = £ in., and 
an outer conductor of (inner) radius b — 2 in. Determine the power radiated 
at 100 MHz when the voltage across the open end is 1000 volts, and find 
the value of an equivalent resistance R that, when connected across the open 
end, would absorb the same amount of power as is radiated. 

16. Derive the expressions (51, 52, and 53) for the electromagnetic field 
of a Huygens’ source by direct use of eqs. (10) and (11). 

17. Integrate the radiation fields due to all the Huygens’ sources on an 
infinite plane to show that a plane wave results. 

18. Using an “equivalent radius” a = d/ 4 for a flat-strip dipole of width 
d y calculate the approximate impedance of a slot in a large conducting plane 
at 300 MHz. The slot is 35 cm long and 1 cm wide. 

19. Using Carter’s method, derive eq. (Ill) for a short slot in a cylinder, 
following the procedure indicated in the text. 

20. Verify that eq. (Ill) reduces to the form shown in (112). 

21. From first principles prove that the horizontal pattern of an axial slot 
in an infinitely long vertical cylinder is independent of the length of the slot. 
Hint: Use the reciprocity theorem. 

22. Verify Babinet’s principle (the simple version used in optics) for the 
case of diffraction at a straightedge. That is, show that the vector sum of 
the two diffracted fields from two complementary straightedges is equal to the 
free-space field. 

*S. A. Schelkunoff, Electromagnetic Waves, p. 56, eq. (7-13). 
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23. Prove that the specification of tangential E or tangential H at all 
points on a closed surface S (enclosing current sources) is sufficient to 
guarantee a unique field-strength solution everywhere inside S. This is one 
form of the uniqueness theorem. Hint: Assume that there exist two different 
solutions E a , H a and E & , H 6 and form the difference field. Then use the 
Poynting theorem, eq. (6-21), assuming that there is a small loss in the 
medium; the “lossless” situation can then be regarded as the limiting case 
in which the medium losses approach zero. 
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Chapter 14 


IMPEDANCE 


14.01 Introduction. The notion of impedance is so basic to the 
work of the electrical engineer that sometimes he is inclined to forget 
its limitations (e.g., that it is defined for sinusoidal time variations, 
and, strictly speaking, applies only between closely spaced points). In 
electromagnetic wave propagation the notion of impedance has been 
extended to include the ratio of transverse components of electric and 
magnetic fields. In antenna theory the domains of fields and circuits 
come together. The antenna is the device that integrates the electric 
and magnetic fields to produce the voltages and currents required to 
actuate electrical devices. In this transition from fields to circuits it 
is necessary to re-examine critically the notion of impedance so that 
meaningful expressions involving both field and circuit quantities can 
be derived. From these expressions impedance can be calculated for a 
specified configuration of conductors and dielectrics. 

In this chapter, first the impedance and then mutual impedance of 
antennas will be calculated by the induced-emf method. Applied to 
circuits this method consists of assuming a certain current flow, 
computing the voltages induced by the assumed current in the various 
parts of the circuit, and then summing these back-voltages around 
the circuit to determine the voltage that must be impressed at the 
input terminals to produce the assumed current. The application to 
antennas is similar but more complicated because all parts of the 
“circuit” interact with each other. Next the impedance-per-unit-length 
of a wire will be determined for the simple case of a long straight 
wire. Finally, the conventional relations of circuit theory will be 
developed from field theory applied to a circuit. This last development 
immediately exposes to view the power and the limitations of the 
circuit approach. 

14.02 Induced-emf Method of Calculating Impedance. In chap. 
10 the radiation resistance of an antenna was obtained by the Poyn- 
ting vector method. It was also shown that only the inverse-distance 
or l/r terms contribute to a net flow of power away from the antenna. 
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Consequently the integration of the Poynting vector to obtain radiated 
power can be carried out over any enclosing surface, either near to 
the antenna, or at great distance where the 1 /r 2 and 1/r 3 terms are 
customarily discarded as being negligible compared with the l/r terms. 
Because of the considerable simplification that results in the computation, 
a sphere of very large radius is ordinarily chosen for the surface of 
integration, so that the “Poynting vector method” is normally associated 
with the computation of radiation resistance using the far fields of 
the antenna. However, exactly the same result for radiation resistance 
is obtained if the surface of integration is made to coincide with the 
surface of the antenna. This result can be shown (sec. 14.07) to be 
identical with that obtained by an alternative approach known as the 
induced-emf method, described below. 

In the induced-emf method the electric field E z produced parallel 
to the antenna by a known (or assumed) current distribution is cal¬ 
culated and used to compute the voltage E z dz induced in each element 
dz of the antenna. Then the reciprocity theorem is invoked to deter¬ 
mine the voltage at the antenna terminals. This induced-emf method 
was originally introduced* for the computation of radiation resistance, 
but because it deals with the near fields of the antenna, it can also 
be used to calculate mutual impedance between antennas and the 
reactance of a single antenna. In the interest of conceptual simplicity 
the induced-emf method will be used first in sec. 14.04 to compute 
the mutual impedance between antennas. The method will then be 
used in secs. 14.05 and 14.06 to determine approximately both the 
resistance and reactance of single thin antennas, using the sinusoidal 
current assumption. 

14*03 Mutual Impedance between Antennas* When two or more 
antennas are used in an array, the driving-point impedance of each 
antenna depends upon the self-impedance of that antenna and in ad¬ 
dition upon the mutual impedance between the given antenna and 
each of the others. For example, consider the two-element array of 
Fig. 14-1 in which base currents I, x and / 2 flow. As far as voltages 
and currents at the terminals (1) and (2) are concerned, the two 
antennas of Fig. 14-l(tf) can be represented by the general four-terminal 
network of Fig. 14-1(6). 

Z u is the impedance measured at the terminals (1) with terminals 
(2) open; that is, Z u is the mesh impedance of mesh (1). Similarly 
Z 22 is the mesh impedance of mesh (2), and is the impedance that 
would be measured at terminals (2) with (1) open. Z 12 = Z 21 is the 

*A. A. Pistoikors, The “Radiation Resistance of Beam Antennas,” Proc. IRE, 17, 
562, March, 1929. 
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Figure 14-1. 


mutual impedance between the antennas and is defined in both figures by 

7 Y_ 21 7 Yjx 

^21 — “7“ ^12-r- 

1 1 -*2 

where K 2l is the open-circuit voltage induced across terminals (2) 
of antenna (2) owing to current I u flowing (at the base) in antenna 
(1). Similarly V n is the open-circuit voltage across the teminals of 
antenna (1) owing to current / 2 , flowing in antenna (2). Under most 
conditions the impedance Z n is approximately equal to the self-im¬ 
pedance Z 5t of antenna (1). The self-impedance of an antenna is its 
input impedance with all other antennas entirely removed. Except 
when antenna (2) is very near a resonant length (that is, H ^ X/2) or 
when it is very close to antenna (1), the input impedance of antenna 
(1) will be nearly the same with antenna (2) open-circuited as it would 
be with antenna (2) entirely removed from the field of antenna (1). 
The mesh equations for Fig. 14-1 are 

v x = / t z n + / 2 Z 12 

(14-1) 

V 2 = I\Z n + / 2 Z 22 

Let r = I { /I 2 > where in general r is a complex number. Then 

Zi=Z n + ±Z l2 (14-2) 

M f 

£ = rZ n + Z 22 (14-3) 

It is seen that the input impedances, VJf and V 2 /I 2 are dependent 
upon the current ratio r. These are the impedances that any impedance¬ 
transforming networks must be designed to feed, and in order to 
calcuate them the mutual impedance must be known. 

14.04 Computation of Mutual Impedance. The mutual impedance 
between the antennas of Fig. 14-1 is defined by 
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where V n is the open-circuit voltage at the terminals of antenna ( 2 ) 
produced by a base current / L (0) in antenna (1). Now the electric field 
due to (the assumed sinusoidal) current I { is known, and in particular 
the parallel component E Zu along the axis of antenna (2) (which incident 
field would be calculated or measured with antenna ( 2 ) temporarily 
removed) is given by eq. (10-72). Hence the open-circuit voltage at 
the terminals of antenna (2) may be written directly from eq. ( 11 - 6 ) 
or eq. (13-46) as 

Vi!1 = ~~ 1 ( 0 ) 1 , E *>M z ) dz ( 14 ‘ 4 ) 

so that the expression for mutual impedance becomes 

Zn ~ ~ 7,(0) 7,(0) Jo Ez " ll ^ dz ( 14 ' 5) 

In expression (5), / 2 (z) is the current distribution along antenna (2) 
for the transmitting case, and may be written approximately as 

7,(z) = I 2m sin /3 (H t - z) = sin fi (H t - z) (14-6) 

sin pci 2 


Inserting eqs. (10-72) and (6) in (5), the expression (4) for mutual 
impedance becomes 

^ _ 30 hmhm , 2j cos 

/i(0)/,(0)Jo V r x r 2 ^ r Q ) 

sin /3(H Z — z) dz (14-7) 


Equation (7) gives the mutual impedance referred to the base . The 
mutual impedance referred to the loop currents will be given by expression 
(7) multiplied by the ratio of the product of base currents to the product 
of loop currents, that is, by 

m m 

I \ 77i I 2m 


Therefore the mutual impedance referred to loop currents will be 


3j' 


ITi ( ~J e _ J e )&Ti _! V cos /57/u 


It is usually this mutual impedance referred to the current loops that 
is plotted and shown in curves. When this impedance is known, the 
mutual impedance referred to the base or terminal currents can be 
easily calculated. 



§14.04 


Impedance 


539 


In Fig. 14-2 are two monopole 
antennas of height H mounted on 
a perfect reflecting plane and spaced 
a distance d apart. For this case 


r 0 = Vd r +T i 

r t = *J<f + (H — zf 

r 2 = d l + (H + zf 


(14-9) 


Expression (8) for mutual impedance 
is complex. The real part gives the 
mutual resistance, and the imaginary 
part gives the mutual reactance. 
Substituting the relations (9) in the 
real part of (8) gives an expression 
for mutual resistance. 


-- d -- 



Figure 14-2. 


R n = 30 f* sin fi(H - z) 
J o 


sin fi *Jd l + (H — zf 


+yd 2 + (H — zf 


sin/3 JW+jH + zf 

+ Vd 2 TW+ zf 


2 cos fiH 


sin fi +Jd 2 + z 2 

d 2 


dz 


(14-10) 


Similarly the imaginary part of (8) yields the expression for mutual 
reactance 


X>n = 30 sin fi(H - z) 

J 0 


cos fi +/d* + (H- zf 
. + (H- zf 


+ 


cos fi *fd z + ( H + zf 2 cos fiH cos \Zd l + z l 


+JH + zf 


Vd+7 2 


dz 


(14-11) 

The integrations indicated in (10) and (11) can be carried out in a 
manner that will be detailed in sec. 14.05. The case of mutual resis¬ 
tance between quarter-wave monopoles is not too difficult and is left 
as an exercise. The result for quarter-wave monopoles spaced at 
distance d is 


R n = 15 [2 Ci fid - Ci (V (fid) 2 + tt 2 -tc) - Ci (Vp 5 +V + tt)] 

(14-12) 

The expression for mutual reactance between quarter-wave monopoles 
is 


X 2l = 15 [Si W(fidf + 7C 2 - 7t) + Si Wifidf + 7t 2 + 7t) - 2 Si (fid)] 

(14-13) 
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The general expressions for the mutual impedance between antennas 
of (equal) height 77 and a distance d apart are* 

R 2l = 30 [sin J3H cos /377 (Si w 2 — Si v 2 — 2 Si + 2 Si w t ) 

- c - ° - s - y?H (2 Ci u, - 2 Ci w„ + 2 Ci - Ci u 2 - Ci » 2 ) 

— (Ci — 2 Ci w 0 + Ci v x )] (14-14) 

X 2l = — 30 [sin /377 cos ftH (2 Ci ^ — 2 Ci W! + Ci v 2 — Ci w 2 ) 

- SSlME (2 Si Ur - 2 Si Mo + 2 Si - Si « 2 - Si v 2 ) 

— (Si Wj — 2 Si w 0 + Si ^0] (14-15) 

where w 0 = /3d 

Hi = /3(V^ + 77 2 -77) w 2 = /3(V4 2 + (2tf) 2 + 2//) 

»i = /9(V^ 2 + 77 2 + 77) * 2 = /3( V<7 2 “+ (277? - 277) 

Because the evaluation of these expressions is a laborious task analog 
methodsf and digital computers have been employed. Figure 14-3 shows 
the mutual impedance as a function of spacing between equal-height 
antennas. Curves for the mutual impedance between antennas of un¬ 
equal height may be found in the last reference cited. 

14*05 Radiation Resistance by lnduced~emf Method* By definition 
the mutual impedance Z 21 between two antennas is a measure of the 
open-circuit voltage K 2 i at terminals (2) due to a current 7^0) im¬ 
pressed at the terminals of antenna (1). If we consider two identical 
antennas and allow the distance d between them (Fig. 14-2) to approach 
zero, the voltage K 21 becomes the voltage at the terminals of antenna 
(1) due to the impressed current 7^0) (supplied by an infinite-imped¬ 
ance generator). Hence the self-impedance Z x of an antenna of half- 
length 77 should be equal to the mutual impedance Z 21 between two 
antennas for which 77 t = 77 2 = 77, and d — 0. That is, the expression 
for self-impedance becomes 

Z x = Z 21 (for d = 0, H x = 77 2 = 77) 

= ~mf. E ' mdz <14 ' 16) 

*P. S, Carter, “Circuit Relations in Radiating Systems and Applications to An¬ 
tenna Problems,” Proc. IRE, 20, 1004 (1932); J. Labus, “Mathematical Calcuation of 
the Impedance of Antennas,” Hochfrequenz. Technik, 41, 17 (1933); G. H. Brown 
and R. King, “High Frequency Models in Antenna Investigations,” Proc. IRE , 22, 
457 (1934). 

tE. C. Jordan and W. L. Everitt, “Acoustic Models of Radio Antennas,” Proc . 
IRE, 29, 186 (1941). 


Antenna spocing -j- 


Figure 14-3. The mutual impedance (referred to the current loops) between 
monopole antennas of equal height. 
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When the appropriate substitutions (d — 0, H l = H 1 = H and l x = 
I 2 = /) are made in eqs. (5) or (7), or directly in expressions (14) and 
(15), it is observed that whereas no difficulty occurs in the evaluation 
of the radiation resistance R r — R n , the expression for antenna re¬ 
actance X t — X u always yields a value of infinity except for the special 
cases of H x = H 2 — H equal to an odd multiple of a quarter-wavelength. 
This result is correct for the conditions assumed (d = 0, corresponding 
to an infinitesimally thin antenna) so it is evident that for computation 
of reactance, the finite diameter of the antenna must be considered. 
When this is done the mutual reactance formulas can be used to 
estimate the self-reactance of an antenna, and this development is 
carried through in sec. 14.06. 


z 



Figure 14-4. 


Computation of Radiation Resistance. 
Although the expression for radiation 
resistance can be derived from (14) 
putting d equal to zero (see problem 8), 
it is advantageous to develop the ex¬ 
pression directly from eq. (7) in order 
to demonstrate the evaluation of the 
integrals which occur frequently in 
radiation problems. 

To obtain an expression for radia¬ 
tion resistance it is only necessary to 
evaluate the real part of eq. (7) for 
I x — / 2 , H j = H 2 , and with the point P 
in Fig. 14-4 taken along the axis of 
the antenna. Under these circumstances 
r 0 = z, r x = H —- z, r 2 = H +- z, and the 
expression for radiation resistance is 


p _ 30/^ r ff Tsin /8(/f — z) sin fi(H — z) . sin /3(H — z) sin ft(H + z) 
/ 2 (0) Jo L H-z + H+z 


2 cos /3H sin fi{H — z) sin f3z ~ ^ 
z 


(14-17) 


This expression can be integrated term by term. Consider the first 
term and let u — @(H — z), du — — ft dz, du/u = — dz/(H — z) so that 
when z = 0, u — /3H, and when z = H, u — 0. Then 

f* sin §(H - z ) sin §(H_ - z) dz _ _ f° sin 2 ^ du 
Jo H — z J as u 


1 f iaH 1 — cos(2u) 
TJo (2a) 


d(2u) = 


y smm 


where the function ^(x) is defined by eq. (10-67). 
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To integrate the second term of eq. (3) let 

w = 2 fi{H + z) dw = 2f3dz 2/3z = w — 2/3H 

Then f" sin /3(# - z) sin /3(# + z) dz 
Jo H + Z 

__ _1_ cos 2/5z — cos 2f3H ^ 

2 J o (// -|- z) 

1 C^ u cos 2 /3H - cos (w - 2/3H) . 


cos 2/5//(l — cos w) — sin w sin 2 ftH 


= - 4 - cos 2/3# 

2 J 2/3/ 

1 ~ T “* (T 


1</w + 4 sin 2£# f 
w 2 J 2, 

1 — cos w ^ _ r 2/3ff 1 — cos 
w Jo w 


1 — COS 1 


+ 4-Sin 2/3# r-«!L*rf w -r — 

2 \J 0 w J 0 w / 

= - i COS 2£JJ [5 1 (4^8//) - Si(2/3H)] + * sin 2 /3H [Si(4 0H) - Si(2 /3H)] 

where Si ( x ) is the sine integral of x and is defined by eq. (10-66). 
The third term of eq. (3) can be integrated almost directly. It is 

- 2 cos £# J* sl > & H -~ ->. sin &= dz 
= - cos fiH J* cos I3(H-2z)~ cos/3# 

= cos ,8# r - C ° S / ^ 1 ~- cos j |4 — sltl - /3// s i n d(2{3z) 

J o 2/5z 

= cos 2 ftHSx{2j3H) - cos /9// sin /5// Si (2/5//) 

Using the notation b = 2/S//, the value ^4 of the integral is given 
by 

i4 = i {5^6) - [S,(2b) - Sj(6)] cos 5 + [Si(26) - Si(6)] sin b 

+ (1 + cos b) Sy{b) - sin b Si (, b )} (14-18) 

Inserting (18) in eq. (17) the radiation resistance is 


(14-19) 


This is the radiation resistance referred to the terminal or base cur¬ 
rent 7(0). Frequently it is convenient to specify the radiation resistance 


544 Impedance § 14.05 

referred to the loop current I m . Because the radiated power W t is the 
same in both cases, 

W T = i P m R r (loop) = i I\ 0) Rr (base) (14-20) 

where I m and 7(0) are both peak values in time. Using (18), (19) and 
(20) and with some rearrangement of terms the radiation resistance 
referred to the loop current is 

R r (loop) = 15 [(2 + 2 cos b) Si(b) - cos bS x (2b) - 2 sin b Si (b) 

+ sin b Si (26)] (14-21) 

This radiation resistance referred to the current loop is plotted in 
Fig. 14-5 for monopole antennas as a function of height 77. For center- 
fed dipole antennas of half-length 77, the values of resistance 



Figure 14-5. Radiation resistance (referred to the current loop) of a monopole 
antenna as a function of antenna height HjX. 

should be multiplied by 2. For example, for a quarter-wave monopole 
mountedi on a reflecting plane the radiation resistance is shown as 36.5 
ohms. For a half-wave dipole (in free space) it would be 73 ohms. 
For a half-wave monopole and a center-fed full-wave dipole the values 
of radiation resistance are 99.5 and 199 ohms, respectively. 

Relation between R r (base) and R T (loop). For an antenna having the 
sinusoidal current distribution, the base or terminal current is related 
to the loop current by 
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For antenna lengths for which 77 is a multiple of a half-wavelength, 
the assumed sinusoidal distribution gives a value of zero for the cur¬ 
rent at the feed point, and eq. (22) indicates that the input resistance 
will be infinite. For these lengths the actual input current will be 
small but not zero, and the input resistance will be large but not 
infinite. Although a value of infinity may be regarded as the first 
approximation to the actual resistance, it is a worthless approximation 
for practical purposes. For these cases it becomes necessary to use a 
method involving a better approximation than the sinusoidal for cur¬ 
rent distribution. Such methods are considered briefly in chap. 11, and 
in more depth later in this chapter. We see that the sinusoidal current 
distribution provides useful answers over a certain range of antenna 
lengths, but there are other ranges in which the approximation fails. 
In general this is true of every approximate method, and it is neces¬ 
sary for the engineer always to consider the limitations as well as the 
capabilities of any method he may employ. 

14*06 Reactance of an Antenna* The reactance of an antenna 
having an assumed sinusoidal current distribution can be obtained in 
the same manner as that employed in sec. 14.05 for resistance, by 
using the imaginary part of eq. (7). As mentioned previously, when 
this computation is carried through with E z evaluated along the axis 
of the antenna it is found that except for certain particular lengths 
[77 = {In + 1) X/4], a value of infinity is obtained for 
the reactance. This result is not incorrect, for in 
sec. 14.10 we shall see that the reactance per unit 
length of a very long wire approaches infinity as the 
radius of the wire approaches zero. We shall also 
show in sec. 14.10 that for a wire of finite radius the 
reactance is determined by evaluating E z at the sur¬ 
face of the wire. It is evident that in order to obtain 
a more useful approximation than infinity for the 
reactance of an antenna, the finite diameter must be j s da 
considered. This requires that E z be evaluated at the 
radial distance a (where a is the radius of the an¬ 
tenna), rather that along the axis. 

Figure 14-6 shows a length of a cylindrical antenna 
of radius a, which is assumed to be carrying a Figure 14-6. 
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sinusoidal distribution of current along its length. The current is 
uniformly distributed around the circumference of the cylinder, the 
major portion of it flowing in a very small thickness of conductor 
adjacent to the outer surface. For purposes of computation it may be 
assumed that the electric field at the surface, calculated from the 
actual current distributed around the cylinder, would be the same as 
that which can be calculated by considering the current to be con¬ 
centrated along a filament at the axis of the cylinder. Then E z will 
be evaluated along a line parallel to the axis and separated from it by 
a distance a. The expression for reactance will then be given by the 
imaginary part of eq. (7), with H\ = H 1 — H , and d = a. That is, 
the reactance of an antenna of radius a , having an assumed sinusoidal 
current distribution, is equal to the mutual reactance between two 
filamentary antennas of the same height and with a spacing equal to a. 
Substituting in eq. (15) gives for the reactance 

X = — 30 (sin j3H cos f3H (2 Ci v x — 2 Ci u x + Ci — Ci u 2 ) 

_ co s 2g/f ^2 Si u x — 2 Si u 0 + 2 Si v x — Si u 2 — Si v 2 ) 

- (Si u x - 2 Si wo + Si vi)] (14-23) 

where u 0 — fta 

u x = /3(<s/H 2 + a 2 - H) «, = ^(IHT+ a 2 + 2 H) 
v x = fi(VH 2 + a 2 + H) v 2 = pW{2Hf + a 2 - 2 H) 

The radius of the antenna will normally be a very small fraction 
of a wavelength so that 

pa <1 


and the following approximations may be used. 

Si (AO = fia — 4 -... as /9a sss 0 

Ci AVB t TV 2 - H) ** Ci 0H (l + Ijp - 2) Ci (§£) 

Ci AV(2/f 2 + a 1 - 2H) a* Ci {!~j) 

Si Ui 0 Si Vx Si 2 /3H Ci V\ as Ci (2/3 H) 

Si Vl 0 Si u 2 ^ Si (4/9 H) Ci u 2 «= Ci (4 pH) 

Using these approximations, expression (23) becomes 


X = 


-30 jsin /9 H cos fiH 


2 Ci 2 0H - 2 Ci 


(§') 



- SSLMHI [2 Si 2/3H - Si 4/3H ] - Si 2/3if} 


- Ci 4/3H 
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Now when x is very small, Ci x ^ y + In x where y = 0.5772 ... is 
Euler’s constant. Using this substitution, the second and third terms 
of the above expression may be combined 

- 2Ci (m) +a (w) = -> + '”(!=) 

so that the final expression for the reactance of a monopole antenna 
of radius a and length H becomes 


X = -15 [sin 2/3H 


~V + In {—) + 2 Ci (2 $H) -Ci (4/3H) 


- cos 2/3 [2 Si (2/3 H) - Si (4/3 H)] - 2 Si (2/S//)] (14-24) 


For the particular case of a quarter-wave antenna, sin 2/3 H = 0, 
cos 2/3H = —1, and the expression for reactance reduces to 

X = 15 Si (4/3H) 

= 15 Si (2 t r) = 21.25 ohms 

Expression (24) gives the reactance (referred to the current loop) 
of a monopole antenna of length H and radius a as given by the 
induced-emf method, using the sinusoidal current distribution assump¬ 
tion. The reactance referred to the base can be obtained from (24) by 
dividing by sin 2 /3 H. Figure 14-7 shows resistance and reactance .values 
computed by this method for short monopole antennas of different 
thicknesses. The resistance or reactance of the corresponding dipole 
antennas of length L — 2 H is just double that of the monopole antenna 
of length H. 

We see that under the assumed conditions of sinusoidal current 
distribution, a quarter-wavelength antenna has a positive reactance of 
21.25 ohms, and this value of reactance is independent of antenna 
diameter as long as the latter is small in wavelengths. For lengths other 
than multiples of the quarter-wavelength, the reactance depends very 
greatly on the antenna diameter; it is very large for thin antennas. 
This fact indicates the desirability of using fat antennas for broad¬ 
band applications such as television, where a low ratio of antenna 
reactance to resistance (low Q) is required. 

It will also be seen that, as the antenna length is varied, the 
reactance goes through zero for some length shorter than a quarter- 
x wavelength. This means that the “resonant” length is always somewhat 
Mess than a quarter wavelength, being shorter for fat antennas. 

Problem 1 . Verify that as the spacing d approaches zero, the expression 
(14-14) for mutual resistance between two antennas of equal height reduces 
to the expression for the radiation resistance of a single antenna. 
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-y- Antenna half-length - Wavelengths 

Figure 14-7. The resistance and reactance (referred to base) of short 
monopole antennas computed by the induced-emf method. 

1 4*07 Equivalence of Induced-emf and Poynting Vector Methods* 

It is easy to show that the induced-emf and Poynting vector methods 
for computing radiated power are one and the same method when the 
surface of integration coincides with the surface of the antenna. Con¬ 
sider an antenna of length L and radius R , which has some arbitrary 
current distribution / 2 . The components of E and H, tangential to the 
surface along the length of the antenna, are E z and H At the top 
and bottom ends the tangential components are E r and H If the real 
Poynting vector is integrated over the surface of the antenna, the 
following result is obtained: 
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Ref E x H*-^a = C \E g \\HA cos flvrRdz 
J s Jo 

+ 2 f \E r \\Ht\ cos 'xjr litr dr 
J 0 

where is the time-phase angle between the tangential components 
of E and H. 

The first integral covers the entire surface of the antenna except 
the end caps. The second integral covers these end caps. The quantity 
IrtRHt is equal to the line integral of H+ about the antenna and, by 
Maxwell’s first equation, this is equal to the total current flowing 
through the closed path, so that 

ItcRH* =§Hdl = U 

where I z is the current along the antenna. Using this relation, the 
first integral becomes 

f |£ z ||/,| cos irdz 

J 0 

The angle ^ is now the time-phase angle between E z and I Zi because 
I z and H+ are in time phase. 

In the end caps the current flows radially and must be zero at the 
center. Denoting by J T the radial surface current density in the caps, 
the relation H = J x fi becomes H+ = J T for the top and bottom caps. 
Then IrcrH+ = 27 trJ T — I T is the total radial current flowing across a 
circle of radius r on each of the caps. Using this relation the second 
integral becomes 

2 f |£rl|/rl COS-f dr 
J 0 

The total surface integral may then be written 

Ref ExH*-da=[ |i? 2 ||/*| cos dz + 2 f |E r ||/ r | cos t/t dr 
J s Jo Jo 

It is evident that the contribution to the radiated power from the end 
surfaces of the antenna must be very small, since the current there 
is very small and in such directions that the various current elements 
produce radiation fields which cancel one another. Therefore, the sec¬ 
ond term of the above integral is usually dropped, and the power is 
obtained from 

f |£ 2 ||4| cost //-dz 
J 0 

This expression, obtained by integrating the Poynting vector over 
the surface of the antenna, is seen to be identical with the real part 
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of the induced-emf integral in eq. (5) from which radiation resistance 
and radiated power were computed. 

14.08 Note on the Induced-emf Method. The radiation resistance 
and power radiated by an antenna have been calculated by two meth¬ 
ods known as the Poynting vector and induced-emf methods. In the 
preceding section it has been shown that when the surface of inte¬ 
gration in the Poynting vector method is taken to be the surface of 
the antenna these methods lead to identical results. Despite this 
demonstrated equivalence, certain questions inevitably are raised con¬ 
cerning the induced-emf method, and it is worthwhile to explore these 
questions in some depth by a detailed comparison of the two methods. 

(а) Poynting Vector Method . A certain current distribution is as¬ 
sumed to exist along the antenna. The electric and magnetic field 
strengths due to the assumed current distributions are computed at a 
point P on some surface enclosing the antenna. The net outward flow 
of power through this surface is obtained by integrating the Poynting 
vector E x H over the entire surface and over a cycle in time. In 
practice, the enclosing surface is usually chosen to be a sphere of very 
large radius, so that the difference in distance to various points on 
the antenna affects only the phase, and not the magnitude, of the 
contributions to the total field, thus simplifying the computation. A 
sinusoidal current distribution is usually assumed, and the method is 
in error only by the amount that the radiation fields, produced by the 
actual current distribution, differ from the radiation fields calculated 
from this assumed sinusoidal distribution. Inasmuch as the actual 
current distribution is known to be very nearly sinusoidal for thin 
transmitting antennas, the answer obtained is a good approximation to 
the true power radiated. 

The calculation is usually made assuming filamentary current, but 
the results hold for finite-diameter antennas as long as the diameter 
is very small compared with the length and compared with a wave¬ 
length. 

(б) Induced-emf Method. In the second method a filamentary current 
distribution is assumed as before and the resulting electric and mag¬ 
netic field strengths are computed. However, in this case the point P u 
at which the fields are computed, is taken right at the filament. Then, 
using reciprocity, the voltage at the antenna terminals produced by 
all the emPs induced along the length of the antenna is computed. 
The product of this terminal voltage and the in-phase terminal current 
represents power radiated, and this product is shown to be equal to 
|£V||/| dl cos 'rfr integrated over the length of the antenna, where ^ is 
the time-phase angle between E z and I at the point in question. This 
method gives exactly the same value for power radiated as the previous 
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Poynting vector method. This is as it should be because, as has been 
shown, this method can be derived directly from the Poynting vector 
method. The approximation involved in this method is the same as 
in the Poynting vector method and assumes a sinusoidal current dis¬ 
tribution, whereas the actual current distribution is only approximately 
sinusoidal. 

Although the induced-emf method is essentially the same as the 
Poynting vector method (when applied at the surface of the antenna) 
and gives exactly the same results, its validity is sometimes questioned 
when it is applied to an actual antenna having a finite diameter. The 
reason for this is as follows: If the antenna is assumed to be a perfect 
conductor (the usual assumption), the boundary conditions require that 
the total electric field strength E along the surface of the antenna be 
zero. In the case of a transmitting antenna, excited by a lumped voltage 
across a gap, the only electric field existing along the surface of the 
antenpa is the field E z , induced by the currents and charges along the 
antenna. The boundary conditions require that this electric field strength 
be zero everywhere on the surface, and therefore the product \E Z \\I\ dl 
cos is zero at every point along the antenna. Then \E Z \\I\ dl cos 
integrated along the antenna is zero and the computed power radiated 
from the conducting part of the antenna is zero. This also is as it 
should be, because the conductor contains in itself no source of elec¬ 
tromagnetic energy, the energy coming from the generator. However, 
there are two questions raised that require clarification. 

(1) Since the actual \E Z \\I\ dl cos ^ that exists along the surface is 
zero and, therefore, not even approximately the same as \E Z \\I\ dl cos 
computed from the assumed sinusoidal distribution, is there any 
justification for expecting that the value given by the computed 
j\E z \\I\ dl cos is even approximately correct? 

(2) Since the actual J|is 2 ||/J rf/cos t/t over the surface of the con¬ 
ductor is zero, an incidental question is “from where is the power 
radiated?” 

The answer to the first question regarding the validity of the meth¬ 
od can be readily obtained by considering initially a receiving antenna 
of resonant length that has the load terminals a~b short-circuited and 
which, therefore, re-radiates all the received energy. Assume first that 
the current flowing in the antenna owing to the received electric field 
has a true sinusoidal distribution. The self-induced electric field 
strength or “back-voltage” due to this current flow (and the corre¬ 
sponding charge distribution) can be calculated in the usual manner 
and will be designated by E s . (The subscript s indicates that this is 
the electric field strength computed from the assumed sinusoidal dis- 
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tribution.) Then, if the received or applied tangential field—which 
will be designated by E' —were exactly equal and opposite to £, at 
all points along the surface of the antenna, the assumed current would 
flow in the antenna. The boundary conditions at the surface of the 
antenna would be satisfied because the total electric field strength 
parallel to it would be E = E + E s = 0. The power re-radiated by the 
antenna is obtained by integrating the Poynting vector over the surface 
of the antenna. As pointed out above, this is equal to \E 9 \\I\ dl cos 
integrated along the length of the antenna. Similarly, the power per 
unit length flowing into the antenna from the received field is 
—|£'||J| dl cos t/t (outward flow of energy is assumed positive). The net 
flow of power out of the antenna, which is the difference between these 
two, is equal to zero. 

Next consider same short-circuited receiving antenna under condi¬ 
tions where the received field E' does not have the particular con¬ 
figuration required in the above case, but instead has some arbitrary 
value along the length of the antenna. In particular, consider the 
case where E f is uniform , as it would be for reception of a plane 
wave at 6 — 90 degrees. Then the current distribution will not be 
sinusoidal, and the actual current distribution will be such as to pro¬ 
duce a self-induced field E f along the antenna, such that E' + E f — 0. 
That is, E 1f will be uniform or constant along the antenna and will 
have a value £" — — Now, although the actual current distribution 
cannot be sinusoidal, it is known to be very closely sinusoidal for the 
resonant length. Evidently then, it requires but a very small change 
in current distribution from the sinusoidal to change the self-induced 
parallel component of E from that calulated for the sinusoidal current 
cases, E s , to the value E" == — E f that must exist in the actual case. 
Since the current distribution is but little changed from the sinusoidal, 
the power radiated for a given loop current must be very nearly equal 
to the case for the true sinusoidal distribution. (Small changes in 
current produce only small changes in the radiation terms of the elec¬ 
tric field,) The actual power re-radiated in this case is j|£"||/ a | dlcosty, 
where I a is the actual current and E n is the self-induced parallel com¬ 
ponent of electric field due to it. But from the previous statement 
this must be very nearly equal to the power re-radiated in the sin¬ 
usoidal case, which is J|£,||/*| dl cos That is, 

11£"1141 dl cos ^ = | - |£'||4| dl cos ^ sb 11£,||/»| dl cos f 

This means that, although the actual current is not sinusoidal and 
the actual self-induced voltage E" — — E differs greatly from that 



§ 14.08 


Impedance 


553 


calculated from a sinusoidal distribution, nevertheless, the radiated 
power computed from an assumed sinusoidal distribution with its 
resulting E s gives an answer that is very close to that which would 
be obtained from J — [£'||/ a | dl cos if the actual current I a were 
known. However, it should be noted that this is true only because 
the actual current distribution is nearly sinusoidal. 

Finally, consider the case of a transmitting antenna in which the 
applied electric field is concentrated over a short section at the 
center. 

If V is the applied voltage and S is the separation of the terminals 
a-b (Fig. 14-8), then the field across a-b can be considered to be E f = 
V/S. The applied field is zero everywhere else along the antenna. The 
actual current that flows in the antenna as a result of 
the applied voltage V must be such as to produce a 
self-induced electric field opposite to the applied field 
everywhere along the antenna. That is, the self-induced 
field must be zero everywhere along the antenna except 
between a and b , where it has a value of —V/S. It is an 
experimental fact that the actual antenna current that 
flows and necessarily produces the above electric field 
distribution, is very closely sinusoidal for thin transmitting 
antennas. Therefore, as in the discussion of receiving 
antennas, the radiated power computed from J|£j|j/ S | dl cos 
must be very nearly equal to the actual power radiated. 

In this case, the actual power radiated is 

- [£'[[/„[ dl cos -^ = f - |£'||/al dl cos -xjr = |F||/ 0 | cos B 
where I 0 is the current at the feed point and 0 is the angle between V 
and /. Therefore, actual power radiated = \V\\I 0 \ cos |jE,||/,|^/ cos 

It should be noted in passing that this latter integration should be 
performed over the whole of the antenna including the section between 
a and b. However, since E s between a and b is of the same order of 
magnitude as E s at adjacent points on the antenna, the error incurred 
in neglecting the section a-b becomes very small when the gap length 
is small compared with the length of the antenna. However, the situa¬ 
tion is very different in the case of the actual current distribution 
with the resulting actual distribution of the self-induced field. In this 
latter case, the integral is zero everywhere, except at the gap or 
generator. As the gap is made very small, the actual E f across it 
becomes very large for a given applied voltage V and the gap genera¬ 
tor section cannot be neglected. Indeed, it may be said that all the 
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Figure 14-8. 
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power flows out from this generator section, being guided into space 
by the antenna conductors. 

The above discussion has attempted to give a physical explanation* 
of an interesting and somewhat puzzling result, viz., that the imped¬ 
ance of an antenna calculated from the induced-emf integral expres¬ 
sion (16) and using the sinusoidal current distribution yields a useful 
approximation, even though E z calculated from the assumed current 
distribution differs markedly from the true electric field tangential to 
a finite-diameter antenna. The mathematical explanation for this result 
is that the input impedance as calculated from eq. (16) is stationary 
with respect to variations in I(z), subject to the condition that the 
input current is constant.f 

14*09 The Self-Impedance Formula: Reciprocity Derivation* In 

secs. 14.05 and 14.06 the input resistance and reactance of a perfectly 
conducting antenna were obtained by evaluating the mutual impedance 
of two identical filamentary antennas and then allowing the two anten¬ 
nas to come together. Both the resistance and the reactance may be 
calculated by this method if the two current filaments remain separated 
by a distance equal to the radius of the actual antenna wire. It was 
shown that the resistance calculation (but not the reactance) may be 
simplified considerably with negligible loss in accuracy by allowing 
the distance between the two filaments to go to zero. 

The expression for the self-impedance of a perfectly conducting 
antenna also may be derived directly from the field statement of the 
reciprocity theorem without introducing mutual impedance. Reciprocity 
involves two source-field situations which are chosen so as to permit 
the derivation of a useful result. There is a great deal of freedom in 
the choice of the two situations and for the impedance problem one 
possible choice is shown in Fig. 14-9. Case (a) shows a perfectly con¬ 
ducting antenna located in free space and fed by a voltage source 
(magnetic current M a ). Case ( b ) shows an auxiliary current density 3 b 
flowing in free space and occupying the same volume (inside surface 
S) as the antenna of case (a). The recigrocity theorem for^ an.jnfinite 
region may be applied to the two cases provided they exist in identi¬ 
cal environments. The environments may be made identical simply by 
replacing the conducting antenna material of case (a) with its induced 
current density J a flowing in free space. It is important to remember 
that the use of induced current has no effect on the total fields; for 

*The clarification of the induced-emf method is due to R. E. Burgess, “Aerial 
Characteristics,” Wireless Engineer, 21, No. 247, p. 154, 1944. 

|For a discussion of this point see S. A. Schelkunoff, Advanced Antenna Theory, 
John Wiley & Sons, Inc., New York, 1952, pp. 137-138. 
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Figure 14-9. Calculation of self-impedance 
using (a) a transmitting antenna fed by a 
voltage source (magnetic current) and ( b ) 
an auxiliary current distribution. 


instance, in case (a) the total field in free space is the sum of the 
fields due to the sources M a and J a , and thus the total tangential 
electric field on the surface S must be zero just as it would be in the 
presence of the perfectly conducting antenna wire. In most cases of 
interest the terminal region is very small and thus the fields of the 
magnetic current source are highly localized. 

The general statement of the reciprocity theorem gives the relation 

J E“-J s dV = J E s J a dV-j H°• M a dV (13-36) 

The left-hand side of eq. (13-36) is zero because E a is zero within S 
and the tangential component of E a is zero on S. The second integral 
on the right-hand side may be expressed in terms of V a , the applied 
voltage and / 6 , the total auxiliary current passing through the terminal 
region (see sec. 13.06). Thus eq. (13-36) becomes 

- I»V* = f E“-J a dV (13-36a) 

The applied voltage may be expressed as V a = I a Z a in which I a is 
the terminal current in the transmitting case and Z a is the antenna 
impedance. Substitution of this last expression into eq. (13-36a) gives 
a very general expression for the antenna impedance, 

z °= -j±p\V-3'dV (14-25) 

An important special case of eq. (25) arises when the current dis¬ 
tributions in cases (a) and (b) are identical, that is when J* = J a == J 
(and consequently I b = I a = /). If E is defined as the field of the 
induced current J (flowing in free space), then eq. (25) becomes the 
widely used impedance formula 

Z a = - ~j E-J dV 


(14-26) 
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The particular advantage of eq. (26) is that the impedance given by 
it is stationary with respect to small variations in the current density 
J. That is, if J is guessed and if the guess involves a first-order error, 
then the impedance calculated using eq. (26) will contain a second- 
order error and no first-order error. Thus the procedure of calculating 
impedance from a guess at the current distribution can lead to results 
sufficiently accurate for many purposes.* 

The Filamentary Current Approximation . For a thin wire antenna fed 
at the center it is known that the longitudinal current distribution is 
approximately sinusoidal and therefore suitable for use in eq. (26). 
Because the current flows on the surface of a good conductor, J is in 
the form of a hollow cylindrical sheet of the same radius as the 
wire. This approximation for J may be inserted easily into eq. (26); 
much more difficult, however, is the calculation of E due to this 
cylindrical current distribution.! 

The field of a current filament is much easier to calculate than the 
field of a hollow cylindrical “pipe” of current. The longitudinal elec¬ 
tric field of a filamentary, sinusoidal current distribution has a partic¬ 
ularly simple analytical form, given by eq. (10-72). In order to take 
advantage of this simplicity it is necessary to return to the general 
impedance expression, eq. (25). In this equation one may use the cylin¬ 
drical sinusoidal current sheet for J a and the filamentary, sinusoidal 
current for J* from which E 6 may be obtained readily using eq. (10-72). 
The approximate expression for impedance then may be found by inte¬ 
grating E°* J a as indicated in eq. (25). Due to the cylindrical symmetry 
of the problem it is not necessary to regard J a as a hollow pipe of 
current; rather it may be regarded as a current filament spaced the 
radius of the wire from the current filament J 6 . This “picture” of two 
closely spaced current filaments is the same as that described in the 
induced-emf method and the calculated impedances are identical. 

It should be pointed out that when J a and J* are different, eq. (25) 
is not stationary with respect to small changes in J a . However, if J a 
and J 6 are chosen to have the same total current so that they differ 
only in their cross-sections, then for thin wire antennas eq. (25) is very 
nearly stationary and thus is insensitive to small errors in the assumed 
longitudinal current distribution. It is interesting to note that the use 
of the filamentary current for J 6 would result in the correct impedance 
if the antenna current J a were known exactly. 

*The stationary property of the impedance formula is discussed in the books by 
Schelkunoff, Harrington, Collin and King, all listed at the end of the chapter. 

fSome notion of the difficulties involved may be obtained by reading the 
paper by O. Zinke, “Fundamentals of Voltage and Current Distributions along An¬ 
tennas,” Arch . Elektrotech., 35, pp. 67-84 (1941). 
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14.10 Uniform Cylindrical Waves and the Infinitely Long Wire. 

In foregoing sections the impedances of finite-length antennas have 
been computed by the induced-emf method, using an assumed sinusoi¬ 
dal current distribution. A simpler problem is that of determining the 
impedance per unit length of an infinitely long wire, which is assumed 
to carry a uniform, in-phase current I. Although this may appear to 
be a rather unreal situation, it can be approximated in practice by a 
very long wire that is excited by a parallel electric field of constant 
value. This particular problem has the definite advantage that its 
solution is simple enough to permit easy interpretation. Before solving 
it a brief discussion of uniform cylindrical waves will be in order. 

For a homogeneous medium having the constants p, e, and cr, 
Maxwell’s equations in cylindrical co-ordinates are 


3H Z 

pty 

dH„ 

dz 


3H+ 

dz 

djh 

dp 


(cr + j'coe) E„ 


= (cr + jcce) E* 


d ieM - d JL=( (J + jae ) E z 

p op p 0<P 


3E Z 




3E 0 


dz 


BE Z 
dp 

d(pEj) dE p . 
p dp p 3<p 


-jopHt 

— jcopH z 


(14-27) 


For fields that have no variation with <£ or z , such as would be gen¬ 
erated by an infinitely long wire carrying a uniform current /, eqs. 
(27) reduce to 


^ = - (<7 + jcoe) E, ^ = jcofiH, 

9 (14-28) 

= (cr + M)E, = -jcofLH, 

pZp P d P 

The waves obtained with these fields are uniform cylindrical waves, 
having no variation of amplitude or phase over any cylindrical surface 
represented by p — p 0 . It is evident that uniform cylindrical waves are 
transverse electromagnetic, and that they may be divided into two types, 
viz., (a) those having E z and H * components, and (b) those having E$ 
and H z components. The former would be generated by the infinitely 
long wire mentioned, whereas the latter would be produced by an 
infinitely long line of closely spaced coaxial loops carrying equal and 
uniform currents that are everywhere in phase. 

Considering the first of these types, the two relations 


= (o’ + j(oe)E : — jcofiHt (14-29) 


can be combined to yield a wave equation in cylindrical co-ordinates. 
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where as usual 



1 dE t 
p s p 


= 0 


T = jcofi(cr + j(oe) 


(14-30) 


For the special case of wave propagation in a nonconducting medium, 
o* = 0 and y 2 — —a) 2 /i€, so that the wave equation becomes 


w + V$ +ff ’ E -=° (14 - 31) 

where ft = co V/xi is a real number. Dividing through by ft 2 in (31) 
shows it to be an ordinary Bessel equation of order zero with the 
independent variable (ftp): 


d 2 E z 1 dE 2 
d(ppf ^ (ftp)d(ftp) 


+ E z 


= 0 


(14-32) 


As in sec. 8.05 the general solution may be written in terms of zero- 
order Bessel functions of the first and second kinds. 


E 2 = AJfftp) + BNfftp) (14-33) 

In this form the solution represents standing waves. An alternative 
solution may be written in terms of linear combinations of / 0 and N 0 . 

E z = A x H™(ftp) + B.H'fXfip) (14-34) 

where HP(ftp) = Uftp) + jNfftp) { 

HWf3 P ) = m P )-mp P )\ 1 } 

and H {2) are called Hankel functions of zero order, first and second 
kinds, respectively. When appropriately combined with the time factor 
e j0>t , these functions represent inward- and outwar d-traveling waves 
respectively. That this is so, is evident from the asymptotic expres¬ 
sions for large values of (ftp). These expressions are: 




oo 


(14-36) 


which should be compared with the corresponding asymptotic expres¬ 
sions for J Q and jV 0 . 




for /8p —> oo (14-37) 


It is also apparent from (35) that the Hankel functions bear a relation 
to the Bessel functions similar to the relation between the exponential 
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functions (with imaginary exponents) and the trigonometric (sine and 
cosine) functions. 

For propagation in a conducting medium solutions to eq. (30) will 
be required. Dividing through by y 2 in (30) shows it to be a modified 
Bessel equation of order zero in the variable (yp) 


d 2 E z 

d(vp ) 2 


4- -L _ £ — 0 


(14-38) 


Solutions to this modified Bessel equation are called modified Bessel 
functions and are denoted by / 0 (yp) and £ 0 (yp) (for the zero order.) 
Expressions for the / and K functions are given in Appendix II. For 
small values of (yp), 

h (yp) —> 1 l 

| for yp —> 0 (14-39) 

£o(yp)--[ln(yp) + C~ln2]J 


Since eq. (30) reduces to (31) when y is a pure imaginary, it is not 
surprising to find that the modified and ordinary Bessel functions are 
related to each other. The relations are 


h{fi) = Jo(z) 

K 0 (jz) = ^.[J 0 (z)-jNo(z)) 

= - y [iVo(z) + jJ 0 (z)] (14-40) 

The modified functions I and K are most suitable for propagation in 
a dissipative medium. For a lossless medium, for which y is a pure 
imaginary, the corresponding Bessel or Hankel functions are usually 
more convenient. 

Field about an Infinitely Long Wire. Consider now the electromagnet¬ 
ic field about a long wire carrying a current I. In the region external 
to the wire the Hankel function solutions of eq. (31) will be appro¬ 
priate, and the expression for E can be written as 

E z = A { HV\/3p) + BiHWfip) (14-41) 

Only the zero-order functions appear, because there is no variation of 
the field in the <£ direction. If the region is assumed to extend to 
infinity, there is no reason for retaining the first term of (41) which 
represents an inward-traveling wave, and so the solution is given by 

E z = B x H$Xj3p) 

which represents an outward-traveling wave. Using eq. (29), the expres¬ 
sion for magnetic field strength will be 

= JL ^ = _ Ml H?X(3p) = - ^> HfXPp) 

JCOfl dp JQifl JTJ 
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■ [H™(u)] = -H?\u) 


Therefore, 


ini 

2naHT{Pa) 


_ fill 
4 


(for /Sa <C 1) 


E - -M. 
hz 4 


H'm P ) 


- nj , 

2 




(14-42) 


(14-43) 


At large distances from the wire the fields decrease in amplitude as 
1/VpT Also at large distances the fields are periodic in 2# radians 
(this is not true close to the source) and appear to have originated 
at an “effective” source, which is one-eighth of a wavelength out from 
the center of the wire. 

The outward radial impedance is 

Z--I' =w W (14-43) 

At large distances, where the asymptotic expressions for the Hankel 
functions can be used, the radial impedance becomes a pure resistance 

Zp ^ 7] — 377 ohms (for ftp 1) 

The impedance of the wire can be obtained from a consideration of 
the field strengths at its surface. Assuming first a perfectly conducting 
wire of radius a, the total tangential electric field strength at its 
surface, E(a ), must be zero. Then 

E(a) = E a + E z (a) = 0 
or E a ~ —E s (a) 

where E a is the applied electric field strength that causes the current 
I to flow, and E z {a) is the self-induced electric field strength (due to 
the current I) evaluated at the surface of the wire, p = a. (In this 
problem the “applied” field E a might be the incident field from a 
distant transmitter.) Then the external impedance of the wire per unit 
length will be 

7 _ E a _ Efa) 


_ _ 

axt-T 


IrtaH^a) 


Therefore, 




in HfWa) 

2k aHTWa) 


(14-44) 
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For /3a <C 1, as would normally be the case, (44) reduces to 

7 _ Jn_ [ Vo(fta) — jNJJ3a ) ' 

ext 2 t ra [y,(/8a) - 

. h _ j 2l (in fa + C - In 2) 

JV_ _*_ 

~~ lita §a , . 2 

2 ^ Ttj3a 

60?r; , > 7 , 

X T X 2m 

= ™x 10” 7 + M In 2~) 


(14-45) 

(14-45a) 


The real part of this external impedance is the radiation resistance 
per unit length, and the imaginary part is the external inductive 
reactance per unit length of the wire. The former is independent of 
wire ,diameter, whereas the latter becomes logarithmically infinite as 
the wire diameter approaches zero. The quantity (fi/2it) In \/2na is 
the high-frequency external inductance of the wire (per meter length). 

If the assumption of perfect conductivity is not made, the total 
tangential field strength E(a ) at the surface will not be zero, but it 
will have the (small) value required to drive the current / against the 
internal impedance of the wire. This total or resultant field at the 
surface of the wire is as before 

E{a) = E a + E z (a) 

so that E a = E(a) — E z (a) (14-46) 

Dividing by the current / gives the impedance per unit length of the 
wire. 

Z = = Z int + Z 9Xt (14-47) 


For the fields within the wire it is the appropriate solutions of (38), 
which must be used. Therefore within the wire 


E z (int) = Alfyp) + BK 0 ((yp) 

The second of these functions becomes infinite at p = 0. Since E z 
must always remain finite this requires that B = 0, so 

E z (int) = AI 0 (yp) 

and from (29), remembering* that I' 0 = I x 




* Recurrence formulas for the 1 and K functions differ from the other Bessel 
functions. These formulas are listed in the Appendix. 
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At the surface of the wire, £ z (int) must equal the total or resultant 
electric field strength E(a), and InaH^ = I. 

Therefore 


and 


E(a) = AI 0 (ya) I = 2na Ifaa) 

JCDfl 

7 _ E i a ) _ hjya) 
int I 2nay Iiiya) 


= Vm hjya) 
In a I\iya) 


(14-48) 


where 7] m = V;g)/i /(<7 + jo*) is the intrinsic impedance of the metal. 

Equation (48) gives the exact expression for the internal impedance 
of the wire. The evaluation of this expression is simplified by recalling 
that for all metallic conductors at frequencies less than optical, a 
g>€ and y ^ ^/jaypa = a /cofia \f~J = V c o/aar /45 ° . To assist in obtaining 
numerical values for expressions such as (48), the following auxiliary 
functions have been defined and tabulated 


loiv vT ) = ber v + j bei v 

Tables of these “farmyard functions” may be found in the reference 
noted.* Curves showing the internal impedance of wires as given by 
(48) may be found in several texts.! Two special cases of this general 
expression are of importance practically and will be considered. 

The first of these special cases occurs for thin wires at low (power) 
frequencies, where the wire radius is small compared with the depth 
of penetration. For this case, | 7 a| 1, and only the first two terms 
of the power series expansion for Ifya) and hiya) need be used. Then 

«T«) - 1 + + ^ 

Z„,(low freq)~ 




^ +jC °* X 


(14-49) 


The terms represent respectively the low-frequency resistance and inter¬ 
nal inductive reactance of the wire, per unit length. The low-frequency 
internal inductance of the wire is fi/Zit henry/m. 

The second special case of practical importance occurs for frequen¬ 
cies sufficiently high that the depth of penetration is small compared 
with the' radius of the wire. This makes \ya\ 1. Except for quite 


♦McLachlan, Bessel Functions for Engineers, Oxford Press, London, 1934 ;Dwight. 
Tables of Integrals , The Macmillan Company, New York, 1961. 

|For example, Ramo, Whinnery and Van Duzer, Fields and Waves in Communica¬ 
tion Electronics , John Wiley & Sons, Inc., New York, 1965. 
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thin wires, this case covers all radio frequencies. Using the asymptotic 
expansions for I 0 and I u the internal impedance becomes 

Z,,(high f '“l> * fi= 53 = 53+ §i < 14 ' 50 > 

As would be expected, when the depth of penetration is small com¬ 
pared with the radius, the internal impedance per unit length of the 
wire is equal to the surface impedance of a thick plane sheet of the 
metal 1 meter long and 2na meters wide. Evaluating (50) in terms of 
the constants of the metal shows that 

z,„, (high ft.,) = jjLVi? + 5 ^ Vi < 14 - 50i > 

The first term is high-frequency ohmic resistance of the wire per unit 
length, and the second term is the high-frequency internal inductive 
reactance of the wire per unit length. 

The Infinitely-long Slit . The narrow infinitely long slit in a perfectly 
condActing plane is the “complementary screen” of the infinitely long, 
perfectly conducting wire.* Accordingly the solution to the slit problem 
can be deduced from the long-wire problem by the methods described 
in secs. 13.16 to 13.18, Alternatively, the infinitely long slit can be 
solved directly as a boundary-value problem, applying Maxwell’s equa¬ 
tions to a “wedge” transmission line consisting of two semi-infinite 
conducting planes (Fig. 14-10). When the included angle <f> 0 between 
the planes is 180 degrees the slit-in-plane problem results. The solu¬ 
tions for this type of problem will not be carried through here but 
will be left as special problems [2(a) and 2(b)] at the end of this 
section. In this second method it is evident that uniform cylindrical 
waves will be excited, so expressions for H z similar to eqs. (41) and (42) 
will be expected. The input voltage between the edges at p = a will be 
V— - (f) 0 a£^(a), and then it must be remembered that for the slit- 
in-plane problem the admittances of regions (1) and (2) will be in 
parallel. For the slit in the conducting plane the voltage V can be 
evaluated in terms of the incident fields in the following way: If 
there were no slit, the current per meter width in the conducting 
planes would be J 3 = 2 H° where H° is the magnetic field strength of 
the (normally) incident wave. With the slit in the screen the total 
conduction current at the edge of the slit is zero, so the induced 
voltage (due to charge concentrations at the edge of the slit) must be 
just sufficient to produce a current per meter, J P , which is equal and 
opposite to J s = 2 H*. Therefore Fy sUt = —2H*. 

*For true complementarity the wire should be a fiat strip, but for thin wires, 
and using the appropriate equivalent radius (a —d/4, where d is the strip width), 
the difference between flat strip and round wire is inconsequential. 
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Figure 14-10* (a) A “wedge” transmission line that supports 
uniform cylindrical waves. ( [b ) Diffraction through a narrow 
slit in an infinite conducting plane. 


Problem 2(a) Using the methods of secs. 13.16 to 13.18, use the results 
of sec. 14.10 to write the expressions for the fields and admittance of an 
infinitely long thin slot of width d in a conducting plane when a plane wave 
field E °, H° is incident normally on the plane. 

Problem 2(b) Solve the infinitely long slit directly as a boundary value 
problem and compare the result with that for the infinitely long wire to 
verify (the extended) Babinet’s principle in this case. 

14.11 The Cylindrical Antenna Problem. The methods considered 
earlier in this chapter for the calculation of antenna impedance in¬ 
volved making an estimate of the current distribution, and substituting 
this estimate into an integral formula. Except for very thin antennas 
there is considerable uncertainty as to the accuracy of the assumed 
current distribution; for this reason it is desirable to look for more 
precise methods of calculating antenna impedance. The purpose of 
this sections to describe three important methods of solution that 
have been.applied to the antenna problem. In a later section one of 
these methods will be considered in detail. 

Any solution of the antenna problem will of course have Maxwell’s 
equations as a starting point. In fact, the problem is essentially one 
of solving Maxwell’s equations subject to the boundary conditions 
imposed by the antenna and the source. For the simple center-fed 
cylindrical antenna this turns out to be a surprisingly difficult problem. 
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Three general methods of attack have been used. The first of these 
methods (historically) treats the problem as a boundary-value problem. 
The second method sets up the problem as that of finding the solu¬ 
tion of an integral equation for the current. The third method treats 
the antenna as an open-ended wave guide or electromagnetic horn. 

{a) As a Boundary-value Problem. For certain symmetrical antenna 
shapes (e.g., the ellipsoid or prolate spheroid) it is possible to solve 
for the free oscillations or natural modes, and so determine the proper 
frequencies and corresponding damping factors. This problem was 
worked out many years ago by Abraham* for very thin ellipsoids and 
later by Brillouinf for prolate spheroids of any eccentricity. When the 
antenna is excited or fed, the solution is given in terms of an infinite 
series of the free-oscillation modes with coefficients chosen so as to 
satisfy the force function. Page and Adams,t Ryder,§ Stratton 1 '! and 
Chu° are among those who have worked on this problem. This 
methbd has the advantage of yielding very reliable results, but is 
restricted to a relatively few shapes, among which, unfortunate¬ 
ly, the cylinder is not included. There are two main disadvantages 
of the method. First, although the method is useful near resonance, 
for lengths considerably different from the resonant length the series 
converge very slowly so that an excessive amount of labor is involved 
in obtaining numerical answers. Second, actual antennas generally are 
not prolate spheroids, but have various shapes, the circular cylinder 
being most common. About the best that can be done in obtaining a 
solution for the actual antenna by this method is to assume that the 
solution for an “equivalent” thin prolate spheroid will hold approxi¬ 
mately* for the cylindrical antenna. The troublesome question of just 
what size of prolate spheroid is “equivalent” to a cylinder prevents 
this method from being as useful as it might otherwise be. An excel¬ 
lent summary and comparison of the work of different writers using 
this and other methods is contained in an article by Brillouin./ 

C b ) Integral Equation Solution. Hallen# has used a different approach 

*Max Abraham, Ann. Physik, 66 , 435 (1898): Math. Ann., 52 , 81 (1899). 

|L. Brillouin, Propagation de V Electricite , Hermann, Paris, 1904, Vol. 1. 

|L. Page and N. I. Adams, Phys. Rev., 53, 819 (1938). 

gRobert M. Ryder, J. Applied Phys., 13, 327 (1942). 

IIJ. A. Stratton, Proc Nat. Acad. Science, 21 , 51 (317) 1935. 

°J. A. Stratton and L. J. Chu, J. App. Phys., 19 , 236 (1941). 

/L. Brillouin, “Antennae for Ultrahigh Frequencies,” Elec. Comm., 21 , No. 4, p. 
257 (1944); and 22 , No. 1, p. 11 (1944). 

#Erik Hallen,” Theoretical Investigations into the Transmitting and Receiving 
Qualities of Antennae, “ Nova Acta Upsal 11 , 4, (1938); “Further Investigations into 
the Receiving Qualities of Antennae; The Absorption of Transient Unperiodic 
Radiation,” Arsskrift, Upsala, No. 4, (1939). 
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to the antenna problem. Starting with an arbitrary current distribution, 
general expressions for the field are obtained by the use of retarded 
potentials. Application of the boundary conditions at the surface of 
the antenna then leads to an integral equation for the current. Thus, 
instead of a set of partial differential equations, it is now an integral 



Figure 14-11. Antenna resistance according to Hallen. Resistance is shown as a func¬ 
tion of lizH/X for various ratios of H/a, half length to radius, for monopoles (end- 
driven) and dipoles (center-driven). 
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Figure 14-12. Antenna reactance according to Hallen (see legend for Fig. 14-11). 


equation that must be solved. The method is general and applicable 
to antennas of different shapes, but the accurate evaluation of the 
resulting expressions is very difficult. Hallen succeeded in reducing 
the integrals to ordinary sine and cosine integrals, and iterated sine 
and cosine integrals, whose values were then tabulated for arguments 
from 0 to 7. From these tables admittance and impedance diagrams 
were constructed for cylindrical antennas over a wide range of antenna 
dimensions. The impedance diagrams showing antenna resistance and 
reactance separately, are reproduced in Figs. 14-11 and 14-12. In these 
curves, resistance and reactance are shown as a function of antenna length 
(in radians or wavelengths) for various ratios of half-length to radius. 
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Unfortunately space does not permit an adequate treatment of the 
integral equation approach in an engineering text of this scope. Dis¬ 
cussions of the method can be found in the article by Bowkamp and 
the books by Aharoni, King, Kraus, and Schelkunoff, listed at the 
end of the chapter. The advanced student interested in this topic 
should refer to the original papers referenced in these books. By far 
the most comprehensive treatment of antennas using the integral 
equation approach is contained in the book by R. W. P. King which 
includes several score tables and graphs useful in antenna design. 

(i c ) The Antenna as a Wave Guide or Electric Horn. An entirely different 
attack on the antenna problem has been made by Schelkunoff, who 
treats the antenna as an open-ended wave guide or electric horn. In 
contrast to the usual approach used in boundary-value problems, where 
a solution is sought in terms of the natural modes or oscillations of 
the system, Schelkunoff solves the problem in terms of waves transmit¬ 
ted along the antenna. This corresponds to the engineering solution 
of the transmission-line problem in terms of initial and reflected waves, 
as against the alternative method of solution in terms of natural 
oscillations on a section of line. The method uses familiar transmis¬ 
sion-line and wave-guide theories, and is an approach which the en¬ 
gineer finds quite satisfying. Because it represents an important appli¬ 
cation of concepts developed in earlier chapters, this method will be 
considered in detail. First, however, it will be necessary to give some 
consideration to spherical waves. 

14*12 Spherical Waves* For propagation in a homogeneous medium 
having constants /£, e, and a the scalar wave equation is 

V 2 K = 7 2 K (14-51) 


where 7 = V jcop{cr + j'gx) 

In spherical co-ordinates (51) becomes 


±JL 

r dr 



+ 


1 _ 3 _ 

r sin 0 30 



+ 


1_ (TV_ __ 2y 

r 2 sin 2 6 3<f> 2 ^ 


(14-51a) 


Although in general the propagation constant 7 may be complex, for 
dissipationless media a = 0 and 7 s reduces to —<o 2 pe. Separating eq. 
(51a) by letting 

V - R(r)P{d)<5>(4>) 
results in the three equations 



(14-52) 


d 2 <5> 

d<f> 2 


— 


(14-53) 
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cPP 

dd 2 


+‘° tf ’§+ 


6 2 


9 \ 

sin 2 (9/ 


P=0 


(14-54) 


where the constants b 2 and —m 2 may be real or complex. When m is 
an integer, is periodic with a period 2?r. 

Equation (54) is the associated Legendre equation. When b 2 is real 
and has the form b 2 = n(n + 1), eq. (54) may be written 


n os d z P 0 </P, 
il - x ' ) d?- lx Tx + 


n(n + 1) — 


m- 


P= 0 (14-55) 


where 


x = cos 9 


1 — x 2 = sin 2 0 


£ 

dd 



For those problems in which there is no variation with cj>, the 
constant m in eq. (53) is zero, and for these cases eq. (55) becomes 


I 


(l-x 2 )£l-2x d £+n(n+\)P=0 


(14-56) 


which is the ordinary Legendre equation. 

For nonintegral values of n the solutions of (56) are given by the 
functions P n ( cos#) and P n ( — cos0), where 

f,(cos<) =,! <- .(4) 04-57) 

For integral values of n , expression (57) reduces to the Legendre 
polynomials and P n (cos 9) and P n (— cos Q) are no longer linearly inde¬ 
pendent. Under these circumstances it is convenient to use P^cos 0) 
(where n is a positive integer) for one solution and £}„(cos 9) for the 
other, where the Q n functions are defined by 

fi„( COS 6) = P„(cos 6) log cot 4 — ~ — (14-58) 

Z 3=1 S 

The Q functions become infinite at 9 = 0 and 9 = n 9 and so can 
be used to represent physically realizable fields only when the 0 — it 
axis is excluded from the region being considered. 

When m is not equal to zero, the associated Legendre equation 
must be considered. For integral values of n its solutions are P™ (cos 9) 

and £?n(cos 0) where 

P-(cos 9) = 

££(cos 9) = 

For the first few values of n, the Legendre and associated Legendre 
polynomials represented by (7) and (9) are, 


(-irsin reqfissm 

K } d {cos 6) m 

(- l) m sin m 9 
v ' d cos BY 1 


(14-59) 

(14-60) 
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P 0 (cos 8) = 1 

i^cos 6) = cos 9 

P 2 {cos 8) = -£(3 cos 2 (9—1) 

E 3 (cos 8) = K5 cos 3 8 — 3 cos 8) 

P 4 (cos 8) = ^-(35 cos 4 8 — 30 cos 2 8 + 3) 

P[(cos 8) = — sin 8 

P \(cos 8) = —3 sin 8 cos 8 

P|(cos 9) = 3 sin 2 (9 

/^(cos 0) = —§ sin #(5 cos 2 0 — 1 ) 

/^(cos (9) = 15 sin 2 8 cos 8 

Considering now the solutions to eq. (52) for R , this equation may 
be written as 

r *4LR + 2r^ ~(y 2 r 2 +b 2 )R = 0 (14-61) 

This equation is slightly different from the ordinary Bessel equation 
(62) or the modified Bessel equation (63) with which it should be 
compared. 

Ordinary Bessel z 2 + z ~ + (z 2 — v 2 ) w = 0 (14-62) 

Modified Bessel z 2 + z ^ — (z 2 + i> 2 ) w — 0 (14-63) 

Equation (61) can be reduced to a standard form by suitable change 
of variable. Let 


w = rR or R = — 
r 


Then 


dR _ 1 dw __ w 
dr r dr r 2 


cPR _ _ 1 _ <Pw _ dw , 2w 

~dF ~ T~dF r 2 dF^l* 


and eq. (61) becomes 



(14-64) 


Now put b 2 = n{n + 1) as in the Legendre equations and let z = <y r. 
Then (64) becomes 


cPw 

~d? 


i + + ! ) 

z 2 


w = 0 


(14-65) 


Solutions to this equation are denoted by fc n (z) and / n (z) where 


K n (z) = e" S 


(ft ± p)l 
J op\(n -p)\{2zy 


(14-66) 



§ 14.12 


Impedance 


571 


In(z) = 


''* y (- iy(n +/>)! , / _ n « + i y jn + p)\ 

L P =o p\{n - p)\{2zy ^ K ’ P =op!(n - />)!( 2 z)»J 


(14-67) 


For the first few values of n these are 

K 0 (z) — e~ z I 0 (z) = sinh z 

R x (z) = e~ z ^1 + h{?) — cosh z 


sinh z 


K 2 {z) = e~ z ^1 + -j- + 4-^ I 2 (z) — | l + p-jsinh z — A cosh 


In general the propagation constant 7 of eq. (61) is complex. For 
the particular, but important, practical case where the attenuation 
factor a is zero, 7 is a pure imaginary equal to jf 3, and eq. (61) 
becomes 

, ,- 2 ^ + 2 r^ + (/3V-6 2 ) J R = 0 (14-68) 


which should be compared with the ordinary Bessel equation (62). 
Reducing ( 68 ) in the same manner that (61) was reduced, but letting 
z — fir, there results 


d 2 w 
dz 2 


, n(n + 1 )" 
z 2 


w = 0 


(14-69) 


instead of (65). 

Solutions of this equation are denoted by J n (z) and N n {z), where 
for the first few values of n , these functions* are 

Uz) = sin z 

i, x sin z 
Ji(z) = ——-cos z 


N q (z) = — cos z 
2V,(z) = -sin z - ~ 


Uz) — — 1 ^ sin z —cos z 2V 2 (z) = (l —■ p) cos z —p sin z 

The / and ^ functions are simply related to the J and N functions 
by 


Ujz) - r +i Uz) 

K„(jz) = r n - l [Uz) - jN n {z )] (14-70) 

In addition the functions J, JV, /, K , are related to the ordinary 
and modified Bessel functions, /, 7/, /, K . Indeed they are just the 


*The / and M functions used are as defined by Schelkunoff, Electromagnetic 
Waves , D. Van Nostrand Co., Inc., Princeton, N. J., 1943, p. 51. They are just z times 
the Spherical Bessel Functions as defined by Morse, Vibration and Sound , McGraw- 
Hill Book Company, New York, 1936, p. 246. 
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half-integral orders of the corresponding ordinary and modified Bessel 
functions. The relations are: 


h{z) ~ 




Uz) = 



K n (z) = 




(14-71) 


For propagation in a lossless medium, the propagation constant y will 
be a pure imaginary equal to jfi. Under these conditions (imaginary 
arguments), the I and K functions reduce to half-order Bessel and 
Hankel functions as follows: 

LUfir) = j n+l Jnifir) 

Kn(j/3r) = j~ n ~' [U/3r) - jN n (/3r)} 

= J- n -' [J^m - jW (n+J) (/3r)] 

= j- n ~ l V? (14-72) 


The first of these functions represents a spherical standing wave and 
is suitable for regions that include the origin. The second function 
represents an outward-traveling spherical wave, and is appropriate for 
regions that may extend to infinity, but do not include the origin. 
Applications of these functions* will be made in the following sec¬ 
tions. 

14*13 Spherical Waves and the Biconical Antenna* Schelkunoff 
has obtained a solution to the antenna problem by treating the antenna 
as an open-ended wave guide, or electromagnetic horn. To accomplish 
this, he has started with a biconical antenna as a prototype for which 
a solution can be obtained from Maxwell’s equations. In the process, 
it is demonstrated that for the biconical antenna the input impedance 
depends only on the principal wave. Therefore, for biconical antennas, 
the input impedance can be represented exactly as the input impedance 
of a uniform transmission line, terminated in an appropriate terminal 
impedance, Two methods for calculating the terminal impedance are 
given. Then, using the solution for the biconical antenna as a guide, 
the solution for cylindrical antennas is obtained by analogy. Whereas 


*Of necessity, discussion of these functions in this section has been very brief. 
For a more thorough treatment, reference should be made to a mathematics text. An 
excellent treatment is given in S. A. Schelkunoff, Applied Mathematics for Engineers 
and Scientists, D. Van Nostrand Co., Inc., Princeton, N. J., 1948. 
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this approach necessarily involves making some approximations, the 
approximations are justifiable on the basis of the physical picture 
gained from the biconical antenna theory. 

Before investigating radiation from biconical antennas, it is desirable 
to give consideration to some of the general properties of spherical 
waves. It will be recalled that for plane waves it was found possible 
to divide the waves into transverse magnetic (TM), transverse electric 
(TE), and transverse electromagnetic (TEM) waves. For TM waves 
traveling in the z direction, H z — 0, and the divergence equation for 
H is 


dJL + d JL> = o 

8x ^ 8y 


(14-73) 


It follows that it should be possible to derive H from a stream func¬ 
tion IT^ through the relations 


» 



H y 


dn m 

dx 


(14-74) 


which satisfy (73). Since H z — 0, H m may be regarded as the magni¬ 
tude of a vector A' that is parallel to the z axis. Then eqs, (74) are 
given by 

H = V x A' 


where A' = zA z A z — II m A x — A y — 0 

Similarly for TE waves traveling in the z direction, E z = 0, and the 
divergence equation for E (in a charge-free region) is 


dE x 

dx 


+ 


dE v 

dy 


= 0 


so that, in this case, it is possible to obtain E from a stream function 
II e through the relations 


z- __ dU e 77 _ _ dn e 

3y y dx 

Since E z = 0, 11* may be regarded as the scalar magnitude of a vector 
F' that is parallel to the z axis. Then 

E = V x F' 

where F 7 = z F z F z — IT e F x — F y — 0 


Since TEM waves may be considered a special case of either TM or 
TE waves, it follows that the most general plane-wave field traveling 
in the z direction can be expressed in terms of two scalar stream 
functions A z and F z . 

The theory of spherical waves is similar to that of plane waves. 
There are TM spherical waves for which H r — 0, TE spherical waves 
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for which E T = 0, and TEM spherical waves for which both E r and 
H t are zero. For TM spherical waves, the divergence equation for H 
reduces to 

rs^ m) + w = o 

Therefore it should be possible to obtain H from a stream function 
II m through the relations 

it 1 an m 77 _ _ 1 3ll m 

8 r sin Q d<j> * r 36 

Since H r = 0, II,* may be regarded as the magnitude of a vector A' 
which* at every point is in the direction of the r co-ordinate. Then 
H is obtained from 

H = V X A' 

where A' = r A r A r = U. m A d = A# ~ 0 

In a similar manner the electric field of a spherical TE wave is 
found to be expressible in terms of a stream function F r . However, in 
dealing with biconical and cylindrical antennas, only TM (and TEM) 
spherical waves are encountered. 

Figure 14-13 shows a biconical antenna that is assumed to be ex¬ 
cited by a voltage applied across an infinitesimal gap at the apices. 


j*- H — 

•- &r z t 


( b) 

Figure 14-13. (a) Biconical antenna and ( b) its equivalent 
circuit (insofar as impedance is concerned). 

The spherical surface S divides the space about the antenna into two 
regions: region (1) is the antenna region and region (2) is the outside 
or free-space region. The conducting cones and dielectric in region (1) 
can be considered as a wave guide that is “terminated” in a second 
wave guide, consisting of region (2). Because of circular symmetry, 
currents along the cones will be radial (except at the end surfaces) 

*In general, for spherical waves, the vector K' — rA T will not be the same as 
the magnetic vector potential A. 
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and magnetic lines will be circular about the axis of the cones. That 
is, only transverse magnetic waves will be present. 

With H r = 0, the electromagnetic field about the cones can be 
completely specified in terms of a radial vector A' = r A r . Taking the 
curl of K and remembering that d/d$ — 0, the magnetic field strength 
is given by 


H+ 


1 3A r 
r 36 


(14-75) 


Then, assuming a nondissipative dielectric (<r = 0), Maxwell’s equa¬ 
tions become 


(sin OH a) = jcoer sin 8 E r 
ou 

— 0 rH 4 ,) = jcoerEt 


(14-76) 


with H r = H e = E# = 0 

Since E+ = 0, the lines of electric field strength lie in axial planes. 
Also, since there is no radial magnetic current ( H r = 0), (V x E ) r 
= 0 and the transverse electric field strength can be expressed as the 
gradient of a scalar potential V. That is 


Ee = 


i_dv 

r 36 


(14-77) 


The stream function or potential A r , from which the fields are to 
be obtained through (75) and (76), can be determined from the follow¬ 
ing considerations. For this problem, where there is no variation with 
< f >, the separation of the wave equation in spherical co-ordinates leads 
to the Legendre equation (56), sec. 14.12. In region (2), the free-space 
region, where the axis (6 — 0, tc) is included, n will be integral and 
the 6 function solution will be given in terms of the Legendre poly¬ 
nomials /^(cos (9). The Q functions cannot be used in this region 
because they become infinite at the axis. Because this region extends 
to infinity, the appropriate radial functions will be those that represent 
outward-traveling waves, that is, the K functions or the spherical 
Hankel functions. Therefore, the expression for vector potential in this 
region must be of the form 

A r (r, 6) - K n (jpr) P n { cos 6) (14-78) 

From (78), (75), and (76) it follows that 

rH+= - K n (j/3r)P l n (cosd ) 
rE, = v K n f (j/3r)P' n (cos8) 


(14-79) 

(14-80) 
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Expressions for E r can be obtained from the three parts of eq. (76). 
Equating these expressions and using (75) the following equation in 
A r is obtained: 



+ co 2 per 1 A t + 


i a 

sin 0 36 



(14-81) 


This equation is sometimes called a wave equation, although it is 
different from eq. (51a), which is the wave equation in spherical co¬ 
ordinates. Separating, and letting the separation constant be n(n + 1) 
as before, results in 


3 2 A r __ I" n{n + 1) 
dr 2 ~ [ ' 2 


co 2 fie A t 


(14-82) 


iHTw( !in9 %r) = -»(” + D^ (14-83) 

Combining (83), (76), and (75) gives an expression for E r directly in 
terms of A r : 

joyer 2 E r = n(n + 1) A r 

= n(n + 1) KJjfir) P n (cos 8 ) (14-84) 

In this region [region (2)], when n = 0 all the fields vanish, so the 
lowest-order or principal wave is given by n — 1, for which 

rH, = e-^{l+j^jsmd 

rE, = v e- )Sr (\ + Tg^ - sin Q > (14-85) 

When multiplied by the factor jfil dl/Ax, expressions (85) are exactly 
the expressions obtained in chap. 10 for the fields due to a current 
element. Thus it is seen that the simple current element generates fields 
that are representable by the lowest-order transverse magnetic spherical 
waves. 

A sketch of the first- and second-order transverse magnetic spherical 
waves is shown in Fig. 14-14. These are for the waves in free space. 

In the presence of two coaxial conductors [that is, in the antenna 
region (2)],.the first- and second-order TM waves appear as shown in 
Figs. 14-15(6) and 14-15(c). However, in this latter region the zero- 
order TM wave, that is the TEM wave, can and does exist. Its electric- 
field lines are shown in Fig. 14-15(tf). 

The radial impedance for outgoing waves is defined by 



Figure 14-15. Electric-field lines for zero-, first-, and second-order TM spherical 
waves between coaxial cones. The zero-order wave is the TEM wave. 


For the first-order TM wave of eqs. (85), it is 

7 * _ vKl _ h 

r 1 + /9r(l + /3 V) 


(14-86) 


We note, in passing, that at large distances this impedance approaches 
7 ], the intrinsic impedance. On the other hand, for small values of /*, 
the radial impedance becomes a small resistance in series with a large 
capacitive reactance of value — j/coer. 

Within the antenna region there will exist a TEM wave as well 
as the higher-order waves. In general, to meet the boundary conditions, 
n will be nonintegral in this region and the 8 function solution will be 
given in terms of P functions in the form 


AP n (— cos 8) + BP n {cos 8 ) 

An exception to this occurs for n = 0, which gives the TEM wave. 
For n = 0, P n (— cos 8 ) and P n (cos 8 ) are not independent solutions, and 
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the Q function solution must be added. (The Q function is permissible 
in this region because the axis is excluded.) Then, for n — 0, the 
solution for A r will have the form 

A r — K 0 (jfir) [aP 0 (cos 8 ) + 6g 0 (cos 0)] 




a + b In cot 


(14-87) 


Then 


rE * 


rH t 


bV e -)Br 

sin d 

• — e~ iBr 


sin 8 
E r = 0 


(14-88) 


The electric-field distribution for the TEM wave is seen to be the 
same as that obtained as a solution to Laplace’s equation in the static 
case. 

For the higher-order waves between the cones, the solution will be 
of the form 


A T (r , 6 ) — [aJ n (fir) + bN n (/3r)][a 2 P n (— cos 8 ) + b 2 P n (cos (9)] (14-89) 

where in general n will have nonintegral values. Now recalling from 
(84) that E t is proportional to A r , and applying the boundary condi¬ 
tions E r = 0 at 8 and at 8 = 7 t — it follows that the second 
bracketed term of (89), containing the 8 function, must be zero at 
8 = ^ and at 8 = it — ijr. Applying these conditions, it is found that 

b 2 — — a 2 


and 


P„(cos t/t) = P n (— cos (14-90) 

Equation (90) may be solved for n. When this is done there results,* 
for small-cone angles, 


n ^ ( 2 m + 1) +-y 

^(2m+ l) + ^ = (2m+ 1) + A (14-91) 


where m is an integer, A — 120/Z 0 , and Z 0 % 120 In 2/^ is the char¬ 
acteristic impedance of the biconical antenna. As Z 0 approaches infinity 

*S. A. Schelkunoff, Electromagnetic Waves , p. 446. 
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(that is, as the cone angle approaches zero) n approaches an integral 
value, and the transmission modes approach the corresponding free- 
space modes. 

The appropriate radial functions in the antenna region are the 
spherical Bessel function J n and N n , which represent standing waves. 
However, the N n cannot be used as they become infinite at the origin, 
which is not excluded. Except for the zero order, the K n functions 
are ruled out for the same reason. It follows that the higher-order 
waves (n > 0) in the antenna region will be given by 

A r = aJ n (ftr) T{&) 

rHj, = -aUM^p- 

l (14-92) 

rE, = -jarjJUM^p 

} jcoer 2 E r — n(n + 1) aJ n ($r) T{6 ), 

where T(d) = [P n (cos 6 ) - P n (- cos 6 )] (14-93) 

The current in the cones is proportional to rH^ evaluated at the 
surface, so the current associated with the higher-order waves can be 
obtained from the second of eqs. (92). Now for n > 0, and for r —> 0, 
J n (r) varies as r n which, of course, goes to zero as r —► 0. Therefore 
the current at the input I n (0 ), associated with the higher-order waves 
is zero. Also the voltage caused by the higher-order waves and taken 
along any meridian between the cones, can also be shown to be zero, 
for 

K n (r)= \*~*rE'dB 

J ib 

= -jr,aJ' n m [T{n - f) - This)] = 0 (14-94) 

for n > 0. Therefore the input voltage and current, and hence the 
input impedance, depend only on the principal or TEM wave. This is a 
very important result, because it makes it possible, without approx¬ 
imation, to treat the input impedance of the biconical antenna as 
the input impedance of a transmission line that is terminated in an 
appropriate impedance. 

14.14 Equivalent Transmission-line and Terminal Impedance. 

Considering the biconical antenna as a transmission line, the voltage 
and current at a distance r from the origin or input terminals will be 

V(r) = V 0 (r) 

I(r) = h(r) + l(r) (14-95) 

where V 0 and I 0 are the principal mode (n = 0) values, and / is the 
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“complementary” current due to all the higher-order waves. As has 
already been noted, 7(0) = 0. Then, in terms of principal mode values, 
the lossless transmission-line equations may be written (Fig. 14-13) 

Vo(r) = V 0 (H) cos /3 (H — r) + jZ 0 I 0 (H) sin fi(H — r) 

/„(/•) = I„(H ) cos -r)+j sin /3(H - r) 

where Z 0 = 120 In cot ^/2 is the characteristic impedance of the 
coaxial cones. The input impedance will be 


7 __ K 0 (0) _ 7 

Zi ~~U 5) ~ Zc 


KoC H) cos f3H + jZ 0 I 0 (H) sin /3H ' 
ZqI q (H) cos /3H + jV 0 (H) sin /3H_ 


The equivalent terminal impedance Z t will be 


7 = Vo (H) VjH) 

4 I 0 (H) 1(H) - 1(H) 


The equivalent terminal admittance is 

y - 1 _ 1(H) 1(H) _ Y r 

1 Z t V(H) V(H) caps ^ 


(14-96) 


(14-97) 


(14-98) 


The current 1(H) is the total current on the antenna at r = H and is, 
therefore, just the current flow out of and into the spherical caps 
that are assumed to close the ends of the antenna. That is, 1(H) is 
the current flow through the capacitance between the caps, and 1(H)/ 
V(H) is the admittance between the two caps. For thin antennas, the 
capacitance between caps is very small and 1(H) is approximately 
zero. Then 

Io(H) + 1(H) = 1(H) ** 0 

or I 0 (H)*z-I(H) (14-99) 


and 

also 


y = !AM} ~~ - M) 
‘ V(H) ~~ V(H) 

7 _ V(H) _ _ V(H) 
^ h{H) ~~ 1(H) 


In general, the terminal admittance consists of two admittances in 
parallel as diagrammed in Fig. 14-16. The admittance, 7 caps , between 
caps of small radius is approximately just the capacitive susceptance 
jcoC , where C is the electrostatic capacitance between the caps. This 
may be obtained by calculating the capacitance between the outside 
surfaces of two thin disks having radii very much smaller than their 
separation. The capacitance of an isolated thin circular disk treated 
as a very flat spheroid is found* to be 2 Qa/97t pF where a is the 


*J. H. Jeans, Electricity and Magnetism , Cambridge Press, London, 1946, p. 249- 
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H 



HH) 

V{H) 


Figure 14-16. The terminal admittance Y t (Y t = Yi — Y 
and Z< = 1 /Y t ). 


radius in centimeters, so the admittance between caps will be 


I 



mhos 


where a is now the radius of the circular disks in meters. 

The other part of the terminal admittance, Y' = — }(H)/V(H\ is 
calculated from the higher-order current waves at r — H. When the 
terminal impedance Z t has been determined the input impedance will 
be given by 


7 7 (Zt cos $H + jZ 0 sin /3 H\ 

1 ~ 0 \Zo COS W + jZ t sin pH) 


(14-100) 


Schelkunoff has carried out the evaluation of Y\ and hence Z iy in 
the following manner. Since the detailed calculations are lengthy, only 
an outline of the method is given here. 

First, expressions for E r in the antenna region and in the outside 
or free-space region are written and compared. For the antenna region, 
the resultant field due to the higher-order waves can be expressed in 
the form 


btjcoerEr = I<i» TJ8) (14-101) 

where T n (9) is defined by (93) and where n is nonintegral, being defined 
by (91). Making use of (84) and (75), the corresponding expression for 
the complementary current will be 


/(/*) = Ixr sin 

a n J n (/3r) 


- 2 


n(n + 1 


sin 'ifr 


dT n {jr) 

d'tfr 


(14-102) 


As ^ —> 0, Z Q 
so that 


oo, and n —► 2m + 1 + A, 

dT n ( jr) _ A „ 120 

d'yjr ^ Z oft 


Then, for thin antennas. 
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'I(r\ - 120 v aJjlM 

Z 0 it n(n + 


(14-103) 


In the outside region, E r can be expressed in spherical Hankel 
functions by 

2 reject E r = S e J (14-104) 

KnUftH) 

where n is integral. Equating the expressions (104) and (101) for E r 
at the boundary surface r = H results in 


S a n T„(d) = 2 bfiPn(cos d) 

n n = 1 

Now, as ^ > 0 and Z c —> oo, then n —* 2m + 1, and T n (B) —* P 2 7 n+i(cos 0). 
Therefore, in the limit, for infinitely thin antennas, a n = b 2m +i = n. 
Then for thin antennas, it is permissible to use the b 2m+l terms as first 
approximations for the a n terms. The expression for the complementary 
current on thin antennas is then given by 


ft r \ _ _y __ 

^ Z c m=o(2m + 1 )(m + 1) J 2m+l 08tf) 


(14-105) 


The 6 2m +i terms can be evaluated by again considering the limiting 
case as f-^0 and Z 0 —► oo. For very thin antennas the current distri¬ 
bution approaches the sinusoidal distribution of the principal wave 


with 


I(r) = /o sin fi(H - r) 
r _ jVlH ) 

/o zT~ 


(14-106) 


For this distribution the fields have been calculated in chap. 10. By 
expanding in terms of Legendre polynomials the distant field expression 
for E r obtained from chap. 10 and comparing it with eq. (104), the b 
coefficients can be evaluated. 

The result is: 

& 2 m + i = —j/o(4m + 3) — jftfm+iifiH)] 

Inserting this in (105) and combining with (104) gives for the com¬ 
plementary current 


/M = - 60KgCtf) y 4m + 3 

Z\ m.=o(m -j- 1 )(2/77 4 * 1) 

[J 2m+1 (J3H) — jiV 2m +i(/3H)] J 2m+1 (/Sr) (14-107) 

Then the terminal admittance is 

Y ~~ _ TO _ ZJtfiH) _ KJL/3H)+jXJifiH) 

^ V(H) Z\ Z\ 


(14-108) 
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wh- = 60 Tmhr) Jl ' um (14409) 

** = - 60 l, c^+ - T)(L - +i) J -'tf"> 

The terminal impedance Z t is 


Z t = z 2 

ZJtfH) 


(14-108a) 


Z a (/3Z7) is the inverse of the terminal impedance. The input im¬ 
pedance of a quarter-wave section of lossless line having a characteristic 
impedance Z 0 and terminated in Z a {fiH) is Z t . 

Although it is possible to calculate Z a directly from expressions 
(109), the series converge slowly and are not useful for computations 
except when @H is small. Schelkunoff has circumvented this difficulty 
by providing an ingenious alternative method for calculating Z a . Using 
(100), the input-impedance can be expressed in terms of Z a by 


7 7 Z a sin fiH — /Z 0 cos /377 

' ” 0 Z 0 sin /3H - jZ a cos /3H 

~ Zq — jZ 0 cot fiH 
1 — jZJZ 0 cot /3H 


As Z 0 —> oo, 


z t ^ (Z a - yZo cot (l + jb cot £ff) 

z a 


z 4 


sia 2 


— jZ 0 cot £// 


(14-110) 


(14-110a) 


and, since the input current approaches 7 0 sin /3Z7, the input power 
(complex) becomes 

\ Z t II sin 2 j3H = | [Z a — yZ 0 sin ^8/7 cos /3Z7] 7? 

However, as Z 0 —► oo, the current distribution approaches the sinusoid, 
and the complex input power can be obtained by the induced-emf 
method of secs. 14.05 and 14.06. The real part, which gives the radia¬ 
tion resistance, will be independent of the antenna shape (for thin 
antennas) and will, therefore, be the same as that already calculated 
for the infinitely thin cylindrical antenna. However, the reactive part, 
which determines the reactance, will be a function of shape even for 
thin antennas, and so must be calculated for conical antennas (with 
0). Using this approach, Schelkunoff obtains the following results 



where 


RJJ3H) = 60(7 + In 20H - Ci 20H) 

+ 30(7 + In 0H - 2 Ci 20H + Ci 40H) cos 2/9// 

+ 30(Si 40H - 2 Si 2/9//) sin 20H 
X a (0H) = 60 Si 20H + 30(Ci 40H - In 0H - 7 ) sin 20H 
- 30 Si 40H cos 2/3/f 
7 = 0.5772 (Euler’s constant) 

These expressions are plotted in Fig. 14-17. The input impedance is 
then obtained from 


•7 _ Z a sin /9// — jZ„ cos /9/Z 
‘ 0 Z„ sin 0H - jZ a cos 0H 



(14-110) 


Figure 14-17. Resistive and reactive components of 
the inverse terminal impedance Z a ~ R a + jXa. 


It is important to note that, although the approximate relation 
(110a) was used in calculating Z a , it is necessary to use the exact 
expression (110) for calculating Z*. Use of the approximate expression 
here would lead to the same answer as is given by the induced-emf 
method. 

The final result of this attack on the problem is seen to be a 
surprisingly simple one. The input impedance of the conical antenna 
is calculated as the input impedance of a lossless transmission line 
which is terminated by an impedance Z t . This terminal impedance is 
just the inverse of an impedance Z a , which can be calculated by the 
induced-emf method. 

The input impedance of hollow conical antennas is shown in Fig. 
14-18 for various values of Z 0 . The term hollow refers to the fact 
that the cap capacitance has not been taken into account. For thin 
antennas, the cap capacitance has negligible effect, but for thicker 
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0 H in radians 


Figure 14-18. The input impedance of hollow conical 
antennas for various values of Z 0 as given by Schel- 
kunoff. 


antennas it must be accounted for. This can be done by adding the 
admittance 7 caps to the calculated value of Y t ^ Y'. With this correc¬ 
tion (108) becomes 


Y - ) , , 

It - 72 - r J 


M&p. 

. Zo 


T" 00C 


(14-111) 


Two effects of considerable practical importance can be observed in 
the curves of Fig. 14-18. The first of these is that the fatter antennas 
(lower Z 0 ) have very much smaller impedance variations with fre¬ 
quency, so that a fat cone is inherently a wide-band antenna. The second 
effect is the shortening of the resonant length for the thicker antennas. 
For very thin antennas resonance occurs for lengths just slightly 
shorter than multiples of \/4, but for thicker antennas the shortening 
effect becomes quite large, especially for first resonance. The cap capac¬ 
itance acts to decrease the resonant lengths still further. 

1 4*1 5 Impedance of Cylindrical Antennas* The analysis for conical 
antennas can be extended to cover antennas of other shapes in the 
following manner. If the transverse dimensions of the antenna are 
small, the waves along it will be nearly spherical, whatever its shape. 
Then such antennas can be treated as nonuniform transmission lines 





Input reactance - Ohms Input resistance 
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whose inductances and capacitances per unit length and characteristic 
impedance vary along the line. The terminating impedance will be as 
calculated from (108a), except that an “average” characteristic impedance 
must be used for Z 0 . From the theory of nonuniform transmission 
lines, Schelkunoff has obtained for the input impedance of antennas 


Z t = Z 0 (av) 


\R a sin pH + j[(X a - N ) sin pH - (Z 0 (av) - M) cos PH]] 
.[(Zo(av) + M) sin pH + (X a + N ) cos pH] - jR a cos pH. 


(14-112) 


where, for cylindrical* dipoles of radius a and half-length H, 
M = 60(ln 2 pH - Ci 2/9 H + 7 - 1 + cos 2 pH) 

N = 60(Si 2fiH - sin 2 pH) 


Z 0 (av) = 120 


("¥-*) 


In Fig. 14-19 are shown curves for the input resistance and reactance 
of hollow cylindrical antennas for various values of Z 0 (av). Z 0 (av) 
for cylindrical antennas of half-length H is plotted in Fig. 14-20 as 



Figure 14-20. Average characteristic impedance, 
Z Q (av), for cylindrical antennas. 


a function of the ratio H/a. For a monopole antenna Z 0 (av) has just 
one-half the value it has for the corresponding dipole. The input 
resistance and reactance of a monopole antenna are just one-half those 
of the corresponding dipole antenna that has the same H/a . Therefore, 
the input impedance of monopole antennas can be obtained from Fig. 

*For the M and N functions for antennas of other shapes the reader should 
refer to S. A. Schelkunoff, Electromagnetic Waves, D. Van Nostrand Co. 7 Inc., 
Princeton, N. J., 1943, p. 463. 



Impeaance 


§ 14.15 





Z 0 (av) Ohms 


Figure 14-21, Resonant impedance of hollow cylindrical 
antennas as a function of Z 0 (av) at second resonance 
(antiresonance). 

14-19 by dividing the ordinates and Z 0 (av) by 2. Figure 14-21 shows 
the resonant impedance of hollow cylindrical dipole antennas at the 
second-resonance points. Also shown are some experimental values 
(circles) obtained from various sources. The agreement between theory 
and experimental results at this critical point is seen to be quite 
good. Agreement at other points will, in general, be found to be even 
closer. 

SchelkunofFs antenna theory is important for two reasons. First, 
it has provided reasonably accurate numerical answers over a fairly 
wide range of antenna dimensions. Second, the method itself is an 
excellent example of how and when to make approximations. In en¬ 
gineering, most problems are not amenable to exact solutions. Therefore 
the ability to make approximations can spell the difference between 
success and failure in the solution of the problem. 

Problem 3. Using Schelkunoff’s method, calculate the input impedance of 
a uniform cross section tower antenna at 1300 kHz. The tower is 400 ft high 
and 6^ ft square. The base-insulator capacitance is 30 pf. 

Problem 4. The antenna for a portable test transmitter consists of a tubular 
steel mast 2 in. in diameter and 50 ft high. The base insulator has an effec¬ 
tive shunting capacitance of 15 pf. (a) If a test survey is to be made at 650 
kHz, determine (1) the radiation resistance, (2) the antenna reactance, (3) the 
input impedance, including the effect of the base capacitance, (b) For 1 amp 
through an ammeter in the lead to the antenna, what is the current in the 
mast near the base? (c) For an ammeter reading of 1 amp, what is the field 
strength at 1 mile and how much power is radiated? 
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14.16 Circuit Relations and Field Theory. In the first part of this 
chapter the relations in field theory have been used to develop expres¬ 
sion for the impedance of a straight wire in two rather special cases. 
In one case the wire was of finite length and was assumed to carry 
a sinusoidally distributed current. The impedance was calculated at 
the terminals. In the other case the wire was assumed infinitely long 
with a uniform current distribution, and the impedance per unit length 
was calculated. It is apparent that it should be possible, in a some¬ 
what similar manner, to derive an expression for the impedance at 
the terminals of a wire circuit of any configuration. This is indeed 
the case, and it will be shown that the so-called circuit relations, by 
means of which the engineer solves for the current in a circuit in 
terms of the applied voltage and the circuit impedances, are derivable 
from field theory as special and approximate cases. Before carrying 
through such a derivation, it is desirable to re-examine circuit con¬ 
cepts for a simple closed circuit, to see how these concepts follow 
directly from the integral statement of Maxwell’s equations. 

Circuit Relations and Maxwell's Equations in the Integral Form. 
Consider the Maxwell emf equation (Faraday’s law) applied to the 
simple circuit of Fig. 14-22 consisting of a loop of wire with terminals 
a-b. 




- jCL>& 


(14-113) 


where E s is the component of E parallel to the wire 
and <£> is the magnetic flux through the loop. 

The first integral is taken along the wire, and the 
second integral is along a straight line joining the 
terminals. The E s along the path of integration is 
the self-induced electric field strength, produced by the 
charges and current in the circuit. The voltage V°, Figure 14-22. 

which must be applied or impressed at the terminals 
of the circuit to transfer the charges against this self-induced field, will 
be equal and opposite to the second integral. That is, 

K° = — f E s ds 

J (ad) 

Then eq. (113) can be rewritten as 

K° = — f E t ds= f E s ds + (14-114) 

J (ad) J (bca) 



Dividing through by the current /, an impedance equation is obtained. 


2 


V 0 [ E, ds 

_ Y _ _ J (lea) _ 

I I 


i ja& 
^ I 


(14-115) 
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The first term on the right-hand side is the internal impedance 
of the wire, and the second term represents the external reactance. If 
the external inductance L e is defined by O//, then eq. (115) becomes 


Z == Z t + jcoL e (14-116) 

In the d-c case (co = 0), the external reactance is zero and the 
internal impedance is the resistance of the wire. In the alternating 
case, the internal impedance Z t is complex, and consists of a resis¬ 
tance R t and an internal reactance X t = If a perfectly conducting 
wire is assumed, the first integral on the right-hand side of (114) is 
zero, and the applied voltage is equal to the external reactive voltage 
drop jco< 3> — jcoL e I. For an actual conductor the total inductance L is the 
sum of the external and internal inductances, that is L = L e + L t . In 
practice Li«CL e , so that the total inductance L is very nearly equal 
to the external inductance L e . The inductance L can be increased by 
winding the wire in the form of a coil. In this 
manner the magnetic flux per ampere is increased, 
and the same magnetic flux is caused to link several 
turns. If the inductive reactance of the coil is 
large enough so that the inductive reactances of 
the rest of the circuit may be neglected, the induc¬ 
tance is said to be “lumped.” 

If a capacitor is connected in series with the 
loop as in Fig. 14-23, the emf equation becomes 



E s ds+\ E s ds+\ E,ds+\ E s ds=-jco® (14-117) 

J (dcd) J (tfe) J (e/a) J (ad) 

The first and third terms are due to the internal impedance of the 
wire and capacitor plates. The second term is the voltage between 
the capacitor plates. This is proportional to the charge Q on the plates, 
and the ratio 



ds 


is the capacitance C of the capacitor. Q is related to the current I 
by 


Q — [idt — I 

J JCO 

so the second term of eq. (117) may be written 



The applied voltage V° is equal to the negative of the fourth integral, 
so eq. (117) becomes 
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V a = Z t I+ja<t> + 4 ^/ (14-118) 

jco C 

If the small internal reactance of the wire is lumped with the external 
inductive reactance, (118) may be written as 

V = I (r + jtaL + (14-119) 

where L is now the total or effective inductance of the circuit. This 
is the usual form of the circuit equation. 

There are several approximations and assumptions involved in 
writing eq. (119). Some of these will be evident from the manner of 
its derivation from eq. (113), but others are more obscure. They will 
be listed here and discussed in greater detail later in this section. 

(1) The current / has been assumed to have the same magnitude 
in all parts of the circuit. This means that “distributed capacitance” 
effects,* or displacement currents from one conductor to another have 
been neglected. 

(2) An inductance L has been defined for low frequencies (actually 
at co = 0) and has then used in (119) as though it were independent 
of frequency. 

(3) Retardation effects, e.g., radiation, have been neglected. 

At power frequencies, the approximations are excellent and the 
neglected quantities are indeed negligible. However, at radio frequencies 
and more especially at ultrahigh frequencies, some of the neglected 
factors become important, and the circuit approach breaks down unless 
appropriate steps are taken to make circuit concepts carry over, for 
example, by generalizing definitions. Generalized definitions for circuit 
constants can be obtained by considering the circuit as a problem in 
field theory. The direct derivation of E and H from Maxwell’s equations 
in the integral form was easily done for the closed or quasi-closed 
circuits of Figs. 14-22 and 14-23. However, for open circuits such as 
antennas, where radiation is important, it is generally simpler to obtain 
E and H indirectly through the retarded potentials A and V. It is 
instructive to use this more general field method to derive the simple 
circuit relations already considered. Such a derivation points up the 
approximations involved in the latter relations and indicates the extent 
of the errors incurred when ordinary circuit theory is used at high 
frequencies. In addition, generalized definitions can be obtained for 
the circuit “constants,” by means of which it becomes possible to 
extend the use of the circuit approach to the ultrahigh frequencies. 
14.17 Derivation of Circuit Relations from Field Theory. The 
electric circuit laws of Ohm, Faraday, and Kirchhoff were based on ex- 
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perimental observations and antedated the electromagnetic theory of 
Maxwell and Lorentz. Indeed, the theory was developed as a generaliza¬ 
tion from these simpler and more restricted laws. It is interesting, but 
not surprising, then, to find that the circuit relations are just special 
cases of the more general field relations, and that they may be developed 
from the latter when suitable approximations are made. Nevertheless, the 
importance of the simple (and approximate) circuit relations should not 
be underestimated. With these beautifully simple relations the electrical 
engineer has been enabled to design and construct electrical systems and 
circuits of amazing intricacy. Without the simplifying assumptions of 
circuit theory the vast power and communication networks of today 
would not have been possible, for the exact field solutions to many of 
the problems would have been of overwhelming complexity. 

In this section the circuit relations dealing with voltages and currents 
will be derived as special cases of electromagnetic field theory, which 
deals with charge and current densities and their associated fields. 

Consider again the simple series circuit of Fig. 14-24 for which can 
be written the circuit equation 

V° = IR +J~+ jaLI (14-120) 

The applied or impressed voltage V° is assumed to be independent of 
the resultant current I. Equation (120) can be rewritten in the form 

L 

,--, 



R 


A/W 

la) 



Figure 14-24. (a) A simple RLC circuit. 
(6) A representation suitable for the 
application of field theory. 
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V° + V = V B (14-121) 

where V = -jcoLI - / (14-122) 

is the sum of the reactive voltages across the circuit elements and 


V R = IR (14-123) 

is the net voltage left to drive the current I through the resistance R 
after the reactive voltage drops have been subtracted from the applied 
voltage. 

In field theory relations similar to (121), (122), and (123) may be written 
for electric fields and conduction current densities. Thus at the surface 
of, or within, a conductor, the conduction current density is given by 
Ohm’s law. 

— = E (14-124) 

cr 

\ 

where a is the conductivity of the conductor and E is the total electric 
field strength tangential to the surface. In general, this total E is the sum 
of an applied or impressed electric field strength E° and a “self-induced” 
or back electric field strength E' that is due to the charges and currents 
in the system. In mathematical terms, 

E = E° + E' (14-125) 


The impressed field strength E° is assumed to be independent of the 
charges and currents in the system under consideration. This would be 
the case for example if E° were the electric field of a distant antenna. In 
this circumstance, to use circuit terminology, the coupling between the 
two systems is sufficiently loose that the charges and currents in the 
second system do not affect (to any significant extent) the current flowing 
in the distant antenna. 

The “self-induced” electric field strength E' that is due to the charges 
and currents in the system under consideration may be determined from 
Maxwell’s equations, either directly or through the scalar and vector 
potentials. In terms of the potentials, 

E' = — VV — JoyA (14-126) 

where V and A are related to the charge and current densities of the 
system through 


V = 


-M- 

47te J v 



dV 


= JL f 

47r J v 



dV 


(14-127) 


Then, rewriting (125) and using (124) and (126), the field relations at the 
surface of a conductor may be written as 
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E° = — + VK+mA (14-128) 

a 

Integrating along the conducting portion of a circuit (Fig. 14-23), the 
general circuital relation is obtained, viz.: 

f E° s ds — f — ds+\ ^ -ds+\ jcoA s ds (14-129) 

J (cad) J (cad) CT J (cad) J (cad) 

Making suitable assumptions and approximations, the general rela¬ 
tion (129) can be reduced to the simple circuit equation (120). The steps 
required to derive (120) from (129) show clearly the approximations 
involved in the simple circuit equation. 

In eq. (129) the path of integration is taken along the surface of the 
conductor parallel to its axis. The expression (128) cannot be integrated 
across the capacitor gap, because there both J and a are zero and the 
first expression on the right-hand side is indeterminate. If there is no 
series capacitor in the circuit, the points c and d are coincident, and the 
integration is performed around a completely closed conducting path. For 
this case of a completely closed path the circuital relation corresponding 
to (129) would be 

j E°, ds = <j> A ds + | jcoA, ds (14-130) 

The second term on the right-hand side of (129) has dropped out because 
the gradient of a scalar potential integrated around a closed path is 
always zero. That is 

jw-ds = §^-ds = 0 

The various terms of eq. (129) will now be considered one at a time. 
The term on the left-hand side of (129) evidently corresponds to the 
applied voltage V°. In circuit work V° is supplied by an electric genera¬ 
tor, which is usually a complicated circuit in itself. However, for purposes 
of solving for voltages and currents in the circuit under consideration 
(the driven circuit), V° is assumed to be supplied across a pair of ter¬ 
minals by a zero-impedance generator, or by a zero-impedance generator 
connected in series with a lumped impedance equal to the generator 
impedance. Similarly, in considering the field relations, the impressed or 
applied field E° usually exists along a complicated configuration of 
conductors (in the generator winding) and may extend over an appreciable 
portion of the circuit under consideration. However, for purposes of 
analysis the impressed field E° is often assumed to exist only along a 
section of conductor of very short length; that is, a “point” or “slice” 
generator is assumed to exist between the points a and b [Fig. 14-24(a)] } 
so that the applied voltage is 
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/ El ds = | 4 El ds = V° 


(14-131) 


Now consider the first term on the right-hand side of eq. (129). For 
the direct-current case, the interpretation of this term would be very 
simple. The current density J s would be uniform throughout the con¬ 
ductor cross section and would be given by 




(14-132) 


where A is the cross-sectional area of the conductor. The conductivity 
is the reciprocal of the resistivity p, and so 

JL = P. = R' 

Act A 

where R f is the resistance per unit length of the conductor. Then 

I *4 __ 


A a 


= IR' 


(14-133) 


is just the voltage drop (due to resistance) per unit length, and the first 
term on the right-hand side of (129) becomes 


f it ds= f IR' ds = IR 
J C cr Jc 


(14-134) 


which is the total IR drop around the circuit. 

From (133) and (124) it is seen that for the direct-current case, the 
ratio of total tangential electric field strength E to total current I is the 
resistance per unit length, that is 


E 

I 


R f 


For alternating currents, especially at high frequencies, the current den¬ 
sity is no longer uniform throughout the cross section of the conductor. 
Instead it varies—both in magnitude and phase through the cross section 
—so that the total current /, in general, differs in phase from the current 
density at the surface of the conductor. The ratio E/I is now complex 
and defines z u the “internal impedance” per unit length of the conductor. 
Now the first term on the right-hand side of eq. (129) may be written 


f I* ds = f E s ds = f hi 

J c O’ J c J c 


ds 


(14-135) 


When the current I is uniform around the circuit, as it is in the low- 
frequency case, (135) becomes 


f ^ ds = / f z t ds = IZ ( 

Jc a- Jc 


(14-136) 
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= R t + jX t is the so-called internal impedance of the conductors 
of the circuit. For direct-current it reduces to the circuit resistance. Even 
in the case of high-frequency alternating currents, the internal reactance 
X t is very small compared with the “external reactance” of the circuit 
obtained from the second and third terms on the right-hand side of (129) 
and may usually be neglected. In any event, in circuit work the internal 
reactance of the conductors is usually lumped with the external reactance 
to give the total circuit reactance, and the resistive or in-phase compo¬ 
nent of the first term of (129) is shown explicitly as IR. 

Consider next the second term on the right-hand side of eq. (129). 
When integrated around a closed path, as in the case of a circuit con¬ 
taining only resistance and inductance, this term is zero. However, for a 
circuit with a capacitor [Fig. 14-24(6)], where the integration is carried 
from one plate c to the other plate d , there results 

r d 3V 

\ c ~ds= V d - V c (14-137) 


This is the potential difference between the plates of the capacitor. 
If these plates are considered to be very close together, and if the charge 
distributed along the wire is small compared with the charge concentrat¬ 
ed on the capacitor plates (that is, if stray capacitance is negligible 
compared with the capacitance of the capacitor), the potential difference 
(V d — V c ) will be proportional to the charge on the capacitor plates. 
That is 


V d - 


v = Q=-L 

c C jaC 


(14-138) 


The proportionality factor C is just the capacitance of the capacitor 
as defined for the static case. Thus, for the second term of eq. (129), it is 
possible to write 


f d 3V , _ / 
Jc 3s S j<oC 


(14-139) 


Finally, consider the third term on the right-hand side of eq. (129). 
This could be written 


where 


jo)A s ds = jcXUV. 


(14-140) 

(14-141) 


is a “generalized inductance” of the circuit. This generalized inductance 
depends both on the circuit geometry and on the current distribution, 
and, as defined by (141), it also depends upon where in the circuit the 
current V is measured. For low frequencies, where the current amplitude 
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is constant around the circuit, this generalized definition reduces to a 
well-known formula for low-frequency inductance (148). To see how the 
“inductance” of the circuit changes as the frequency increases, it is 
necessary to examine more closely the integral expression of equation 
(141). 

For a current flowing in a thin wire, the expression for the vector 
potential at any point in space, due to an elemental length, is 

dk = -g- Ids ' e ~’ ~ (14-142) 

Arc r 

where I is the integrated value of current density over the cross section 
of the wire, and r is the distance from an element of length ds f along the 
center of the wire to the point at which A is evaluated. The total vector 
potential due to current flow in the entire circuit will be 

\ = ds' (14-143) 

j 47T J r 

In the third term of eq. (129) the component of A parallel to the axis of 
the wire is evaluated at the surface of the wire, and integrated around 
the conducting part of the circuit from c to d. This term can then be 
written 

r d r d r f p-i® T 

jco j A s ds = jco j j ' 4 — • ds (14-144) 

In the general case I varies with the position of ds 1 and must be 
retained under the integral sign. The usual low-frequency approximations 
are to assume that I is constant around the circuit with no change of 
phase, and also to neglect the phase-shift factor e~ j&T . At very high 
frequencies where the circuit dimensions become appreciable fractions 
of a wavelength, both of these approximations lead to error. However, 
the effect of neglecting the phase-shift factor is much the more important 
because it is responsible for radiation from the circuit. For circuits that 
are not too large in terms of wavelengths—say less than one-tenth wave¬ 
length around—the current distribution usually departs a surprisingly 
small amount from the low-frequency, constant-amplitude, constant- 
phase condition. (The reason for this can be seen by considering the 
current amplitude and phase variations along a short-circuited low-loss 
transmission line, the length of which is less than one-twentieth of a 
wavelength.) Because of these facts it is often permissible to neglect 
variations of current amplitude and phase around the circuit while still 
accounting for the phase-shift factor e~ j$T . Under such conditions (144) 
becomes 
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Comparison with jcoLI shows that 

(i4 - i46) 

is the factor that, at low frequencies, is identified as the inductance of 
the circuit. At frequencies sufficiently low that the phase shift is negli¬ 
gible (that is, for which fir < < < 1) 

e~ 5&T ^ 1 


and the low-frequency inductance is 




If the circuit is closed , c and d coincide and 


L 


LF “ 



ds' • ds 
4nr 


(14-147) 


(14-148) 


which is known as Neumann’s formula for the external inductance of a 
circuit. 

At higher frequencies, where it is no longer permissible to neglect the 
factor e~ j$T , its effect can be determined by expanding it in series form 
and using the first few terms: 


a-** 


i fi 2 r 2 , jfi 

= 1 - - c— + JJ± 


3! 


+ 


0 V 

41 



It is seen that the expression (146) for “inductance” now has both 
real and imaginary parts. The real part represents the high-frequency 
external inductance of the circuit. The imaginary part is the so-called 
radiation resistance of the circuit. From expression (145) it is evident 
that this imaginary part combines with the factor jcol to yield a voltage 
in-phase with I. The power required to drive I against this in-phase com¬ 
ponent of voltage is radiated from the circuit. 

The value of the radiated power is given by 

d = / 2 (~j@r +j @2 f- - • ■ •) ds'-ds = 

(14-149) 

where R ni is the radiation resistance of the circuit and is given by 


R 


rad 



24ttc 3 



ds } • ds 


(14-150) 


When integrated around a closed path, the first term drops out, leav 
ing 
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10' 7 O(“ IT? + S? -•••)*'■* (14-151) 

Consideration of the real part of expression (146) shows how the in¬ 
ductance depends upon the phase factor e" j0r . 

(14 - ,52) 

Using eqs. (136), (137), (139), and (140), it is seen that at low frequen¬ 
cies eq. (129) reduces directly to eq. (120). Comparison of eqs. (129) and 
(120) shows clearly the approximations involved in the simple circuit 
relations, and makes it possible to determine the magnitude of the ne¬ 
glected factors. With this knowledge circuit concepts may be extended 
to much higher frequencies. 

The extension of circuit concepts to higher frequencies is accom¬ 
plished in practice by the addition of appropriately located lumped-circuit 
constants. For example, “distributed” inductance and capacitance effects 
are accounted for by suitably located series inductors and shunt capaci¬ 
tors, and radiation effects by the inclusion of a “radiation resistance.” 
An outstanding example in electrical engineering of the extension of 
circuit concepts to systems not necessarily small in wavelengths is the 
ordinary transmission line. Here, by suitably representing the distributed 
constants of the line by lumped constants, a circuit results that can 
be solved by ordinary circuit methods. Although the circuit is com¬ 
plicated, the solution is relatively simple in the important practical 
case of a uniform transmission line. In this manner it is possible in 
some problems to extend circuit concepts even to the microwave range. 
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Chapter 15 

PRINCIPLES OF BROADBAND 
ANTENNA DESIGN 


1 5.01 Introduction. Depending upon application and frequency range 
involved, an antenna may be a wire, rod, tower, slot, an array of any of 
these ^elements, or (at the higher frequencies) an “aperture” consisting 
of a horn or shaped reflector. The practical design of antennas is now 
well covered in various handbooks,* so this chapter will be restricted to 
a brief mention of the principles of design as they apply in the various 
frequency ranges, with a more extended discussion of extremely broad¬ 
band antennas. 

At the lower frequencies, ELF (< 3 kHz), YLF (3-30 kHz) and LF 
(30-300 kHz), efficiency is usually the most important factor. Although 
antennas in these frequency ranges are customarily very large physically, 
they normally fall in the class of electrically small antennas because of 
the large dimensions of a wavelength. At MF (300 kHz-3 MHz) which 
includes the “broadcast” band, tower antennas are mostly used for trans¬ 
mitting, where efficiency is important, and arrays of towers are employed 
to produce the desired directional characteristics. For reception in this 
band efficiency is unimportant and relatively short wire antennas suffice. 
At HF (3-30 MHz), VHF (30-300 MHz) and UHF (300 MHz-3 GHz), 
elevated wires and rods are used, and arrays of such antennas are designed 
to provide more directivity. Because operation over a large band width 
is often required (the HF band covers a 10-to-l band width and the 
American television band extends from 54-890 MHz), a major problem 
is often that of designing an antenna or array to maintain desired imped¬ 
ance and pattern characteristics over a wide band of frequencies. At 
SHF (3-30 GHz) where aperture antennas are employed, the problems 
are those of producing a narrow beam with low side-lobe level, and 
(sometimes) maintaining the desired radiation pattern characteristics 
over a wide range of frequencies or over an appreciable range of scan 

*See bibliography at end of chapter. 
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angles. The theory of radiation from apertures has been treated in chap. 
13 along with its application to some simple cases. An extensive treatment 
of design considerations for aperture antennas is available in a number 
of books.* 

15.02 Antenna Band Width. The useful band width of an antenna 
is that range of frequencies over which the antenna maintains certain 
required impedance, pattern or polarization characteristics. Because these 
requirements vary so much with function there is no unique definition of 
antenna band width; instead, the specifications are set in each case to meet 
the needs of the particular application. For electrically small antennas 
having linear dimensions less than about a half-wavelength, the pattern 
is usually that of an electric dipole or magnetic dipole (or some combina¬ 
tion of these), and is relatively insensitive to frequency. Under these 
circumstances the limiting factor on antenna performance is usually 
impedance variation and the problem can be formulated in terms of the 
Q of the antenna as discussed in sec. 11.13. For antennas or arrays that 
are large in wavelengths the antenna Q as defined in chap. 12 is near 
unity (excluding superdirective designs) and the design statement is 
normally formulated in terms of beam-width and side-lobe level require¬ 
ments, and the avoidance of “pattern breakup” at certain frequencies. 
For intermediate cases where the antenna has dimensions of the order of 
a wavelength, the useful band width may be limited by either impedance 
or pattern considerations depending upon the particular application. In 
these instances a usable band width of two-to-one is considered good, 
although the rhombic and discone antennas perform satisfactorily over 
a four-to-one frequency range. 

In recent years it has become possible to design antennas having 
unlimited band width, in the sense that the upper and lower frequency 
limits of useful performance may be independently specified by the 
designer. Such antennas are known as frequency-independent or log- 
periodic structures, and are the subjects of the following sections. 
15.03 Frequency-independent Antennas. The concept of frequency- 
independent antennas was introduced by Rumseyt who proposed that a 

*See R. C. Hansen, ed., Microwave Scanning Antennas, Vol. 1, “Apertures,” 
Academic Press Inc., New York, 1964; Henry Jasik, ed., Antenna Engineering Hand¬ 
book , McGraw-Hill Book Company, New York, 1961; Samuel Silver, Microwave 
Antenna Theory and Design, McGraw-Hill Book Company, New York, 1949. 

tV. H. Rumsey, “Frequency Independent Antennas,” IRE National Convention 
Record, Part I, p. 114, 1957. Also see V. H. Rumsey, Frequency-Independent Anten¬ 
nas (Academic Press Inc., New York, 1966). 

For a survey of frequency-independent and log-periodic antennas including a 
history of their development, see E. C. Jordan, G. A. Deschamps, J. D. Dyson and 
P. E. Mayes, “Developments in Broadband Antennas,” IEEE Spectrum, pages 58-71, 
April, 1964. Much of the material of this and subsequent sections is based on this 
article. 
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structure which could be defined entirely by angles (without any character¬ 
istic length dimension) should have characteristics that are independent 
of frequency. Because all such structures extend to infinity the design 
problem includes determination of which (if any) of these structures 
retain the frequency-independent properties when truncated to a finite 
length. For example, the well-known biconical structure satisfies the 
angle requirement when it is infinitely long, but its performance is far 
from frequency-independent when it is truncated to form a biconical 
antenna. In contrast, the infinite equiangular spiral structure illustrated 
in Fig. 15-1 is an angle structure which does retain its frequency-indepen¬ 
dent properties (over a certain range of frequencies) when truncated to 
form the antenna shown in Fig. 15-2. 



Figure 15-1. An (infinite) equiangular spiral structure. 


The Equiangular Spiral Antenna . The geometry of the equiangular 
spiral antenna is shown in Fig. 15-1. The equiangular or logarithmic 
spiral is defined by 

p = e**- 8 ' or (<}> - S) = -L In p 

where p and <j> are conventional polar co-ordinates, and a and 8 are con¬ 
stants. In Fig. 15-1 the edges of the metallic arms are defined by p x = 
ke a p^ — k for one arm, and p 3 = k p 4 = k $*♦-*-*> for the 

other arm, where the constants a, k, and 8 determine the rate of spiral, 
size of the terminal region, and arm width, respectively. This particular 
spiral has the property that the angle between the spiral and the radius 
vector remains the same for all points on the curve; hence “equiangular” 
spiral. Experimental investigation by Dyson* established that this par- 

*See the following articles by J. D. Dyson: “The Equiangular Spiral Antenna,” 
TR No. 21, Contract 33 (616)-3220, Dept, of Electrical Engineering, University of 
Illinois, Urbana, Illinois, Sept. 15, 1957; “The Equiangular Spiral,” IRE Trans AP-7, 
p, 181, April, 1959. 
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Figure 15-2. Equiangular spiral antenna. 

ticular geometry does indeed retain its frequency-independent properties 
when truncated, and the experimental antenna shown in Fig. 15-2 became 
the first of a large class of successful frequency-independent antennas. 

The antenna of Fig. 15-2 is excited at the origin by a voltage applied 
between the two arms in such a manner that the arms are balanced to 
ground. The currents flow outward along the spiral arms with small 
attenuation until a region of certain size in wavelengths is reached. In 
this region, known as the active or radiating region, essentially all of the 
power guided along the spiral arms is radiated. Beyond this region the 
presence or absence of the arms is of little consequence. Because the 
radiating region has fixed dimensions in wavelengths it moves inward or 
outward as the frequency is raised or lowered. Consequently the size of 
the effective radiating aperture automatically adjusts or “scales” with 
frequency to produce an antenna that has the same pattern and impedance 
at all frequencies. (Because of the spiraling of the arms the radiation 
pattern actually rotates about the axis of the antenna as frequency is 
changed.) This remarkable property of scaling, or automatic adjustment 
of the size of the radiating region to suit the frequency of operation, is 
characteristic of all successful frequency-independent antennas. 

At this point it is necessary to define the term “frequency-indepen¬ 
dent” when used with a practical finite-sized structure. The antenna of 
Fig. 15-2, excited by a voltage applied between the two arms at the origin, 
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has an impedance and radiation pattern which are essentially constant* 
(that is, independent of frequency) for all frequencies from that for which 
the outer diameter of the truncated structure is approximately one-half 
wavelength to the frequency at which the diameter of the feed region 
(as determined by the transmission-line feed) is comparable with a half¬ 
wavelength. Since these two dimensions can be specified independently, 
the design band width can be made arbitrarily large; in actuality it is 
limited only by practical considerations of construction: how large the 
outer diameter is made, and how finely the geometry at the feed region 
can be modeled. 


The planar equiangular spiral antenna is bidirectional, radiating a 
broad-lobed beam on each side of the plane. As long as the expansion rate 


of the spiral is not too rapid, the field 
is circularly polarized and the pattern 
is approximately cos 6, where 6 is the 


angle measured from the axis. 

bonical Equiangular Spiral . The 


usefulness of the equiangular spiral 


design was greatly enhanced when it 


was discovered! that a unidirec¬ 


tional pattern could be obtained 
when the balanced spiral arms were 
wrapped on the surface of a cone. 
For conical angles less than 45 
degrees and appropriately chosen 
rates of spiral, this conical equian¬ 
gular spiral produces a single broad- 
lobed beam in the backward direction 


(off the apex of the cone), and the 
beam shape remains essentially in¬ 
dependent of frequency. 

The conical equiangular spiral 
antenna is a balanced structure which 



may be fed (at the apex) by means of Figure 35.3 Conical equiangular 
a balanced transmission line carried spiral with coaxial cable feed. 


*As was noted above, the pattern actually rotates with frequency about an axis 
perpendicular to the plane of the spiral. If the pattern-measuring co-ordinate system 
is allowed to rotate at the same rate, the measured pattern remains constant; other¬ 
wise there will be a (generally small) periodic variation of magnitude proportional 
to the rotational asymmetry of the pattern. 

fSee J. D. Dyson, “The Unidirectional Equiangular Antenna,” IRE Trans ., AP-7, 
pp. 330-334, Oct., 1959. 
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up inside and along the axis of the cone. Alternatively it may be fed as illus¬ 
trated in Fig. 15-3 by a coaxial cable carried along and soldered in contact 
with one of the arms. Because the amplitude of antenna current on the 
arms, and also on the outside of the coaxial cable, falls off quite rapidly 
beyond the active region, the end of the arm where the cable enters is 
essentially a field-free region. This type of feed automatically provides a 
frequency-independent balun, permitting the balanced antenna to be fed 
by means of an unbalanced coaxial line. To maintain physical symmetry 
a dummy cable is usually soldered to the other arm. Conical equiangular 
or log-spiral antennas have been constructed to operate over band widths 
with a frequency range of more than 40 to 1. The band width obtained 

is at the discretion of the designer; the 
upper usable frequency is determined by 
the truncated region at the apex which 
must remain small in terms of wave¬ 
lengths; the lowest usable frequency is 
set by the base diameter of the cone 
which must be at least f wavelength at 
the lowest frequency of operation for 
fairly tightly wrapped spirals. 

A further modification of the conical 
equiangular spiral results in a very prac¬ 
tical, simple-to-construct antenna. By 
narrowing the width of the expanding 
arms and allowing them to degenerate to 
constant-width structures, the cables 
alone can form the arms. For fairly 
tightly spiraled antennas there is little 
change in the characteristics from those 
obtained from an antenna with narrow 
expanding arms. Fig. 15-4 shows a model 
of this version of the conical spiral 
antenna. 

1 5.04 Log-periodic Antennas. A development which closely paral¬ 
leled the frequency-independent concept was that of log-periodic anten¬ 
nas. Starting with the angle concept, DuHamel* reasoned that it should 
be possible to force radiation from otherwise “angle structures” by means 
of appropriately located discontinuities. One of the first successful appli- 

*See R. H. DuHamel and D. E. Isbell, “Broadband Logarithmically Periodic 
Antenna Structures” IRE 1957 Nat'l Convention Record , Part I, pp. 119-128; R. H. 
DuHamel and F. R. Ore, “Logarithmically Periodic Antenna Designs ” IRE 1958 
Nat*l Convention Record , Part I, PP- 139-151. 



Figure 15-4. A simple and 
practical conical spiral an¬ 
tenna. 
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Figure 15-5. A planar log-periodic structure. (The infinite structure satisfies 
complementarity conditions.) 

cations of this idea was an antenna formed using the geometry of Fig. 
15-5. 

Here two wedge-shaped metallic angle structures have teeth cut into 
them along circular arcs. The radii of the arms which define the location 
of successive teeth are chosen to have a constant ratio r — R n + X /R n . This 
same ratio r defines the lengths and the widths of successive teeth. From 
the principle of modeling it is evident for this structure extending from 
zero to infinity, and energized at the vertex, that whatever properties it 
may have at a frequency, f y will be repeated at all frequencies given by 
r n f where n is an integer. When plotted on a logarithmic scale these 



608 


Principles of Broadband Antenna Design 


§15.04 


frequencies are equally spaced with a period equal to the logarithm of t; 
hence the name “logarithmically periodic” or “log-periodic” structure. 
Although log-periodicity guarantees only periodically repeating radiation 
pattern and impedance, for certain types of such structures and for values 
of t not too far from unity, variation of characteristics over a period can 
be quite small. Under these circumstances an essentially frequency-in¬ 
dependent structure results. It is important to note, however, that only a 
relatively few of the limitless types of log-periodic structures will make 
successful broadband antennas in the sense that the impedance and pat¬ 
tern characteristics will remain constant when the structure is truncated 
to a finite length. The antenna of Fig. 15-5 is one of these. 

It will be noted that the infinite structure having the geometry of 
Fig. 15-5 was designed to satisfy one other condition, viz., that the “an¬ 
tenna” formed by the metal cut away is identical to its complementary 
screen (as defined in chap. 13). Recalling from sec. 13.16 that comple¬ 
mentary dipole and slot antennas have impedances Z d and Z s related by 
Z d Z 5 = rf/4, it follows for this case, where the antenna and its comple¬ 
ment are identical, that Z d — Z, = rj/2 ^ 189 ohms, a result that is 
independent of frequency. Hence this particular geometry assured constant 
impedance (although not constant radiation pattern) independently of 
the other consideration of log-periodicity. Later it was found that 
(almost) constant impedance could be obtained without requiring identi¬ 
cal complementary structures but the idea was useful and intriguing, 
nevertheless. 

Nonplanar Log-Periodic Antenna . As with the planar spiral antenna, 
the planar antenna of Fig. 15-5 is bidirectional, radiating equally on the 
two sides of the plane. In an attempt to obtain unidirectional radiation 
Isbell* bent the two arms of a log-periodic structure having the geometry 
of Fig. 15-5 out of the plane and towards each other to form the 
V-shaped antenna of Fig. 15-6. Two important and surprising results were 
observed. As the angle between the arms was decreased from 180 degrees 
the radiation changed gradually from bidirectional to unidirectional as 
had been hoped for. However, instead of radiating out the front end as 
would have been expected from this open-sided horn, the antenna 
radiated in the backward direction with the major radiation off the apex 
of the antenna. The second result was equally important. Although no 
longer the planar structure required to satisfy Babinet’s principle, the 
impedance of this non-planar version continued to remain nearly constant 
with frequency, but at a different value which depended on the angle 
between the arms. 

♦See D. E. Isbell, "Non-planar Logarithmically Periodic Antenna Structure,” 
Rept. No. 30, University of Illinois Antenna Lab., Feb., 1958. 
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Figure 15-6. Nonplanar log-periodic antenna. 

Sheet metal structures of the type of Figs. 15-5 or 15-6 are limited by 
mechanical considerations to microwave frequencies, but it was dis¬ 
covered later* that wire versions of log-periodic antennas could be built 
successfully. These antennas which permit operation down into the 
important HF band are described in sec. 15.05. 

Log-Periodic Dipole Array .t Since the early days of radio many at¬ 
tempts had been made to increase the operating band width of dipole 
and monopole arrays. Many such attempts included the basic idea of 
using elements of varying lengths which would resonate at different 
frequencies. Most of these experiments will not be found described in 
the literature because, in the main, they were unsuccessful. A partially 
successful design was the early fishbone or comb antennas which used 
dipoles or monopoles capacitively coupled to a transmission line in such 
a manner that fewer elements were excited at higher frequencies, thus 
resulting in an array whose effective length decreased with decreasing 
wavelength. With the advent of the log-periodic concept it was natural 
to try to apply it to dipole arrays; Fig. 15-7 shows the required geometry. 
As with all log-periodic geometries all dimensions increase in proportion 
to the distance from the origin. Following this rule, the lengths and 

*R. H. DuHamel and F. R. Ore, op. cit. 

fD. E. Isbell, “Log-Periodic Dipole Arrays,” IRE Trans. AP-8, No. 3, p. 260, 
1960. 
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Figure 15-7. A dipole array having log-periodic geometry. 


spacings of adjacent elements must be related by a constant scale factor 
r, so that 



{&) 


Figure 15-8. (a) Unsuc¬ 
cessful and ( b ) successful 
method of exciting the 
log-periodic dipole array. 



When applied in straightforward fashion to a 
practical array, fed as in Fig. 15-8(a), an un¬ 
successful design usually results. Recognition of 
the cause of failure, and devising means for 
overcoming the difficulty, ranks as a major step 
in understanding the principles of successful 
log-periodic design. It was reasoned that with 
elements closely spaced in wavelengths the 
phase progression along the array of Fig. 
15-8(a) was such as to produce a beam in the 
forward direction (to the right in the figure). 
In this case the larger elements, to the right of 
the active region, are in the beam and will 
produce interference effects. The solution ar¬ 
rived at in this instance was to reverse the 
phasing of alternate elements [Fig. 15-8(6)] to 
produce a beam in the backward direction (to 
the left). In this case the energy radiated in the 
active region is beamed through the short end of 
the array, where the elements are short and 
closely spaced in wavelengths, have alternate 
phasings, and consequently produce negligible 
interference. The magnitude and phasing of the 
element currents are considered in detail in sec. 
15.05. 
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15.05 Array Theory for LP and FI Structures. The formulation of 
an array theory for log-periodic or frequency-independent structures could 
be expected to be most difficult because all of the usual parameters, such 
as element length in wavelengths, element spacing in wavelengths, 
magnitude and phasing of element currents, vary along the array, and of 
course are also functions of frequency. Fortunately a method exists for 
arriving at a first approximation of array behavior. This method* consists 
of viewing the log-periodic structure as a locally periodic structure whose 
period varies slowly, increasing linearly with the distance to the apex. 
From this viewpoint, analysis of a uniform periodic structure as a func¬ 
tion of frequency corresponds approximately to an examination of the 
log-periodic structure as a function of distance from the apex. Using this 
approach, the standard uniform array theory of chap. 12 can be used 
directly to give a first approximation to the performance of log-periodic 
and frequency-independent structures. 

Fjrom eq. (12-1), for an ^-element array of equispaced isotropic radia¬ 
tors the magnitude of the relative field strength is given by 

\E\ = |1 + +-b e* n - l) +\ (15-1) 

where 'i/r = kd cos <£ + ot. The angle a is the progressive phase shift from 
left to right, and <£ and d are defined by Fig. 12-1 on page 422. The letter 
symbol k = 2iz/\q = a>/c is the free-space phase-shift constant. (It is used 
in this and the next section to distinguish it from /3 = 2n/\ = co/v, the 
phase-shift constant along the array.) Expression (1) has a maximum for 
^ = 0, so for element spacings less than one-half wavelength the angle 
<f> m for maximum radiation is given by 

&.= cos-‘=^ (15-2) 

If the elements are fed in phase, a = 0, and <fi m = 90°, so the maximum 
radiation is broadside. If successive elements are fed with a lagging phase 
of value a — — kd , then = 0, so the maximum radiation is end-fire in 
the forward direction. If successive elements are fed with a leading phase 
of value a = +kd , then <p m will equal 180 degrees, and the maximum 
radiation will be end-fire in the backward direction. For values of a 
between — kd and + kd , the angle of maximum radiation is at an angle 
between 0 and 180 degrees as given by eq. (2). [Of course, by symmetry 
about the axis of the array, there is another maximum at an angle be¬ 
tween 0 and —180 degrees, which is also given by eq. (2)]. When \ct\ > 
kd, eq. (2) cannot be satisfied for any real value of <f>. That is, there is no 
value of <p in “visible” range between 0 and 180 degrees (and, therefore, 

*P. E. Mayes, G. A. Deschamps, W. T. Patton, “Backward-wave Radiation from 
Periodic Structures and Application to the Design of Frequency-Independent Anten¬ 
nas,” Proc. IRE , 49, No, 5, p. 962, May, 1961. 
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also between 180 and 360 degrees) that will produce a maximum (in the 
sense that all the radiations add in phase). However, if \a\ is only slightly 
greater than kd , so that ^ is not much larger than zero, the total field 
can still be quite strong in the forward direction (<f> — 0) for negative a , 
or in the backfire direction (cf> = 180°) for positive at. This case is illus¬ 
trated by the sketch of Fig. 15-9(<z). On the other hand, if \a\ is consider¬ 
ably greater than kd (that is, the phase shift between elements is large) 
the phase diagram might be as illustrated in Fig. 15-9(6), with a resulting 
small total E t for all values of <j>. For these cases of large phase shift 
[Fig. 15-9(6)] there is no major lobe anywhere, and the array radiates only 
feebly, scattering its small radiated energy in various directions. 



En -1 



Figure 15-9. Phasor addition: (a) for small if ); ( b ) for large 

The elementary notions just discussed can be applied with some slight 
modification to an analysis of the log-periodic dipole array sketched in 
Fig. 15-10(n). For this purpose, it is helpful to consider separately three 
main regions of the array designated in Fig. 15-10(6). 

(1) Transmission-line Region. In this region the antenna elements are 
short compared with the resonant length (i.e,, / < X/2) so the element 
presents a relatively high capacitive impedance. The element current is 
small and leads the base voltage supplied by the transmission line by 
approximately 90 degrees. The element spacing is small in wavelengths 
and the phase reversal introduced by transposition of the transmission 
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H - Plane 
{o ) 



line means that adjacent elements are nearly 180 degrees out of phase. 
More precisely, each element current leads the preceding element current 
approximately by oc — {it — ftd), where d is the element separation and 
ft = 2 tz/X = co/v is the phase-shift constant along the line. In general, 
X, and v will differ from their free-space values owing to the loading 
effect of the elements on the transmission line. Because of the phasing 
and close spacing of the elements, radiation from this region will be very 
small and in the backfire direction. 

(2) Active Region. In this region the element lengths approach the 
resonant length (/ slightly less than X/2\ so the element impedance has 
an appreciable resistive component. The element current is large and 
more nearly in phase with the base voltage; the current is slightly leading 
just below resonance and slightly lagging just above resonance. The element 
spacing in now sufficiently large that the phase of current in a given 
element leads that in the preceding element by an angle a = {n — /3d) 
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which may approximate 7r/2 radians. This combination of conditions will 
produce a strong radiation in the backfire direction. 

(3) Reflection Region . In this region the element lengths are greater 
than the resonant length (/ > X/2\ so the element impedance becomes 
inductive and the element current lags the base voltage. The base voltage 
provided by the transmission line is now quite small because in a prop¬ 
erly designed array, nearly all of the energy transmitted down the line 
has been abstracted and radiated by the active region. The element spac¬ 
ing may now be larger than X/4, but as will be shown later, the phase 
shift per unit length along the line in this region is small so that the 
resulting phasing between elements (including the phase reversal intro¬ 
duced by the transposition) is such that any small amount of radiation 
is still in the backfire direction. In addition, it will be demonstrated later 
that the transmission-line characteristic impedance becomes reactive in 
this region. This means that any small amount of incident energy trans¬ 
mitted through the active region is not accepted in the reflection region 
but is reflected back towards the source. 

The Array as a Loaded Transmission Line. Some of the remarkable 
properties of log-periodic and frequency-independent antennas are at¬ 
tributable to the propagation characteristics of the equivalent loaded trans¬ 
mission line which conveys energy from the source to the radiating portion 
of the antenna. These effects are particularly easy to see in the case of the 
log-periodic dipole array, and are indicated in Fig. 15-10(5). On the feed 
line to the antenna, region (0), the series inductance and shunt capaci¬ 
tance per unit length are shown as L and C, respectively. In the transmis¬ 
sion region of the antenna, region (1), the transmission line is loaded by 
a capacitance per unit length, C a , which represents the loading effect of the 
short dipoles which have a capacitance reactance. It is noted that to the 
first approximation C a is nearly constant throughout this region because 
at the beginning of the region the capacitance per element is small, but 
the elements are closely spaced, whereas near the end of the region the 
capacitance per element is larger, but so is the spacing. The effect of the 
augmented shunt capacitance of the line (C + C a ) is to increase the 
phase delay per unit length, and since /3 = 2n/X = G)/t>, a decrease of 
wavelength X and a decrease of phase velocity v along the line below 
the free-space values result. This is said to be a “slow-wave” region of the 
transmission line. Note, however, that because of the transposition of 
the feed line between elements, successive elements are fed with a leading 
phase shift of (tt — a) per section. This rapid phase shift in the reverse 
direction corresponds to a slow wave in the backward direction along the 
antenna elements. 

In the active region (2), the element lengths approach the resonant 
length and the transmission line loading becomes resistive, designated by 
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the shunt resistance R a in series with the antenna capacitance C a and 
antenna inductance L a . The phase shift per unit length, the wavelength 
and phase velocity all approach their free-space values. Because of the 
transposition between elements, and accounting for the fact that the 
element current leads the base voltage by lesser amounts in successive 
elements as the resonant length is approached, it turns out that phasing 
of currents in the elements corresponds to a backward traveling wave 
having a velocity v somewhat less than c, the velocity of light. 

In the inactive or reflection region (3), the element lengths become 
longer than the resonant length, the antenna inductive reactance predom¬ 
inates, and the loading effect on the line is represented by the shunt 
inductance L a . When (and if) the parallel combination of L a and C is 
inductive, we have the equivalent of the attenuation region of a Alter. 
The phase shift per unit length is then zero (for the lossless case) and 
the phase velocity is infinite (that is, there is no wave motion). The inci¬ 
dent ^energy propagating down the line is no longer accepted but is 
reflected back toward the source. (These results are strictly true only in 



Figure 15-11. Amplitude and phase of transmission-line voltages along a 
particular LP dipole array. 
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the case of a lossless filter, but they form the first approximation for this 
lossy-filter case.) 

The general features outlined above will be illustrated for a particular 
log-periodic dipole array which has been analyzed in considerable detail.* 
Fig. 15-11 shows the amplitude and phase of the transmission-line voltage 
along a particular 13-element LP dipole array. Distance is shown mea¬ 
sured from the apex of the array, and the elements are numbered starting 
with the largest element as number 1. This set of data is for a frequency 
/for which element number 4 is one-half wavelength long. Several in¬ 
teresting aspects of the data are immediately apparent. In the transmission 
region (elements 13 to 7), the amplitude of voltage along the line is 
approximately constant and the phase shift between element positions 



*R. L. Carrel, “Analysis and Design of the Log-Periodic Dipole Antenna,” 
Antenna Laboratory Report No. 52, University of Illinois. (Contract AF33(616)-6079.) 
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increases gradually from about 20 degrees to 30 degrees. (Because of the 
transposition between elements, this means that adjacent elements are 
fed with a progressive phase lead 160 degrees to 150 degrees.) In the 
active region (elements 7 to 4) the amplitude drops sharply because of 
power absorbed by the strongly radiating elements, and the phase shift 
averages about 90 degrees between adjacent elements. Finally, in the 
unexcited or reflection region (elements 3 to 1), the amplitude drops to 
very low values and the phase shift between element positions is nearly 
zero (corresponding to the zero phase shift or infinite phase velocity in 
the attenuation region of a low pass filter). 

The resulting element currents for the LP dipole array of Fig. 15-11 
are shown in Fig. 15-12, both in amplitude and phase. From the current 
amplitudes (and noting that small contributions from elements 12 through 
8 tend to cancel one another because of the nearly 180-degree phase shift 
between them), it is evident that the only elements which will contribute 
appreciably to the radiation are elements 7, 6, 5 and 4. For these ele¬ 
ments, the phase difference between adjacent members is approximately 
90 degrees leading, so a backfire radiation will be expected. The phasor 
diagrams for <f> = 0°, 90°, and 180° are shown in Fig. 15-13 and the 
resulting radiation patterns are shown in Fig. 15-14. (The 2s-plane pattern 
is the /7-plane pattern modified by the directivity of the individual ele¬ 
ments in this plane.) 




Figure 15-13. Phasor diagrams for addition of fields produced by 4 
elements in the active region. 


As the operating frequency is decreased or increased the active region 
moves up or down the array, but the radiation pattern and input im¬ 
pedance remain almost constant. 

Directivity and Impedance . The radiation characteristics of the log- 
periodic dipole array are functions of the array geometry as expressed by 
the factor t and the angle ct (Fig. 15-7); the input impedance depends 
mainly on the characteristic impedance, Z 0 , of the transmission line 



618 


Principles of Broadband Antenna Design 


§ 15.05 




Figure 15-14. Resulting radiation patterns. 

feeding the elements. The gain of a well-designed array ranges from 7.5 
to 12 db (over an isotropic radiator) with the larger-gain values associated 
with the smaller angles of a, that is, with longer arrays. The input im¬ 
pedance can be made to have any value from about 50 to 200 ohms. For 
the particular 13-element array for which the data of Figs. 15-11 and 15- 
12 were obtained, r = 0.95, a = 12.5°, Z 0 = 100 ohms, and these param¬ 
eters produced a directive gain of 9 % db and an input impedance of 65 
ohms. The pattern remained constant and the VSWR was less than 1.17 
over the operating band width (in this case about 2 to 1). This directive 
gain is only,slightly better 1 db) than an optimum 3-element Yagi- 
Uda antenna, but in contrast to the quite narrow band width of the latter 
antenna, the pattern-and-impedance band width of the log-periodic dipole 
array can be increased to any desired value by adding more elements. 

General Properties of Log-Periodic and Frequency-Independent Antennas . 
The manner of operation of the LP dipole array has been described in 
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some detail because of the insight it gives into what are believed to be 
general requirements for successful frequency-independent operation. 
These requirements appear to be as follows: 

(1) An excitation of the antenna or array from the high-frequency or 
small end of the antenna. 

(2) A backfire radiation (in the case of unidirectional radiators) so 
that the antenna fires through the small part of the antenna, with the 
radiation in the forward direction being zero, or at least very small. For 
bidirectional antennas the backfire requirement is replaced by a require¬ 
ment for broadside radiation. In any case the radiation in the forward 
direction along the surface of the antenna (which theoretically extends 
to infinity) must be zero, or very small. 

(3) A transmission region formed by the inactive portion of the an¬ 
tenna between the feed point and the active region. This transmission- 
line region should have the proper characteristic impedance and negli¬ 
gible Radiation. 

(4) An active region from which the antenna radiates strongly because 
of a proper combination of current magnitudes and phasings. The posi¬ 
tion and phasing of these radiating currents are such as to produce a 
very small radiation field along the surface of the antenna or array in 
the forward direction, and a maximum radiation field in the backward 
(broadside for bidirectional antennas) direction. For successful backfire 
antennas these requirements are frequently met with separations less 
than quarter-wavelength and phasings near 90 degrees leading, for 
adjacent elements in the active region. For broadside radiation the phas¬ 
ings must, of course, be zero. 

(5) An inactive or reflection region beyond the active region. The 
essential characteristic of all successful frequency-independent antennas 
is a rapid decay of current within and beyond the active region, so that 
the structure can be truncated without affecting its operation. A major 
cause of the rapid current decay is, of course, the large radiation of 
energy from the active region. An additional cause, in at least some types 
of frequency-independent and log-periodic antennas, is the attenuation 
resulting from the rejection of incident energy by the reflection region 
(the filter stop-band effect mentioned above). 

1 5,06 Other Types of Log-periodic Antennas. Although the number 
and type of log-periodic antennas that can be conceived is unlimited, very 
few of these types will produce successful designs having acceptable 
patterns, small impedance variations, and insensitivity to small changes 
in parameters. In this section several typical types will be described briefly 
to indicate the extent and variety of designs available. 

Fig. 15-15 shows a uniform monopole array (of equal-length, equi- 
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Figure 15-15. (a) A uniform monopole array fed by a 
slow-wave structure. ( b ) The bent log-periodic zigzag 
antenna. 


spaced elements) fed by a helical transmission line.* Although not a 
particularly practical antenna, this simple structure has the distinct 
advantage that the radiating portion (the monopoie elements) and the 
helical transmission line can be adjusted independently over a wide range 
of dimensions to explore the radiating properties theoretically and ex¬ 
perimentally. To the first approximation, and assuming the velocity of 
propagation along the wire to be c, the phase velocity along the axis of 
the helix will be v — ac/w , where a and w are the corresponding lengths 
measured along the axis and along the wire. Hence the electromagnetic 
energy traveling from left to right along the slow-wave structure is 
slowed by the adjustable ratio a/w. This slow wave is then sampled 
periodically by the monopoles, and the rate of sampling determines the 
phase shift between elements and consequently the radiation characteris¬ 
tics of the array. As an example, for a slowness factor of 0.2, there is a 
phase shift of 5 x 360° per wavelength in the axial direction. With four 
elements per wavelength ( X/4 spacing), the phase shift (lead) between 
successive elements will be — 5 x 360°/4 = —450° = —90°, so the array 
is phased for end-fire radiation. With five elements per wavelength, the 
successive phasing is — 360° so that all elements are fed in phase with a 
resulting broadside radiation of energy. With six elements per wavelength, 
the successive phasing is — 300° which is equivalent to+ 60°, and 
the resultant radiation will be backfire. It is seen that by varying the 
element spacing the beam can be swept from end-fire through broadside 

*The theory and experimental results for this structure are given by John W. 
Greiser and Paul E. Mayes, "Vertically Polarized Log-Periodic Zig-Zag Antennas, 
Proc. M E. C., 17, pp. 193-204, 1961. 
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to backfire. By decreasing the element spacing slightly beyond the back¬ 
fire condition, the effects of operating just within the “invisible” region 
can be explored. This region is of interest because it is here that best 
operation of log-periodic structures usually occurs. 

For a given periodic structure of the type shown in Fig. 15-15, and 
assuming that the velocity of propagation along the wire is approxi¬ 
mately independent of frequency, it is evident that the beam angle will 
scan with frequency because the number of elements per wavelength 
changes with frequency. In a log-periodic structure the element spacing 
increases along the structure, so that at a given frequency the regions 
encountered will be successively: backfire (invisible region), backfire, 
broadside, end-fire, and end-fire (invisible region). For proper operation 
it is essential that nearly all of the energy be radiated before reaching 
the broadside and end-fire conditions in the visible region. 

Log-Periodic Zig-Zag Antenna. The principles deduced from an an¬ 
alysis <j>f the structure of Fig. 15-15(a) have been applied* to the bent 
log-periodic zig-zag antenna sketched in Fig. 15-15(6). In this antenna 
the vertical portion of the structure provides the radiating elements and 
the nonradiating horizontal portion provides the additional phase-shift 
required for proper operation. This simple structure fed against ground 
provides an effective vertically polarized log-periodic antenna. 



Figure 15-16. Log-periodic wire trapezoid antenna. 
(Courtesy Collins Radio Co.) 


*Greiser and Mayes op. cit. 
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LP Trapezoidal Antenna. The log-periodic wire trapezoid (Fig. 15-16) 
was the first of the log-periodic wire antennas. Although evolved* di¬ 
rectly from the trapezoidal sheet structure, its operation is analogous to 
that of the simple zig-zag. 

The LP Resonant V Array . A major shortcoming of an ordinary log- 
periodic dipole array is the excessive length of the array when designed 
to cover a very wide frequency band. The log-periodic resonant V array! 
shown in Fig. 15-17 overcomes this difficulty in an ingenious manner by 



Figure 15-17. Log-periodic resonant-vee array. 


providing operation in any of several modes. In the lowest-order X/2 
mode, the operation is similar to that of the LP dipole array because the 
forward tilt of the elements has small effect for this mode. However, as 
the frequency of operation is increased beyond that at which the shortest 
elements are resonant, that is, when the active region runs off the front 
end of the array, the largest elements at the rear become active in the 
3X/2 resonance mode. In this mode the forward tilting of the elements 
ensures a good unidirectional pattern of high directivity. As the fre¬ 
quency is further increased the active region moves forward through the 
array in the 3X/2 mode until once again it runs off the front end, to 
return to the rear in the 5X/2 mode. This scheme makes it possible to 
obtain large band widths of the order of 20 to 1 with a relatively compact 
array. The* pattern and impedance characteristics remain good over the 
entire frequency spectrum except for intervals about the mode-transition 
frequencies. Using these principles, arrays have been designed to cover 

*R, H. DuHamel and F. R. Ore, op. cit 

fP. E. Mayes and R. L. Carrel, “Log-Periodic Resonant-V Arrays,” IRE Wescon 
Conv . Rec. 1961. Also P. E. Mayes, “Broadband Backward Wave Antennas,” Micro- 
wave Journal, 6, No. 1, p. 2, Jan., 1963. 
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Figure 15-19. Two-element array of LP dipole antennas. 
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the entire American television band (channels 2 through 83) correspond¬ 
ing to a frequency range from 54 to 890 MHz. 

Directive Arrays of LP Antennas. The typical radiation pattern of a 
log-periodic antenna or array is a rather broad unidirectional beam quite 
similar to that of a Yagi antenna. When greater directivity is desired, 
arrays of LP antennas can be used. To retain the broad band width of 
the individual log-periodic structure in the directive array, it is neces¬ 
sary to array the elements in a frequency-independent manner.* This can 
be done, for example, as indicated in Fig. 15-18 where the locations of 
the elements of the array with respect to each other are defined by 
angles. With this geometry it is evident that as frequency is decreased 
and the active region moves to the rear of the individual log-periodic 
structures, the effective spacing between active regions increases to 
maintain a constant spacing in wavelengths. Design theory for such 
arrays is complicated by the fact that the beams of the individual struc¬ 
tures are oriented in different directions. Figure 15-19 is a picture of a 
2-element array of log-periodic dipole arrays designed to operate as a 
broadband feed for a parabolic reflector. The 100-ohm impedances of the 
individual log-periodic structures are effectively connected in parallel to 
produce a 50-ohm input. 




Figure 15-20. Alternative methods for arraying LP 
structures. 

*R. H. DuHamel and D. G. Berry, "Logarithmically Periodic Antenna Arrays, 
Wescon Convention Record, Part I, pp. 161-174, 1958. 
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Alternative methods* for arraying log-periodic structures are illustrat¬ 
ed in Fig. 15-20 ( a and b). In these arrangements the active regions lie in 
a straight line normal to the direction of the beam, and the principle of 
operation requires that the corresponding lengths l x and /. 2 of the log- 
periodic feeding structure be equal. This requirement can be satisfied by 
either of the arrangements (a) or ( b ), where the crosses represent individ¬ 
ual dipoles. In a typical successful design a slowness factor of 0.53 was 
found satisfactory for the snaking transmission line in ( b ). 

15*07 General Observations* In the preceding sections we have 
discussed the basic principles of operation of frequency-independent and 
log-periodic structures using elementary array theory. Although this 
simple approach explains many of the observed characteristics of these 
antennas, there are additional factors that need to be considered in any 
detailed analysis. Among these factors are the effects of mutual impedance 
between elements in a log-periodic array and the effect of curvature on 
the radiation properties of the equiangular structures. Analyses of these 
factors can be found in the extensive literature on the subject, and 
particularly in the book by Rumsey, listed in the bibliography. 

Finally, there are two general observations that can be made about 
these unlimited band-width structures. Some of them (e.g., those of Figs. 
15-2 through 15-6 and 15-16) have been referred to as antennas whereas 
others (e.g., Figs. 15-7 and 15-17) have been called arrays. In fact, it 
appears that all frequency-independent and log-periodic antennas may 
be considered as antenna arrays , with the array factor playing the major 
role in the formation of a proper end-fire or broadside pattern. The 
localization of the individual radiating elements is easier to see for the 
case of the log-periodic dipole array but the array action can also be 
observed in other cases; it is particularly evident in the case of the fairly 
tightly wrapped conical log-spiral. 

The second observation relates to the similarity between antennas 
derived from the “angle” and “log-periodic” concepts.t Both lead to a 
solution of the unlimited band-width problem and for this reason both 
have come to be known as frequency-independent . An example of the 
similarity between these two antenna types can be demonstrated in the 
case of the log-periodic wire antenna of Fig. 15-16; which produces a 
linearly polarized beam off the apex with the electric vector parallel to 
the transverse elements. If two such antennas are arranged in space quad- 

*K. K. Mei, M. W. Moberg, V. H. Rumsey and Y. S. Yeh, “Directive Frequency 
Independent Arrays,” IEEE Trans, on Ant. and Prop., AP-13, No. 5, pp. 807-809, 
Sept, 1965. 

fFor a detailed treatment of the relations between the two types of antennas, 
see chapter 18, “Frequency Independent Antennas,” by George A. Deschamps, in 
the Antenna Engineering Handbook , ed. Henry Jasik. McGraw-Hill Book Company, 
New York, 1960. 
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rature along a common axis, and with a common origin but with one 
structure scaled a quarter period from the other, the resultant combina¬ 
tion produces a circularly polarized beam with a pattern which rotates 
about the axis with frequency exactly as in the case of the conical 
equiangular spiral antenna. Conversely, of course, if the pattern of a 
conical equiangular spiral is probed with a linear receiving antenna of 
fixed plane of polarization, the measured pattern will vary log-periodi- 
cally with frequency as does the pattern of the antenna of Fig. 15-16. 
Also, it is worth noting that if a narrow-armed conical equiangular 
spiral (an angle structure) is flattened sideways (along the axis) it be¬ 
comes a log-periodic zig-zag antenna. 
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Chapter 16 


GROUND-WAVE PROPAGATION 


The energy radiated from a transmitting antenna may reach the 
receiving antenna over any of many possible propagation paths, some 
of which are illustrated in Fig. 16-1. Waves that arrive at the receiver 



Figure 16-1. Some possible propagation paths. 

after reflection or scattering in the ionosphere are known as sky 
waves, or alternatively, as ionospheric ally reflected and ionospherically 
scattered waves. Waves that are reflected or scattered in the troposphere 
(that region of the atmosphere within 10 kilometers of the earth’s 
surface) are termed tropospheric waves. Energy propagated over other 
paths near the earth’s surface is considered to be ground-wave . It is 
convenient to divide the ground-wave signal into the space wave and 
surface wave . The space wave is made up of the direct wave , the signal 
that travels the direct path from transmitter to receiver, and the 
ground-reflected wave, which is the signal arriving at the receiver after 
being reflected from the surface of the earth. The space wave also 
includes that portion of the energy received as a result of diffraction 
around the earth’s surface and refraction in the upper atmosphere. 

628 
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The surface wave* is a wave that is guided along the earth’s surface, 
much as an electromagnetic wave is guided by a transmission line. 
Energy is abstracted from the surface wave to supply the losses in the 
ground; so the attenuation of this wave is directly affected by the 
constants of the earth along which it travels. When both antennas 
are located right at the earth’s surface, the direct and ground-reflected 
terms in the space wave cancel each other, and transmission is entirely 
by means of this surface wave (assuming no sky wave or tropospheric 
wave). The surface wave is not shown in Fig. 16-1. 

The factors that affect propagation over each of these various paths 
will be considered in detail. This chapter will deal with ground-wave 
and tropospheric propagation. Ionospheric reflection and scattering will 
be treated in chap. 17. 

16.01 Plane-earth Reflection. For elevated transmitting and receiving 
antennas within line-of-sight of each other, the direct and ground- 
reflected wave combine to produce the resultant signal. For a smooth- 
plane, finitely conducting earth the magnitude and phase of the 
reflected wave can be calculated by an extension of the analysis of 
sec. 5.09 for reflection at the surface of a perfect dielectric. When the 
earth is rough the reflected wave tends to be scattered and may be 
much reduced in amplitude compared with smooth-earth reflection. A 
measure of “roughness” is given by the Rayleigh criterion which is 

n Ana sin 6 

R = —x— 

where a is the standard deviation of the surface irregularities relative 
to the mean surface height, <f) is the angle of incidence measured from 
the grazing angle, and X is the wavelength. For R < 0.1, there is a 
well-defined specular reflection and the reflecting surface may be con¬ 
sidered as being “smooth,” so that the reflection factors may be com¬ 
puted by the methods of this section. For R > 10, the surface is 
“rough” and the reflected wave has a small magnitude. It will be noted 
that a surface which might be considered rough for waves incident at 
high angles (that is, large <£), may approach being a smooth surface 
as the angle of incidence approaches grazing. It will be found that 
when the incident wave is near grazing over a smooth earth the reflec¬ 
tion coefficient approaches —1.0 for both polarizations. 

The problem of reflection at the surface of a perfect (nonconduct¬ 
ing) dielectric has already been solved in chap. 5 and the reflection 

*This surface wave is sometimes called the “Norton surface wave." For a com¬ 
prehensive discussion of other connotations which have been given to the term 
“surface wave ” see the section on Surface Waves, IRE Transactions on Antennas 
and Propagation, AP-7, pp. S132-S231, Dec., 1959. 
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factors obtained for both perpendicular (horizontal) and parallel (vertical) 
polarizations. The earth, although not a good conductor in the sense 
that copper and silver are good conductors, is by no means a perfect 
dielectric, and its finite conductivity must be taken into account. 

For a medium which has a dielectric constant e and a conductivity 
cr, Maxwell’s equation (I) is 

VxH = eE + <rE (16-1) 

If the variation of E with time is sinusoidal, that is, if the expression 
for E at any point may be written 

E = E 0 e jat 

then 

E = jco E 0 e j ^ 

= M E (16-2) 

Putting this in eq. (1), there results 

Vx “=('+£) 6 

= e'E (16-3) 

From eq. (3) it is apparent that a partially conducting dielectric can 
be considered as a dielectric that has a complex dielectric constant 
e', where 



The wave equations and reflection coefficients derived for perfect 
dielectrics will apply directly to dielectrics having loss or conductance, 
if the dielectric constant e is replaced by an equivalent complex 
dielectric constant 

•' = (•+£) < 1<M > 

Reflection Factor for Perpendicular ( Horizontal ) Polarization. The 
reflection factor R A for a plane wave having horizontal or perpendic¬ 
ular polarization is obtained directly from eq. (5-90) on page 146. It is 


Ve7 cos 6 — JTe + -?•) — e„ sin 2 0 
R h = iz = _ _L_V m (16-5) 

E* VeT cos 6 + f(f + — e v sin 2 d 


For the case of a wave incident at the surface of the earth, medium 
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(1) is air and so e x has been replaced by e„, the dielectric constant of 
free space. Also the dielectric constant e 2 of the second medium has 
been replaced by the complex dielectric constant [e + (<r/j<a)]. 6 is the 
angle of incidence measured from the normal. In dealing with reflec¬ 
tion by the earth, it is usual to express the direction of the incident 
wave in terms of the angle ^ which is measured from the earth’s 
surface. That is 

'xjr = 90° — 6 

so that 


cos 0 = sin ^ sin 6 = cos ^ 
Equation (5) may then be written 


I 


sin ^ — J (JL — PL\ — cosN/r 
_ V \ e v coej __ 

sin + j (i_ _ HE) — cos 2 ^ 

v \e„ coej 


(16-6) 


where (5) has been divided through by */T v . It is also customary to 
state the earth’s dielectric constant relative to that of free space by 
means of a relative dielectric constant e r , where 




_e_ 


(This is the familiar dielectric constant of electrostatic units where 
e v = 1.) The final form of the expression for the reflection factor for 
horizontal polarization is 

R - Sln t. ~ */( e r — ■/*) ~ COs2 t (16-7) 

h sin t/t + V(^r — jx) cos 2 ■yjr 
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where 

x = —= 18 x 1QV = 18 X 10V 

G&V f fy\ III2 

Reflection Factor for Parallel ( Vertical ) Polarization . In a manner 
similar to the above, the reflection factor for parallel or vertical 
polarization is obtained from eq. (5-91). It is 

R __ ZLig) siQ ~ cos 2 t/t ^ 16-8 > ) 

(e r — jx) sin ^ — jx) — cos 2 ^ 

It is evident from eqs. (7) and (8) that the reflection factors are 
complex and that the reflected wave will differ both in magnitude and 
phase from the incident wave. The manner in which the reflection 
factors vary with angle of incidence is shown in Figs. 16-3 and 16-4. 




Figure 16-3. Magnitude and phase of the plane-wave reflection coefficient 
for horizontal polarization. The curves are for a relatively good earth 
(<j = 12 x 10— 3 , = 15) but can be used to give approximate results for 

other earth conductivities and other frequencies by calculating the appro¬ 
priate value of x = 18 x IQV/Zmh* 

The various curves are for different frequencies. A study of these 
figures yields some interesting information. When the incident wave 
is horizontally polarized (Fig. 16-3), so that E is perpendicular to the 
plane of incidence and parallel to the reflecting surface, the phase of 
the reflected wave differs from that of the incident wave by nearly 
180 degrees for all angles of incidence. For angles of incidence near 
grazing — 0), the reflected wave is equal in magnitude but 180 
degrees out of phase with the incident wave for all frequencies and 
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Figure 16-4. Magnitude and phase of the plane-wave reflection coefficient 
for vertical polarization. (See legend for Fig. 16-3.) 


all ground conductivities. As the angle of incidence is increased, both 
the magnitude and phase of the reflection factor change, but not to 
any large extent. The change is greater for the higher frequencies and 
lower ground conductivities. The curves of Fig. 16-3 are drawn* for an 
earth having a “good” conductivity and can be used for a range of 
frequencies from 0.5 to 1000 MHz. The relative dielectric constant e r 
varies from about 7 for a “poor” (low conductivity) earth to about 30 
for a “good” (high conductivity) earth, so an average value of e r = 15 
has been used. 

Figure 16-4 shows the manner in which the reflection factor R v for 
vertical polarization varies with angle of incidence. In this case the 
electric vector E is parallel to the plane of incidence and the magnetic 
vector H is parallel to the boundary surface. The results are quite 
different from those obtained for horizontal polarization. As before, at 
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grazing incidence the electric vector of the reflected wave is equal to 
that of the incident wave and has a 180-degree phase reversal for all 
finite values of conductivity. However, as the angle i/r increases from 
zero, the magnitude and phase of the reflected wave decrease rapidly. 
The magnitude reaches a minimum and the phase goes through —90 
degrees at an angle known as the pseudo-Brewster angle (or just Brew¬ 
ster angle) by analogy with the perfect dielectric case. At angles of 
incidence above this critical angle, the magnitude increases again and 
the phase approaches zero. For very high frequencies and low conduc¬ 
tivities (x e r \ the Brewster angle has very nearly the same value as it 
has for a perfect dielectric. This can be seen from eq. (8). (For e r = 15, 
Brewster's angle occurs at ^ = 14.5 degrees for the perfect dielectric 
case.) For lower frequencies and higher conductivities the Brewster 
angle is less, approaching zero as ^ becomes much larger than e r . 

When the incident wave is normal to the reflecting surface = 90 
degrees), it is evident that there is no difference between horizontal 
and “vertical” polarization. The electric vector will be parallel to the 
reflecting surface in both cases and the reflection coefficients R v and R h 
should have the same values. Comparison of Figs. 16-3 and 16-4 shows 
that, whereas they do have the same magnitude, there is a 180-degree 
difference in phase. This comes about from the different definitions of 
positive direction for the reflected wave in the two cases and requires 
some explanation. For the case of reflection of a horizontally polarized 
wave from" the surface of a perfect conductor, if the electric vector of 
the incident wave is in the positive x direction [Figure 5-8(a)], the 
electric vector of the reflected wave will also be in the positive x 
direction, but will be 180 degrees out of phase with the incident wave. 
This could also be interpreted as a wave in phase with the incident 
wave, but having its electric vector in the opposite direction. In the 
vertical polarization case, the positive directions for incident and 
reflected electric field strengths are usually assumed to be as shown in 
Fig. 5-8(6), that is, both in the positive z direction when = 0. As ^ 
increases from zero, the horizontal components of both electric fields 
increase, but one horizontal component is positive and the other nega¬ 
tive. At t/t = 90 degrees the electric field strengths are wholly horizon¬ 
tal, but oppositely directed, one being in the positive y direction and 
the other in the negative y direction. From Fig. 16-4(6) the phase 
angle between these fields at the surface of the reflector is zero degrees 
(for a perfect conductor). But two vectors oppositely directed in space 
and having the same time phase give the same result as two vectors 
having the same direction and opposite phases; so this result is iden¬ 
tical with that obtained from Fig. 16-3(6) at ^ = 90 degrees. 
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For angles of incidence near grazing (n/r nearly equal to zero), a 
more accurate plot of reflection coefficients than those given by Figs. 
16-3 and 16-4 is often required. In Fig. 16-5, the magnitudes and phases 
of the reflection coefficients are shown* on a logarithmic scale for a 
relative dielectric constant e r = 10. 

Figure 16-6 shows how the earth’s conductivity varies throughout 
the United States. In general, hilly or mountainous regions have low 
conductivity (from 10“ 3 to 5 X 1CT 3 mho/m) whereas the flat prairies 
are regions of relatively high conductivities (from 10 X 10“ 3 to 30 X 
1CT 3 mho/m). The curves of Figs. 16-3 and 16-4 may be used with other 
conductivities than those shown on the figures by computing the ap¬ 
propriate values of x and interpolating between curves. For example, 
the curve labeled x = 18 corresponds to a frequency of 12 MHz and a 
fairly good ground conductivity (cr — 12 x 10~ 3 mho/m). Since x = 
(18 X 10 3 X cr)// MHz , it is seen that this same curve would also apply 
for 1 MHz over an earth having a conductivity (7=1 x 10~ 3 mho/m 
(that \s a very poor earth). The curves of Fig. 16-5 are labeled directly 
in terms of x. 

16.02 Space Wave and Surface Wave. The general problem of 
radiation from a vertical antenna above a plane earth having finite 
conductivity was originally solved by Sommerfeldt in 1909, Similar 
solutions have since been obtained by other writers using different at¬ 
tacks. All of these leave the solution in complicated forms that are 
difficult to evaluate. 

Norton! has reduced the complex expressions of the Sommerfeld 
theory to a form suitable for use in engineering work. In his original 
discussion, Sommerfeld stated that it was possible to divide the ground- 
wave field strength into two parts, a space wave and a surface wave. 
The space wave predominates at large distances above the earth, 
whereas the surface wave is the larger near the earth’s surface. As 
given by Norton, the expressions for the electric field of an electric 
dipole above the surface of a finitely conducting plane earth are in a 
form that clearly shows this separation into space and surface waves. 

*C. R. Burrows, “Radio Propagation Over a Plane Earth,” Bell System Tech . J., 
16, 45 ( 1937 ). In the curves of Fig. 16-5 as well as those of Figs. 16-3 and 16-4 the 
phase angle shown for the reflection coefficient is the angle by which the reflected 
wave leads the incident wave, 

tA. Sommerfeld, “The Propagation of Waves in Wireless Telegraphy,” Ann. 
Physik, 28 , 665 ( 1909 ). 

!K. A. Norton, “The Propagation of Radio Waves over the Surface of the Earth 
and in the Upper Atmosphere,” Proc. IRE, 24, 1367 ( 1936 ); Proc. IRE , 25, 1203 ( 1937 ); 
Proc. IRE , 25, 1192 ( 1937 ). 
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Figure 16-5. Magnitude and phase of the reflection coefficient for ey “ 10. The number on each curve gives the value x— 18 x & j fmx-i. 
Vertical polarization is shown by solid lines, horizontal polarization by dashed lines. (Courtesy Bell System Technical Journal ) 
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Figure 16-6. Ground conductivity map of the United States. Numbers on the legend, when multiplied by 10 3 , indicate ground 
conductivity in mhos/meter. (To obtain ground conductivity in e.m.u. multiply the numbers by 10“ 14 .) (Map by FCC) 
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At large distances from the dipole, such that the terms containing the 
higher orders of 1 /R x and 1 /R 2 may be neglected, the expressions for 
the vertical dipole above a finitely conducting plane earth reduce to 


E z = j'30/31 dl 


cos 2 i/r 






+ Pv 


,-Jl 3 R*' 




+ (1 - *,)(! - w 2 + W 4 cos 2 W-Ri 


(16-9) 


E p = -j30(3Idl 


_ p — i 

— cos ^(1 — R v )u a/ 1 — cos 2 t/t F £ 



(16-10) 


In these expressions, E z is the z component of electric field and E p is 
the radial component (cylindrical co-ordinates, see Fig. 16-2); R { and 
R 2 are the distances from the dipole and its image, respectively, to the 
field jpoint P. R v is the plane-wave reflection coefficient, the expression 
for which has already been developed. F is an attenuation function 
that depends upon the earth’s constants and upon the distance to the 
receiving point. It will be discussed under “surface wave.” Also 


where 


1 


e r — jx 


— 1-8 X 10 4 g- mho/m 

/*MHz 

cr — conductivity of the earth, mho/m 

e r = e/e* = relative dielectric constant of the earth 

yS = 27C/X 

Inspection of eqs, (9) and (10) shows that the total field may be divided 
into two parts, a “space wave,” given by the inverse-distance terms, 
and a “surface wave”* that contains the additional attenuation func¬ 
tion F. Combining (9) and (10) and separating into these two types of 
waves, there results 


•Etocal space = E+ (space) = (space) + E\ (space) 

= ;30/S/ dl cos + [t—. + R v !__j (16-11) 

•E'total surface = ^30/9/ dl( l — R v )F^-g~ 

R-2 

/l - 2 m 2 + (cos 2 (l + 5—^) 2 (16-12) 


♦This is the Norton Surface Wave—see footnote on page 629. 
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In equations (11) and (12), terms involving the factor u x have been 
discarded. 

The Space Wave. The expression for the space wave of a vertical 
dipole over a plane earth as given by eq. (11) consists of two terms. 
The first term e~ j0Rl /R t represents a spherical wave originating at the 
position of the dipole. e' J0Rl is the phase factor (the time factor e jat 
has been dropped) and 1 /R x is the inverse-distance factor. Similarly 
the second term represents a spherical wave originating at the position 
of the image of the dipole, but in this case the magnitude and phase 
of the wave have been modified by the plane- wave reflection factor R v . 
Thus the space-wave part of the field consists of a direct wave and a 
reflected wave, and the expression for the reflected wave contains the 
reflection factor R v that would apply if the incident wave were plane. 
When the dipole is located far from the earth, the incident wave is 
essentially a plane wave, and, in this case, the space-wave field is the 
total (ground-wave) field. On the other hand, when the dipole is located 
close to the earth, the incident wave will not be plane, and the expres¬ 
sion for the total reflected field must contain terms in addition to 
those given by the space-wave field. These additional terms are just 
those which account for the surface wave. 

Space-wave Patterns of a Vertical Dipole. In order to determine the 
effect of a finitely conducting earth upon the radiation pattern of an 
actual antenna, it is desirable first to investigate the radiation pattern 
of an elementary dipole above the earth. Expression (11) gives the 
space-wave field of a vertical dipole located at any height above a 
finitely conducting earth having the reflection coefficient R v . The ex¬ 
pression has been evaluated and plotted as a function of frequency for 
a range of ground conductivities and several dipole heights (Figs. 16-7 
to 16-9). 

Figure 16-7 shows the vertical radiation pattern of a vertical dipole 
located at the surface of a finitely conducting earth. The parameter 
n — x/e r , where as before 

_ <r _ 18 x lOV 

&> € v fyiHz 

md where or is the earth conductivity in mhos per meter and / MHz is 
he frequency in megahertz. An average value of 15 has been used for 
v, the relative dielectric constant of the earth. The curve n = co repre- 
ents the case of a perfectly conducting earth, n — 100 represents con- 
litions at low broadcast frequencies over a good (high conductivity) 
•arth. n — 10 corresponds to high broadcast frequencies over an earth of 
.verage conductivity. The curve n — 1 represents conditions at the 
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Figure 16-7. Vertical radiation pattern of a vertical dipole at the surface of an earth 
having finite conductivity. The parameter n = x/e r and an average value e r = 15 
has been used. Both space wave and unattenuated surface wave are shown. 


medium-high frequencies. The top three curves are the space-wave pat¬ 
terns. Shown dotted is the unattenuated surface-wave curve, which will 
be discussed later. Figures 16-8 and 16-9 show the vertical radiation 
patterns that result when the dipole is elevated one-quarter wavelength 
and one-half wavelength above the earth. 

From these figures it is apparent that the chief effects of the finite 
conductivity of the earth on the vertical radiation patterns occur at 
the low angles where the space wave is much reduced from its value 
over a perfectly conducting earth. This is because of the phase of the 
reflection factor R v , which changes rapidly for angles of incidence near 
the pseudo-Brewster angle. Above this angle the phase of R v is nearly 
zero, whereas below this angle near grazing incidence the phase of R v 
approaches —180 degrees. The phase of R v is always —90 degrees at 
the pseudo-Brewster angle. This rapid change of phase of the reflection 
coefficient near the critical pseudo-Brewster angle is responsible for 
many of the propagation characteristics peculiar to vertical polariza¬ 
tion. 

The patterns shown in Figs. 16-7 to 16-11 have been plotted for 
equal currents in the dipoles. A small radiated field, as for example in 
the case of n — 1, indicates small power radiated for a given current 
and, therefore, a low radiation resistance. For a given power radiated 
the dipole currents would be larger for this case (n = 1) and the resul- 





Figure 16-8. Vertical radiation pattern of a vertical dipole 
located a quarter wavelength above an earth of finite conduc¬ 
tivity. n = xje T and e r = 15. 



Figure 16-9. Vertical radiation pattern of a vertical dipole 
one-half wavelength above an earth of finite conductivity. 
n — x/e r and e r = 15. 
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Q 25 0..75 1.25 1.75 


Figure 16-10. Vertical radiation (in the plane perpendicular to the axis of 
the dipole) of a horizontal dipole a quarter wavelength above an earth 
having finite conductivity, n = */e r and €r — 15. 

tant field would also be larger than shown. The relative shape of the 
patterns shown is the important thing; their relative size has less 
significance. 

Space-wave Patterns for the Horizontal Dipole . The expression for 
the space-wave field of a horizontal dipole in the plane perpendicular 
to the axis of the dipole is similar to that for the vertical dipole, 
except that R v is replaced by R h and the cos ^ factor is absent. It is 

E% ace = y'30/9/ dl (f-^- + R h t-^-) 

The absence of the cos ^ factor is due to the fact that the horizontal 
dipole by itself is a uniform radiator in the plane perpendicular to its 
axis. 

Figs. 16-10 and 16-11 show the space-wave patterns of a horizontal 
dipole at heights of one-quarter wavelength and one-half wavelength 
above a finitely conducting earth. These are the patterns in the plane 
perpendicular to the axis of the dipole. The effects of finite conduct¬ 
ivity are much less marked than in the vertical dipole case because 
the reflection factor R h never deviates much from the value —1, which 
it has for the perfect conductor case. In the plane parallel to the axis 
of the dipole, the electric field is given by the expression 

£ SP ace = ;30 /3I dl sin {— - R v J 
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Figure 16-11. Vertical radiation pattern (in the plane perpen¬ 
dicular to the axis of the dipole) of a horizontal dipole one- 
half wavelength above an earth having finite conductivity. 
n = x/€ r and e r = 15. 

In this case the incident wave is polarized parallel to the plane of 
incidence, and the reflection factor R v for “vertical” polarization is 
required. The minus sign comes about from the assumed positive direc¬ 
tions of electric fields for the incident and reflected waves, as explained 
earlier in the chapter. Note that in this plane, parallel to the dipole 
axis, the electric field of a horizontal dipole is “vertically” polarized. 

16.03 The Surface Wave. The expressions for the electric field of 
a vertical dipole above a finitely conducting plane earth were given in 
eqs. (9) and (10). When the dipole is at the surface of the earth, the 
expression for the surface-wave part of this field reduces to 

E^urface = j30fil did - R V )F • 

£(1 — tr) + r cos t/t(i + u ^ cos 2 ^ (16-13) 

In this expression R is the distance from the dipole to the point at 
which the field is being considered (R^>X). k and t are unit vectors 
respectively parallel to and perpendicular to the vertical dipole. Also 

F={1 — j v'ttm e“°[erfc (j VoT)]} 
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M = —jftRu\ 1 — u 2 c os 2 i/r) L _sin ^ 

2 L U /y/F“ COS 2 'i/r. 


e r — ;x 

18 x 10V 

y*MHz 


erfc (7 a/gT) = — 7 = f e 02 

a/ CD * ;y^ 


The function F introduces an attenuation that is dependent upon dis¬ 
tance, frequency, and on the constants of the earth along which the 
wave is traveling. For distances within a few wavelengths of the dipole, 
F has a value of very nearly unity, and it approaches unity as the 
distance R approaches zero. Putting F — 1 in eq. (13), it is possible to 
evaluate and plot what is called “unattenuated surface wave.” This is 
shown in Fig. 16-7 for two values of the parameter n. For low frequen¬ 
cies and good ground conductivity (n = 100), the unattenuated surface 
wave is very small, except for angles near grazing ('ifr = 0). At 'ifr = 0, 
it has the value 2. At this same angle the space wave is always zero 
because the direct and ground-reflected waves cancel. For higher fre¬ 
quencies and poorer conductivity (n = 1), the unattenuated surface 
wave still has a value of 2 at ^fr = 0, but it also has appreciable value 
at high angles as well. However, this wave attenuates very rapidly with 
distance because of the factor F. 

At the surface of the earth (ty = 0), the absolute value of F has 
been evaluated and is called the “ground-wave attenuation factor.” It 
is designated by the symbol A. That is, at = 0 

A = \F\ 

= |1 — j -fita erfc O' VfflDU-o 

= |1 — 7 e~ p ' erfc (J */pD\ (16-14) 

Pi is the value of co at the angle t/t = 0. In general, it is a complex 
quantity and may be written 

< b |*» 0 = Pi — pe ib 

where p is known as the numerical distance and b as the phase constant. 

Evaluating co at ^ = 0 shows that 

„ 7tR cos 2 b n _ 7tR , 

P = C- rr = ^— COS b 

Xx cos b Xx 
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b = (2b" - b') S tan' 1 ^-±i 


where 


b" = tan' 1 — 
X 


V = tan- 1 6r ~ - cos2 ^ ~ tan- 1 SLlJ. 

X X 

18 x 10 3 cr 
x =- j - 

The Ground-wave Attenuation Factor A. A plot of the ground-wave 
attenuation factor A , as given by eq. (14), is shown in Fig. 16-12 in 
terms of p and b . The numerical distance p depends upon the fre¬ 
quency and the ground constants, as well as upon the actual distance 
to the transmitter. It is proportional to the distance and the square of 
the frequency and varies almost inversely with the ground conductivity. 
The phase constant b is a measure of the power-factor angle of the 
earth (the actual power-factor angle is 6"). When the earth constants 
and the frequency are such that x^>e ri the power-factor angle will be 
nearly zero, and the earth will be mainly resistive. This is the case for 
average or better-than-average earth at broadcast frequencies. At very 
high frequencies and over poor earths the condition e r x may be 
obtained, and the earth impedance will then be reactive. It will be 
noticed that the same earth which acts as a conductor at very low 
frequencies will act as a dielectric that has a small loss at very high 
frequencies. 

The attenuation factor A can also be represented approximately by 
the following empirical formulas: 

For b < 5 degrees, 


A ~ 2 + 0.3 p 

1 = 2 +P + 0.6/ 


(16-15) 


For all values of 6, 


A ~ A { ~ sin b 


J P p -(5/8)p 

V 2 * 


(16-16) 


For b ,< 5 degrees and p < 4.5 (that is, for short numerical dis¬ 
tances), 

A S e- 0 - 43 ** 0 - 01 * 1 (16-17) 

This relation shows that A varies almost exponentially with p for short 
numerical distance. 



Attenuation factor - 
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For b < 5 degrees and p 4.5, 

7 < 16 - 18 > 

This relation shows that at large numerical distances A is inversely 
proportional to p. This means that at large numerical distances the 
field strength of the surface wave will vary inversely as the square of 
the distance from the transmitter. 

Surface Wave from a Horizontal Dipole . The expressions for the space 
and surface waves of a horizontal dipole at the surface of a finitely 
conducting plane earth are given by Norton as 

Espace = j W&dl<r MR -«\ [cos ^ sin ^ (1 _ jyfc + sin 



^ _ Jj3R( 1 — u 2 cos 2 j/Q u sin ^ \ z 

2u 1 V a/T — u 1 cos 2 ip'J 

R k is the plane-waVe reflection factor for horizontal (perpendicular) 
polarization, k, p , and are unit vectors in the cylindrical co-ordinate 
system. The dipole lies perpendicular to k and in the plane <j> = 0. 
Inspection of the expressions shows that in the principal plane normal 
to the dipole (<£ = 90 degrees) the electric field is entirely in the <f> 
direction, that is, it is horizontally polarized. In the direction <f> = 0, 
the electric vector lies in the plane <£ — 0 (“vertical” polarization). For 
intermediate directions the field is elliptically polarized. 

The function G is an attenuation function for horizontal polariza¬ 
tion. At large numerical distances G approaches u 4 F, and since u 2 = 
l/(e r — jx) is always much less than unity, it is evident that the hori¬ 
zontally polarized surface wave will be attenuated more rapidly than a 
vertically polarized wave of the same frequency. 

In practical computations the attenuation of a horizontally polar¬ 
ized wave along the surface of the earth is determined by using the 
same ground-wave attenuation factor A as is used for vertical polariza- 
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tion. However, now the numerical distance p and phase factor b are 
given by 

— fr'R * 

^ X cos b ! 

b = 180° - b f 

where, as before, 

= 18 x 10 V 

/mHz 

b' = tan -1 —-- 

x 

For a given actual distance R , the numerical distance p will be greater 
for horizontal polarization than for vertical polarization. This means 
greater attenuation for the horizontally polarized surface wave than 
for the vertically polarized wave. At low and medium frequencies, 
whdre x is large, this difference in attenuation is very great and only 
vertically polarized surface waves need be considered. In this frequency 
range the antennas used will be designed to radiate and receive ver¬ 
tically polarized signals. At high and very high frequencies the atten¬ 
uation of the surface wave is very large for both polarizations, with 
the result that surface wave propagation is limited to very short dis¬ 
tances. However, in this frequency range elevated antennas are used, 
and propagation paths are provided by the space wave. For this wave 
either vertical or horizontal polarization may be used. 

16«04 Elevated Dipole Antennas above a Plane Earth* When 
both transmitting and receiving antennas are located at the surface of 
the earth, the angle t/t of the ground-wave propagation path between 
the antennas is zero. Under these conditions the earth’s reflection coef¬ 
ficient is —1, so the direct and ground-reflected waves cancel. Prop¬ 
agation is then entirely by means of the surface wave. This is the case, 
for example, in the daytime reception of ordinary broadcast program 
signals. At high and very high frequencies, however, where a wave¬ 
length becomes sufficiently short, it is possible to elevate the antennas 
a quarter wavelength or more above the ground. When the antennas 
are elevated, the space wave is no longer zero, and the resultant signal 
at the receiving antenna is the vector sum of space and surface wave. 

Consider the case of two vertical antennas elevated at heights h x 
and h 2 above the surface of the earth (Fig. 16-2). From eq. (9) the 
vertical component of the electric field at the receiving antenna (2) 
due to a vertical dipole at (1) will be 

( [ p -}&Rx p-j&Ri] *) 

E, = y'30/3 /dl jcos 2 ^ |L_ + R v e -j- + (1 - Rv)F e -g- j} (16-21) 
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In expression (21) w 2 and u 4 have been neglected as being small com¬ 
pared with unity. The first two terms of the expression constitute the 
space wave, and the third term is the surface wave. This expression is 
accurate at distances from the antenna larger than a few wavelengths. 
However, as it stands, it is rather involved for actual computations. 
Fortunately, the case of interest in practice is usually that in which 
the distance between antennas is very large compared with their 
heights above the ground, that is, for which 

r'Xhi + h 2 ) 


Under these circumstances considerable simplification of the expression 
(21) results. The following relations will then hold approximately. 

cos 'xfr = 1 

Ri = = d (for the magnitude factor in the denominator) 

Also for large numerical distances, the asymptotic expansion for the 
error function erfc can be used so that 

F = 1 — j Vttoj e erfc (j v^T) 




1+J_ , (1X3) + 

_ 2co + ( 2 of _ 
i | h\ + h* 
^ uR 2 



where uR 2 ^>(h x + h 2 ) and \co\ > 20. 

Introducing these approximations into (21) gives 

E z = + e ~ m ' R v — | (16-22) 


The expression for the numerical distance co for this case will be 




(16-23) 


When the distance between antennas is very large compared with their 
height above the ground, it is evident from an inspection of expression 
(23) that the numerical distance co is very nearly equal to p u the 
numerical distance along the surface of the earth. Also under the same 
conditions the attenuation factor F, which is approximately equal to 
1/26), will not change much with height of either transmitting or re¬ 
ceiving antenna. It will have a value approximately equal to A , the 
surface-wave attenuation factor of Fig. 16-12. Thus, for elevated anten- 
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nas, the magnitude of the surface wave will be given approximately 
by 

E, surface = &MA ( 1 - R V )A ( 1 6-24) 

as long as the distance between antennas is very much greater than 
their heights above the ground. 

Expression (22) has been obtained for short vertical dipoles, but it 
also holds for elevated half-wave dipoles under the same conditions if 
dl is replaced by X/tt, the effective length of the half-wave dipole. 

The corresponding expression for horizontal half-wave dipoles would 
be 


= i 60 Jl D _i + R h e ~ m ' + (1 - R h )G <T- Wr *] (16-25) 

At large numerical distances (|a)| > 20), the attenuation factor G ap¬ 
proaches u { F, and so G is a very small quantity. The surface-wave 
attenuation for horizontal polarization is so large that the surface wave 
becomes negligibly small at very short distances, and ordinarily only 
the space wave needs to be considered. At large numerical distances 
the factor G in expression (25) can be replaced by A ^ 1/2 p, where p 
has already been defined for horizontal polarization. 


Example 1: A half-wave dipole radiator is elevated 100 ft above the ground. 
A receiving dipole 3 miles distant is elevated 30 ft. Determine the space- and 
surface-wave field strengths at the receiving antenna when the transmitting 
antenna carries a current of 1 ampere at a frequency of 50 MHz. Assume 
an average earth having e r = 15 and cr = 5 X 10~ 3 , (a) for vertical half-wave 
dipoles and (b) for horizontal half-wave dipoles. 


Case (a) —Vertical half-wave dipoles. 


;30/3// e) 

d 


£ sp = + e ~^R v ) 


+R V €->**-**] 


jr = tan- 1 = tan ^ 


130 


r 3 X 5280 

5 x 10“ 3 x 10 3 x 18 


= 0.47° 


50 


■ = 1,8 


From Fig. 16-5 


R v = 0.94 /-180 
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Approximate Formula for VHF< Propagation . The preceding example 
indicates that certain simplifying assumptions can be made when the 
elevated transmitting and receiving antennas are far apart. When these 
approximations are used, a quite simple formula for VHF propagation 
between elevated antennas results. These approximations are: 

(1) The surface wave can be neglected in comparison with the 
space wave. 

(2) The angle ^ is very small so that the reflection factor R v or 

Then the field at the receiving antenna due to a current I amperes 
in a half-wave transmitting antenna is given by 

|£| = 60 / |i + j y-a i 

= 60/|l- l/- g | (16-26) 

where! <2 is the difference in path length between direct and reflected 
waves expressed in degrees. That is, 

a = ^(R 2 - Ri) (16-27) 

Referring to Fig. 16-2, 


Using the binomial expansion, when x< 1, 

(1 + x)^ ** 1 + 4 * 

Then 


P i — R i d 


+t m; 


- d 


_ 2h x hz 



(16-28) 


It should be observed that, in actual computations, this approximate 
expression (28) for — R u obtained by using the first two terms of a 
series, will give a more accurate numerical answer than the “exact” 
computation, using a reasonable number of significant figures. This is 
because when two large and nearly equal numbers are subtracted one 
from the other, significant figures are lost, so that it is necessary to 
start with a very large number of significant figures in order to end up 
with only fair accuracy. In the “approximate” method one works 
directly on the difference between the numbers and no significant 
figures are lost. Then, from (27) and (28) 
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^ _ 4tt M* 

X d 

From (26) 

|£| — ^ |1 —■ cos a + j sin a\ 

When the angle a is small, so that cos a ~ 1, 

|£!^ T smo!^ T sm- ir (16-29) 

If cc is sufficiently small so that sin a ^ oc, this reduces to 


6QIct 2407r/A 1 /2o 
d ~~ Xd 2 


V/m (16-30) 


Where the approximations used are valid, the received field strength is 
proportional to the height of the transmitting antenna, the height of 
the receiving antenna, and inversely proportional to the square of the 
distance between them. In most propagation problems met with in 
frequency-modulation and television applications, the above approxima¬ 
tions will hold so that the simple expression of eq. (30) may be used 
in these important practical cases. 

16.05 Wave Tilt of the Surface Wave. A vertically polarized wave 
at the surface of the earth will have a forward tilt, the magnitude of 
which depends upon the conductivity and permittivity of the earth. 
The slight tilt forward of the electric field strength is responsible for a 
small vertically downward component of the Poynting vector, sufficient 
to furnish the power dissipated in the earth over which the wave is 
passing. In general, the component of electric field strength parallel to 
the earth will not be in phase with the component perpendicular to it, 
so that the electric field just above the surface of the earth will be 
elliptically polarized. 

In chap. 7 the problem of a wave guided along the surface of a 
good conductor was solved. The results obtained will apply directly to 
this case of a radio wave along the surface of the earth, as long as the 
same assumption (depth of penetration not too large a fraction of the 
wavelength) is valid. This will be true over most of the range of fre¬ 
quencies and conductivities that are of interest in surface-wave propaga¬ 
tion. Then the surface impedance of the earth is given approximately 
by 



where cr, jm, and e are respectively the conductivity, permeability, and 
permittivity of the earth. The horizontal component of electric field 
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strength will be E h = J S Z S and the vertical field strength will be ap¬ 
proximately E v ~ Hrj v , so that the ratio of horizontal to vertical field 
will be 


Eji __ J S Z S __ Zj 

E v Tju 


__ 1 / (OfX 

377 V Vcr 2 + coV 



iZ. 

&>e 


(16-31) 


As an example consider a one-MHz 
radio wave at the surface of an average 
earth having d=5x 1CF 3 and e r = 10. 
For this case 


o>e - 5.55 x 10~ 4 

~ = 0.105/41.8° 

E-v 

I 

The horizontal component of E is about 
one-tenth of the vertical component and 
leads it by an angle 41.8°. If the electric 
vector wave were plotted at various instants 
of time, the locus of the endpoint would 
trace out an ellipse. This elliptical polariza¬ 
tion of the field at the earth’s surface is 
shown in Fig. 16-13 for e r = 5 and various 
values of x, where 

<r 18 x 10 3 <r 



X = 0.5 X = 5 X = 50 X = 500 


Figure 16-13. Elliptical po¬ 
larization of the electric 
vector at the surface of an 
earth for which e T = 5 and 
for various values of x = 
18 x 10 3 <x //mhz- 


In the example above x = 90. 

1 6.06 Spherical-earth Propagation. The formulas for ground-wave 
propagation developed in the preceding sections were obtained on the 
assumption of a flat or plane earth. Whereas such an assumption gives 
answers that are approximately correct at short distances, it cannot be 
expected to yield correct results at large distances. The distance up to 
which the curves of Fig. 16-12 can be used without serious error is 
given by the relation d = 50//^ miles. Beyond this distance the 
actual field strength starts to deviate from that computed on the plane 
earth assumption. The curvature of the earth affects the propagation 
of the ground-wave signal in several ways. First, the bulge of the earth 
prevents the surface wave from reaching the receiving point by a 
straight-line path. The surface wave, which does arrive at the receiver, 
reaches it by diffraction around the earth and refraction in the lower 
atmosphere above the earth. Secondly, for elevated antennas the space 
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wave is affected in two different ways. The ground-reflected wave is 
now reflected from a curved surface, and its energy is diverged more 
than in the case when it is reflected from a flat surface. This means 
that the ground-reflected wave reaching the receiver will be weaker 
than for a flat earth by the divergence factor D, which is less than 
unity. Finally, for a spherical earth, the heights and h 2 of the 
transmitting and receiving antennas above the plane tangent to the 
surface of the earth at the point of reflection of the ground-reflected 
wave are less than the antenna heights h i and h 2 above the surface of 
the earth (Fig. 16-14). 



It would seem that it should be possible to obtain an exact solution 
to the problem of an antenna above a spherical finitely conducting 
earth by solving Maxwell’s equations subject to the appropriate boun¬ 
dary conditions. Although formal solutions to this problem have been 
set up, these solutions are much more involved than even the rigorous 
plane-earth solution. For example, one such solution is in the form of 
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an infinite series of spherical harmonics with coefficients containing 
twelve Bessel functions. The convergence of the series is extremely 
slow, the main contribution being given by those terms for which n is 
of the order of the ratio 2itR/X, where R/X is the radius of the earth 
in wavelengths. For commonly used radio frequencies, this ratio is of 
the order of 10 3 to 10 8 ! It is thus apparent that a different approach 
must be used if numerical answers are desired. Answers of engineering 
accuracy can be obtained by considering separately various particular 
cases. The detailed analysis is complex, and in general the expressions 
that result are complicated. However, the results may be put in a 
graphical form suitable for engineering use, and such results may be 
found in various articles and books.* 

16.07 Tropospheric Waves. The troposphere is considered to be the 
region of the atmosphere adjacent to the earth and extending up to 
about 10 kilometers. It is in this region that clouds are formed. The 
temperature in the troposphere decreases with height at the rate of 
about 6.5°C per kilometer to a value of about —50°C at its upper 
boundary. Above the troposphere lies the stratosphere. Wave propaga¬ 
tion beyond line-of-sight within the troposphere can result from several 
mechanisms which may be classified as diffraction, normal refraction, 
abnormal reflection and refraction, and tropospheric scatter. Diffraction 
has already been treated briefly, and the other mechanisms will be con¬ 
sidered in this section. 


Normal Refraction . A radio wave traveling horizontally in the earth’s 
atmosphere follows a path which has a slight downward curvature due 
to refraction of the wave in the atmosphere. TJiis curvature of the path 
tends to overcome partially the^toss of signaPcfue’ to curvature of the 
e^artli" and permits the direct ray to reach points slightly beyond the 
horizon as determined by the straight-line path. In making computa¬ 
tions the effect of refraction is accounted for by using an effective 
radius of curvature for the earth that is somewhat larger than the ac¬ 
tual radius, and then assuming straight-line paths (that is, no refrac¬ 
tion) in the atmosphere. 

The refraction of a radio wave in the atmosphere occurs because 
the dielectric constant, and hence the refractive index of the atmo¬ 
sphere, varies with height above the earth. The dielectric constant of 
dry air is slightly greater than the value of unity that applies for a 


*K. A. Norton, ‘‘The Calculation of Ground Wave Field Intensity over a Finitely 
Conducting Spherical Earth,” Proc. IRE , 29, No. 11, 632 (1941). 

H. Bremmer, Terrestrial Radio Waves, American Elsevier Publishing Co., Inc., 
New York, 1949. 

Ya. L. Alpert, Radio Wave Propagation and the Ionosphere , Authorized Transla¬ 
tion from the Russian by Consultants Bureau, New York. 
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vacuum, and the presence of water vapor increases the dielectric con¬ 
stant still further. For this reason, the dielectric constant of the 
atmosphere is greater than unity near the earth’s surface, but decreases 
to unity at great heights where the air density approaches zero. 

Normal refraction results from this gradual decrease of the effective 
dielectric constant of the atmosphere with height. The refractive index 
n — *fT of the atmosphere has a value of approximately 1.0003 at the 
earth’s surface. Because we are dealing with very small changes in n it 
is usual to use a scaled-up value of n called the refractivity and defined 
by N = (n — l) 10 8 . The refractivity can be calculated through the 
relation 


N^V^p + 4810 ^ 

where p is the total pressure in millibars, e is the partial pressure of 
water vapor in millibars and T is the absolute temperature in degrees 
Kelvin. Of chief significance as far as bending of the radio waves is 
concerned is the gradient of the refractive index, that is, the rate of 



change of N with height. If a linear 
N profile (that is, uniform gradient) 
is assumed, the downward bending 
of the rays may be accounted for as 
described below by using straight 
rays and an “effective” earth radius 
greater than the actual radius. For 
a “standard atmosphere” the ap¬ 
propriate factor for the effective 
earth radius is k — -J, so that the 
effective radius is £ times the actual 
radius. For other refractive index 
gradients the effective radius can 
be adjusted accordingly. It has been 
found that there is a high correla¬ 
tion between the monthly median 
transmission loss and monthly medi¬ 
an values of VN. The quantity VN 
is the difference in values, N u at 
the height of one kilometer above 
the surface and N $ , the value at the 
surface. It is a quantity which can 
be obtained directly from radiosonde 
observations or can be predicted 
with good accuracy from N s . Maps 
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of ViV have been prepared for the United States for several months of 
the year. 

The relation between the radius of curvature of the path and the 
change of refractive index with height can be derived as follows. Let 
p be the radius of curvature of the path and v the velocity of propaga¬ 
tion at a height H above the earth. Then from Fig. 16-15 


p dd = v dt 


or 

dd __ v 
dt ~ p 

Also 


t>= A — = 

V pv €v 

At a height H + dH = H +• dp, the velocity 

' (,+*)-o>.+gig 


(16-32) 

(16-33) 


Therefore 


dv __ dd _ v 
dH ~~ dt ~ ~p 


or 


v fc e -i/2 2e 

p = W[dH~^~^ r = ~ 


(16-34) 


Since e r ^ 1, 


2 


(16-35) 


The radius of curvature of the path, being a function of the rate of 
change of the dielectric constant with height, varies from hour to hour, 
day to day, and season to season. However, in practice an average value 
of four times the radius of the earth is used for the purposes of calcu¬ 
lations. 

In working propagation problems it is often convenient to consider 
the ray paths as straight lines instead of being curved as they actually 
are, and to compensate for the curvature by using a larger value for 
the “effective” radius of the earth. The relations involved are shown in 
Fig. 16-16(a) and ( b ). In Fig. 16-16(a), the actual path is shown above 
an earth of radius a. In order for the straight-line path of Fig. 16-16(6) 
to be the equivalent of that shown in Fig. 16-16(a), it is necessary 
that the change in height dH be the same in the two cases for the 
same horizontal distance D. In Fig. 16-16(6), 
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[a) Uj) 


Figure 16-16. Curved paths become straight lines when an effective radius ka 
is used for the earth. 



(16-36) 

(16-37) 

(16-38) 
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The effective radius of the earth required is therefore 

‘■-(rh) 

so that 


k = 



(16-39) 


For a radius of curvature p, equal to four times the radius a of the 
earth, the effective radius of the earth is £ times the actual radius. By 
using this effective radius instead of the actual radius in making 
ground-wave path computations, the systematic bending of the waves 
in the atmosphere is accounted for, and straight-line paths may be 
drawy. 

Abnormal Refraction and Reflection. In addition to the systematic 
refraction of waves that occurs in the troposphere under normal condi¬ 
tions there are also the possibilities of abnormal refraction and of 
reflections occurring at places of abrupt change in the refractive index 
or its gradient. The case of reflection at abrupt changes in the dielec¬ 
tric constant is easily treated using the reflection factors developed in 
chap. 5. For a wave propagating in a dielectric medium of permittivity 
e i9 and incident upon a second medium of permittivity e 2 = + Ae, 

where Ae is the change in permittivity at the layer in the troposphere, 
it is easy to show (problem 1, page 665) that eq. (5-91) for vertically 
polarized waves reduces to 



Ae 

4 cos 2 di 


(16-40) 


Similarly for horizontally polarized waves the reflection coefficient of 
eq. (5-90) can be reduced to 


R* 


Ae 

4 cos 2 d x 


(16-41) 


Using these reflection coefficients and various assumed conditions 
for Ae and reflecting layer height, the field strengths of tropospheric 
waves can be calculated. These calculations show that when abrupt 
changes of permittivity occur in the troposphere, the resulting reflec¬ 
tions can produce usable signals at distances considerably beyond 
those that result when only ground-wave propagation paths are 
considered. Propagation beyond normal ground-wave range also results 
from abnormal refraction in the troposphere. These effects are best 
handled through use of modified index curves considered next. 
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Modified Index Curves and Duct Propagation. The atmospheric con¬ 
dition that gives rise to the tropospheric reflection just considered is a 
nonstandard condition. Thare are many different types of such nonstan¬ 
dard atmospheres, each of which affects wave propagation in a different 
way. The standard dry atmosphere has already been defined as one for 
which the temperature decreases at the rate of 6.5°C per kilometer. 
When the temperature increases with height over a certain range of 
heights, it is known as temperature inversion. Actually the water content 
of the atmosphere has much more effect than temperature on its 
dielectric constant and on the manner in which it affects radio waves. 
The moist standard atmosphere is specified as one which has a water- 
vapor pressure of 10 millibars at sea level, decreasing with altitude at 
the rate of 1 millibar per thousand feet, up to 10,000 ft. If the tem¬ 
perature or water content differs from these standard conditions, non¬ 
standard propagation will result. The effects to be expected can be 
estimated most readily by transforming the meteorological data, tem¬ 
perature, water content, and so on, into M curves. M curves are curves 
that show the variation of the modified index of refraction with height. 
(The term “modified” refers to the fact that the actual index has been 
modified to account for the curvature of the earth. When this is done, 
straight rays above a curved earth come out as curved rays (with an 
upward curvature) above a flat earth. This procedure, which simplifies 
computations when rays of different curvatures must be considered, is 
just the reverse of that used previously when curved rays over a curved 
earth were transformed to straight rays over an earth of lesser curva¬ 
ture.) 

When M curves are available, it is possible to predict, at least 
roughly, the type of transmission path that can be expected. Standard 
propagation occurs when the modified index of refraction increases 
linearly with height. In this case, the M curve is a straight line with a 
positive slope. If the slope of the M curve decreases near the surface of 
the earth, substandard propagation results, with the rays curving upward 
(over the flat earth) more than for normal conditions. If the slope of the 
M curve increases near the surface of the earth, the upward curvature of 
the rays is less, so that greater coverage is achieved and superstandard 
conditions result. If the M curve becomes vertical (no change of modified 
index with height), the rays over the flat earth are straight and very 
great coverage can be obtained. (In this condition the actual rays have 
the same curvature as the curvature of the earth.) 

If the modified index decreases with height (M curve slopes to left) 
over a portion of the range of height, the rays will be curved downward 
(over the flat earth) and a condition known as trapping or duct propaga¬ 
tion can occur. Under such conditions the wave tends to be trapped or 
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guided along the duct, much as a wave is guided by a leaky wave guide. 
If the lower side of the duct is at the surface of the earth, it is known as 
a surface duct. Sometimes when the inverted portion of the M curve is 
elevated above the surface of the earth, the lower side of the duct is also 
elevated, and the duct is called an elevated duct . If the receiving antenna 
is elevated to within the duct, the signal may be very large. However, if 
the receiving antenna is outside the duct, either below or above it, the 
received signal will be very small. Elevated ducts are due to a subsidence 
of large air masses and are common in Southern California and certain 
areas of the Pacific. They are found at elevations of 1000 to 5000 ft and 
may vary in thickness from a few feet to a thousand feet. In the trade 
wind belt over sea areas there appears to be a continuous surface duct 
about 5 ft thick. Over land areas surface ducts are produced by radiation 
cooling of the earth. As with ordinary wave-guide propagation, there is 
a certain critical frequency (which depends on the thickness of the duct) 
below which duct propagation will not occur. Since these nonstandard 
refraction effects appear to be restricted to waves that make a very small 
angle with the horizontal, it is evident that the required thickness of the 
duct would have to be large in wavelengths. For this reason trapping is 
more likely to occur at the ultrahigh frequencies than at very high 
frequencies. 

Although trapping or ducting is prevalent over ocean areas in the 
trade wind belt it is estimated that ducting over land areas, such as the 
continental United States, occurs for less than 25% of the time. In con¬ 
trast, tropospheric forward scatter, considered next, can provide a con¬ 
sistent and reliable beyond-the-horizon signal for distances up to 300 or 
400 miles. 

Tropospheric Scattering . Tropospheric scatter is the name given to 
still another kind of extended-range tropospheric propagation. The 
mechanisms involved appear to be scattering and reflections from 
inhomogeneities in the refractive index of the atmosphere within the 
common volume of the troposphere occupied by transmitting and receiv- 



Figure 16-17. Scattering in the common volume of transmitting and 
receiving antenna beams. 
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ing beams (Figure 16-17). In various scattering theories that have been 
developed the received signal is ascribed to scattering from eddies or 
“blobs’* in the atmosphere due to turbulence, or alternatively, to uncor¬ 
related reflections from many layers of limited extent and arbitrary 
aspect. Measurements have shown that relatively sharp variations in the 
effective dielectric constant do indeed occur in both horizontal and 
vertical planes. 

Experimental results obtained for beyond-the-horizon transmission 
may be summarized as follows.* Beyond the horizon the received power 
decreases at about the 7th or 8th power of the distance. The signal level 
has seasonal variations of ±10 db which seem to be proportional to 
variations in k , the effective earth-radius factor. In addition there is fast 
fading which is essentially random and follows a Rayleigh distribution. 
Although the transmission loss increases slightly with frequency, the 
range of frequencies from 100 to 10,000 MHz appears to be useful. High- 
gain antennas are required, but when the antenna diameter is greater 
than about 50X, the antennas fail to realize their full gain because of 
phase incoherence across the aperture. Diversity reception is almost es¬ 
sential and requires antennas spaced at least 100\ apart. Available band 
width can be sufficient to provide television transmission over a 200-mile 



Figure 16-18. Median basic transmission loss for ground-wave and tropospheric scatter 
modes over smooth earth in CRPL reference atmosphere with N s — 301; — 30', 

Hi — 500'. (K. A. Norton, Courtesy NBS Journal of Research ) 


♦Kenneth Bullington, “Characteristics of Beyond-the-Horizon Radio Transmis¬ 
sion,” Proc. IRE, 43, No. 10, pp. 1175-1180, October, 1955. 
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link. Estimated median basic transmission loss is shown as a function of 
distance in Figure 16-18. 

A useful rule of thumb for tropospheric forward-scatter propagation 
has been given* as follows: At 100 miles range the median field strength 
is approximately 57 db below free-space value, and a further loss of 
about 0.12 db per mile occurs at greater distances. Depending on the 
degree of reliability required, an allowance of 8 to 16 db should be made 
for slow fading, and a further allowance of 3 to 8 db for Rayleigh type 
fading. This propagation mode is most effective for ranges up to about 
350 miles, but useful narrow-band signals have been received up to 600 
miles. An indication of the distances that can be achieved for wide-band, 
high-quality transmission is given by Fig. 16-19 for various antenna 
sizes. Using Figs. 16-18 and 16-19 together with the conclusions from 



120 *- 1 - 1 - 1 - 1 - 1 - 1 

100 1,000 10,000 


Frequency, MHz 

Figure 16-19. Estimated range for beyond-the-horizon 
transmission. (Bullington, Courtesy IEEE , formerly IRE) 

this section an estimate can be made of the power and antenna require¬ 
ments to establish an extended-range tropospheric-scatter communica¬ 
tions link. 

Problem 1. It is known that the abrupt changes in dielectric constant at 
the surface of a layer in the troposphere must be very small, say of the 
order of 10~ 6 to 10~ 4 . On this basis, and remembering that the relative 
dielectric constant is approximately unity, derive expressions (16-40) and 
(16-41) from expressions (5-91) and (5-90). 

*1. H. Gerks, '‘Factors Affecting Spacing of Radio Terminals in a UHF Link/’ 
Proc. IRE , 43, No. 10, pp. 1290-1297, October, 1955. 
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Chapter 17 


IONOSPHERIC PROPAGATION 


17.01 Introduction. The ground-wave propagation paths considered 
in the previous chapter are not the only paths along which a trans¬ 
mitted wave may travel to reach the receiver. This was demonstrated 
to a surprised scientific world in 1901 by Marconi’s successful trans¬ 
mission of radio signals across the Atlantic. Calculations had already 
been made to show that diffraction effects would be insufficient to 
permit such long-distance transmission around the curvature of the 
earth, and immediately other explanations were sought. The existence 
of a reflecting region in the earth’s upper atmosphere was proposed 
(independently) by A.E. Kennelly and Oliver Heaviside, and the Kennelly- 
Heaviside layer, or ionosphere as it is now known, became a much 
discussed part of radio propagation phenomena. 

Knowledge of the characteristics of the ionosphere is based largely 
upon its effect on radio waves, either those that penetrate it in the 
case of signals from rockets and satellites, or those that are reflected 
from it in the case of signals from earth-based transmitters. Experi¬ 
mentally it is found that at night signals from earth-based transmitters 
in the broadcast frequency range are reflected back, but in the daytime 
the reflected signal is very weak or entirely absent. As the frequency 
is raised, however, these daytime reflected waves become stronger, and 
for frequencies between 10 and 30 MHz, they may provide strong 
signals over distances of several thousand miles. As the frequency is 
increased still higher, a point is reached where the waves cease to be 
reflected back, but instead, penetrate the ionosphere to be lost in outer 
space. Thus there is a range of frequencies roughly between 3 and 30 
MHz where, although the surface wave is greatly attenuated, long¬ 
distance transmission between points on the earth’s surface may still 
occur because of reflections from the ionosphere. In general, these 
“sky-wave” signals are less stable than ground-wave signals, their 
strength depending upon the frequency, and upon the condition of the 
ionosphere. The state of the ionosphere is found to vary from hour to 
hour, day to day, and season to season in much the same way as does 
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the weather. Also, as with the weather, there may be periods of sudden 
storms, but many of the variations are fairly regular and may be 
predicted several days or even weeks ahead of time. Indeed, the art of 
ionosphere prediction is in much the same state as, and is very similar 
to, that of weather forecasting. Ionosphere stations set up in various 
parts of the world continuously gather and record information about 
the ionosphere in those regions. This information is assembled, correlated, 
interpreted, and issued in the form of charts that show past conditions 
and also make predictions for the future. Using these charts it is 
possible to determine in advance the optimum frequency to use for 
communication between any two points on the earth’s surface at any 
given time. Thus, although long-distance ionospheric propagation does 
not have the stable characteristics of short-distance ground-wave prop¬ 
agation, it does, in general, provide a predictable, and therefore usable, 
means of radio communication. A knowledge of some of the more 
important characteristics of the ionosphere will aid the engineer in an 
intelligent overall design of a communications system. 

17.02 The Ionosphere. The ionosphere is that region of the earth’s 
atmosphere in which the constituent gases are ionized by radiations 
from outer space (chiefly solar radiation). This region extends from 
about 50 km above the earth to several earth radii (mean earth radius = 
6371 km) with the maximum in ionization density at about 300 km as 
illustrated in Fig. 17-1. 

During the day, the bulk of the ionization is at altitudes between 
90 km and 1000 km, where the electron density is approximately 10 4 
electrons/cc. Throughout the ionosphere there are in fact several 
“layers,” or regions in which the ionization density either reaches a 
maximum or remains roughly constant. These regions are designated 
D, E , and F in order of height. During the daytime the F layer splits 
into separate layers called F x and F 2 . Also at times a peak in electron 
density has been observed in the lower D region, suggesting that the 
designation “C region” might be appropriate for the range 50-70 km. 
It should be emphasized that Fig. 17-1 represents a long-term average 
and that the actual electron-density distribution is a function of many 
variables, including time of day, season, latitude, and year (in relation 
to the eleven-year sunspot cycle). 

The existence of the ionosphere in the form of a layer is explained 
on the following basis: At great heights the ionizing radiations are 
very intense, but the atmosphere is rare and there are few molecules 
present to be ionized. Therefore in this region the ionization density 
(number of ions or electrons per unit volume) is very low. As height 
is decreased, the atmospheric pressure and ionization density increase 
until a height is reached where the ionization density is a maximum. 
Below this height the atmospheric pressure continues to increase, but 
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Figure 17-1. Electron density profiles (typical). 


the ionization density decreases because the ionizing radiation has 
been absorbed or used up in the process of ionization. This explains 
in general why there should be a layer. The existence of layers within 
a region is accounted for by the fact that the atmosphere is a mixture 
of several gases that differ in their susceptibility to the ionizing 
radiations, and so produce maximum ionization at different altitudes. 

Although the number and heights of the layers vary with time, 
the E and F layers have a permanent existence and make possible long¬ 
distance radio communication by reflecting radio waves (Fig. 17-2). 



Figure 17.2. Reflection from ionospheric layers. 
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The D layer is present only during the day and although it does not 
normally reflect back high-frequency waves, its presence decreases the 
intensity of signals reflected from the higher layers. Other layers within 
the E region that do not have a permanent existence are called sporadic 
E layers. Reflections from sporadic E patches often make possible long¬ 
distance reception of waves of much higher frequency than would 
normally be possible. 

17.03 Effective e and a of an Ionized Gas. The relative permittivity 
of an ionized gas was derived in sec. 9.06. In the absence of an external 
magnetic field it may be expressed as 

K 0 = l-£ (17-1) 

in which U = 1 — jZ 


Z = 


v 

CO 


X 



CO 


2 

V 


Ne 2 

me v 


(v = collision frequency) 


(cop = plasma frequency) 


The collision frequency v represents the combined effects of collisions 
with all species of particles present. In the ionosphere, collisions with 
molecules and ions predominate and approximate values for v are 10 6 
sec" 1 at 90 km and 10 3 sec" 1 at 300 km. The variation in v with height 
arises because of its dependence on gas pressure, electron thermal 
velocity and ion density. 

The relative permittivity may be separated into real and imaginary 
parts as follows; 

*° “ 1 1 - jZ 


X . xz 

1 + Z 2 7 1+Z 2 


(17-2) 


= (17-3) 

The imaginary part of the permittivity also may be regarded as a 
conductivity through the relation 

<7 = CO€ v €r (17-4) 


the derivation of which is left as an exercise. The real part of the 
permittivity and the conductivity may be expressed as 
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€r — 1 


Ne 2 


me„(i/ 2 + a) 2 ) 


and 


O' — 


Ne 2 


m(v 2 + m 2 ) 


(17-5) 


It will be observed that for a given frequency the effective conductivity 
in a region is a maximum when the collision frequency v is equal to 
a). At great heights where v is small and a) v, the conductivity will 
become vanishingly small and the effective dielectric constant will be 
given by e v [\ — ( Ne 2 /€ v mco *)]. On the other hand, at low heights such 
that v^>a >, the conductivity again becomes small and the reduction of 
the dielectric constant approaches zero. These effects that occur with 
decreasing height are augmented by the fact that the electron density 
N also decreases rapidly below about 80 km. The result is that the 
region of high conductivity (and therefore high absorption when the 
wave penetrates it) is confined to a relatively thin layer at the lower 
edge of the E region and to the upper part of the D region. 

17*04 Reflection and Refraction of Waves by the Ionosphere* The 
mechanism of reflection and refraction of radio waves by the ionosphere 
is very much a function of frequency. At low frequencies, say below 
100 kHz, the change in electron and ion density within the distance of 
a wavelength is so great that the layer presents virtually an abrupt 
discontinuity in the medium. Under these circumstances, the reflection 
may be treated in the same manner as the reflection of waves at the 
surface of a dielectric that may or may not have loss. On the other 
hand, at the high end of the high-frequency band, the length of a 
wavelength is sufficiently short that the ionization density changes 
only slightly in the course of a wavelength. Under such conditions the 
ionosphere may be treated (by methods well-known in optics) as a 
dielectric with a continuously variable refractive index. For in-between 
frequencies, not covered by these two cases, it is possible to treat the 
reflection region as though it consisted of several thin but discrete 
layers, each layer having a constant ionization density that differs from 
that of the adjacent layer. It follows that the incident wave will be 
partially refracted. The refracted wave penetrates to the second layer 
where it is partially reflected and partially refracted, and so on. In 
this case the resultant reflected signal may be considered as the sum 
of reflections from various parts of the ionized layer. Because they 
suffer greater attenuation, these in-between frequencies are of less 
practical interest than the others, and only the first two cases will be 
treated. 


Case I: Reflection at Low Frequencies In this case the wavelength is 
considered to be sufficiently long that there is a great change in the ionization 
density in the course of a wavelength. The layer then may be considered a 
reflecting surface, for which the following reflection coefficients may be written: 
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P _ cos9 ~ V( ef+ jfe)“ #in,<? 

cosd + (e'r + j—j - sin 2 B 

(17-6) 


„ _ ( € ^ + joe) cos 0 ~ V ( e r + ]£?) ~ sinl 6 

( e ^+jfe) cos *+V ( e;+ jfe) - sin2 9 

(17-7) 


where the effective values of a and e T are given by eqs. (5). 

It is apparent that for this type of reflection, the reflection coefficient of 
the medium will depend upon the frequency, polarization, and angle of incidence 
of the wave. When the effective conductivity can be neglected the reflection 
curves will be those for reflection from a perfect dielectric that has a refractive 
index of less than unity. For angles of incidence greater than a certain critical 
angle (which depends upon the refractive index), there will be complete re¬ 
flection of the signal for both polarizations of the wave. For angles less than 
the critical (that is, closer to the normal), the reflection coefficient will be 
less than unity and will depend on the angle of incidence. 


Case II: Reflection or Refraction at High Frequencies (This is an important 
case, practically.) When the change in phase velocity within the course of a 
wavelength is small, the well-known methods of ray optics may be used to 
obtain a solution. The requirement of small change in phase velocity means, 
in this case, a small change in electron density, as can be seen from the 
following considerations: The phase velocity of a wave in a medium having 
negligible loss is given by 


Vp = 


1 _ c 

\fpk V /Ir<?r 


(17-8) 


where, as usual, c = 1/a/ fj^Cv is the velocity of light in a vacuum. Assuming 
the permeability of the ionosphere to be unchanged by the presence of electrons 
so that jJrr = 1, the phase velocity will be 

** = VTr (1? ' 9) 


where e T depends upon 



the electron density N as indicated in eqs. (5). If the 
change in electron density in the distance of a wave¬ 
length is small the change in phase velocity will also 
be small. 

Under the conditions for this case the wave pene¬ 
trates the lower edge of the ionosphere without 
reflection, but within the ionosphere travels a path 
that is curved away from the region of greater 
electron density (smaller index of refraction). At any 
point along the path, the angle <f> between the path 
and the normal (Fig. 17-3) is given by Snell’s law of 
refraction 
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sin <j>t = n sin <f> 

i sin 4>t 

sin <b ~ - r - 

T n 


(17-10) 


n is the index of refraction at the point where <f> is observed, and <f>t is the 
angle of incidence (measured from the normal to the ionosphere layer). The 
refractive index for any medium is given by 


velocity of light in vacua 
phase velocity in the medium 


(17-11) 


For the lossless case, where (9) is true, eq. (11) gives for the refractive index 

n=«JTr (17-12) 

In general the effective conductivity of the ionosphere cannot be neglected, 
but at the higher frequencies where this present analysis is applicable, reflection 
takes place in the F layers where the collision frequency is very small and 
the conductivity is correspondingly low. Therefore, for a first approximation 
at lealst, it is permissible to neglect the effects of conductivity and use the 
simple expression given in (12). 

For co 2 > v 2 f the expression for e r [from eq. (5)] is 

* _ /, Ne 2 \ 


For an electron, e — 1.59 x 10~ 19 coulombs, m = 9 X 10" 
becomes 




(17-13) 
kg, so that (13) 


(17-14) 


N is the number of electrons per cubic meter and / is the frequency in Hertz. 
(However, if N is expressed as the number of electrons per cubic centimeter 
and the frequency is expressed in kHz, relation (14) is still true.) 

From (12) the refractive index is 


» = a/1 -■ 


(17-15) 


The refractive index decreases as the wave penetrates into regions of greater 
electron density and the angle of refraction increases correspondingly. When 
n has decreased to the point where n = sin the angle of refraction will 
be 90 degrees and the wave will be traveling horizontally. The highest point 
reached by the wave is therefore that point at which the electron density N 
satisfies the relation 


- = sin <j> t 

_ p cos 2 4>i 


(17-16) 


If the electron density at some level in a layer is sufficiently great to satisfy 
relation (16), the wave will be returned to earth from that level. If the maxi¬ 
mum electron density in a layer is less than that required by (16), the wave 
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will penetrate the layer (though it may be reflected back from a higher layer 
for which N is greater). 

The largest electron density required for reflection occurs when the angle 
of incidence <f>i is zero, that is, for vertical incidence. For any given layer 
the highest frequency that will be reflected back for vertical incidence will be 

/ cr = V®m (17-16a) 

where N m *x is the maximum ionization density (electrons per cubic meter) and 
f cr is the critical frequency for the layer. 

Experimental Determination of Critical Frequencies and Virtual Heights. 
Ionosphere characteristics are determined experimentally by measuring 
the amplitude and time delay of reflected signals as functions of frequency. 
The commonest method is that in which the transmitted signal 
consists of pulses of rf energy of short duration. The receiver, which is 
located close to the transmitter, picks up both the direct and the reflected 
signal. The spacing between these signals on the time axis of a cathode 
ray oscilloscope gives a measurement of the height of the layer. The 
height so measured is the virtual height of the layer and is higher than 
the true height of the lower edge of the layer as indicated in Fig. 17-4. 



Figure 17-4. Virtual height W of a layer. 


The virtual height h' is that height from which a wave sent up at an 
angle appears to be reflected. It is also the height obtained by pulse mea¬ 
surements, because the time delay for the actual curved path ABC is 
approximately the same as it would be for a wave to travel the path ADC 
if the ionosphere were replaced by a mirrorlike reflecting surface at the 
level of D. Although the path length ADC is greater than ABC , the group 
velocity in the ionosphere is less than in free space by just the amount 
required to make the time delays of the two paths equal. 

As the frequency of the transmitted signal is increased, starting say 
at 2 MHz, the measured virtual height increases slightly, indicating that 
for the higher frequencies the wave is returned back from higher levels 
within the layer. This continues until a critical frequency is approached 
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Figure 17-5, Virtual height-frequency curves. 

near which the virtual height increases suddenly to quite high values as 
shown in the virtual height-frequency curves (ionograms) of Fig. 17-5. 
As the critical frequency is passed, the measured virtual height drops 
back to a second more or less steady value which is higher than was ob¬ 
tained for frequencies well below the critical frequency. The wave is now 
penetrating the first layer and is reflected from a second, higher layer. 
The critical frequency of a layer is that frequency for which a vertically 
incident wave just fails to be reflected back from the layer. As the fre¬ 
quency is increased above the critical frequency for the lower layer, a 
second and sometimes a third critical frequency may be reached corre¬ 
sponding to the critical frequencies for the higher layers. The apparent 
increase in the measured height of the layer in the neighborhood of the 
critical frequency is due to a large time delay in the ionized medium, 
occurring as a result of a much reduced group velocity near this frequency. 
At the higher frequencies the earth’s magnetic field causes the virtual 
height trace to split into two parts corresponding to the two characteristic 
waves (ordinary and extraordinary) which have different phase and group 
velocities. Traces of a similar type are obtained by the “topside sounder” 
technique in which signals are transmitted from a satellite at about 
1000 km and reflected from the part of the ionosphere above the F region 
maximum in electron density. 

A particular type of radio wave echo called spread F is observed fre¬ 
quently in ionograms, especially in the equatorial and polar regions. In 
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this phenomenon, the duration of a pulse reflected from the F region may 
be as much as ten times greater than the duration of the incident pulse, 
causing the ionogram to have a “smeared” appearance. This is believed 
to be due to scattering from irregularities in the ionosphere, irregularities 
which are distributed both directly over the sounder and also away from 
the zenith. 

Maximum Usable and Optimum Frequencies. Although the critical fre¬ 
quency for any layer represents the highest frequency that will be reflected 
back from that layer at vertical incidence, it is not the highest frequency 
that can be reflected from the layer. The highest frequency that can be 
reflected depends also upon the angle of incidence, and hence, for a given 
layer height, upon the distance between the transmitting and receiving 
points. The maximum frequency that can be reflected back for a given 
distance of transmission is called the maximum usable frequency ( MUF ) 
for that distance. From eq. (16) and using (16a), it is seen that the maxi¬ 
mum usable frequency is related to the critical frequency and the angle 
of incidence by the simple expression 

MUF = / cr sec fa (17-17) 

The maximum usable frequency for a layer is greater than the critical 
frequency by the factor sec fa. Because of curvature of the earth and the 
ionospheric layer, the largest angle of incidence fa that can be obtained 
in F-layer reflection is of the order of 74 degrees. This occurs for a ray 
that leaves the earth at the grazing angle. The geometry for this case is 
shown by Fig. 17-6, where fa (max) = sin“ l (r/r + h). The maximum 
usable frequency at this limiting angle is related to the critical frequency 
of the layer by 

MUF (max) ^^^3.6/„ (17-18) 



Figure 17-6. 
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When the critical frequency is known, the maximum usable frequency 
can be calculated for any given distance through use of eq. (17). Figure 
17-7 shows a set of maximum usable frequency curves for the latitude of 
Washington, D. C., for a winter month during a period of maximum sun¬ 
spot activity. It is evident that, whereas a given frequency, say 28 MHz, 


I 



KM 


KM 


Figure 17-7. Typical set of maximum usable frequency 
curves for a winter month. 


would have been satisfactory for transmitting over distances of 2000 kilo¬ 
meters or more near midday, the same signal would have failed to be 
reflected back at points less than 1500 kilometers from the transmitter at 
the same time. The distance within which a signal of given frequency 
fails to be reflected back is the skip distance for that frequency. The higher 
the frequency the greater is the skip distance. 

Because the maximum usable frequency may show small daily varia¬ 
tions about the monthly average of up to 15 per cent, it is customary to 
use a frequency somewhat lower than the predicted maximum usable fre¬ 
quency. Also because it is desirable to restrict the number of different 
frequencies required to a reasonable number, some latitude must be 
permitted in the choice of frequency actually used. The optimum frequency 
for transmitting between any two points is therefore selected as some 
frequency lying between about 50 and 85 per cent of the predicted maxi¬ 
mum usable frequency between those points. 





Ic) 

Local time 


id) 

Local time 


Figure 17-8. Diurnal variation of critical frequency and virtual height of 
the regular ionospheric layers: (a) summer at period of sunspot minimum; 
(6) summer at sunspot maximum; (c) winter at sunspot minimum; (d) 
winter at sunspot maximum. 
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height of about 300 kilometers during the night, splits into two separate 
layers during the day. The lower of these is designated F x and the upper 
is designated F z . The flayer exists as an effective radio-wave reflector 
only during the day. At night its critical frequency falls below 1 MHz. 
Its virtual height remains almost constant at 110-120 kilometers from 
season to season and year to year. 

Besides the diurnal and seasonal variation of virtual height and critical 
frequency, these quantities also vary in synchronism with the 11-year 
sunspot cycle, as shown in Fig. 17-8. The critical frequencies are con¬ 
siderably higher during a year near a sunspot maximum than during a 
period near a sunspot minimum. 

In curves such as those of Figs. 17-5 and 17-8, the critical frequencies 
for the different layers are designated by appropriate letter subscripts 
denoting the layer. Because of the presence of the earth’s magnetic field, 
there are actually two different critical frequencies for each layer, one 
for the so-called ordinary wave and a higher one for the extraordinary 
wave. The respective critical frequency is therefore denoted by the sub¬ 
script o or x; for example f 0 F x is the critical frequency of the F x layer for 
the ordinary wave. For the E layer the ordinary wave predominates and 
the extraordinary is usually not considered because it has negligible effect 
on radio reception. Ordinary and extraordinary waves will be discussed 
further in a later section on the effect of the earth’s magnetic field. 

The critical frequency of the £ layer has a regular diurnal and seasonal 
variation. It increases with the altitude of the sun and is a maximum at 
noon on a summer day. For the E layer it has been found that the critical 
frequency is given approximately by the simple relation 

f E = K ^cos ^ 

where ^ is the zenith angle of the sun and K is a factor that depends 
upon the intensity of the radiation from the sun. The critical frequencies 
of the F layers do not obey any such simple law. For the F, layer the 
diurnal maximum lags behind the altitude of the sun and the daytime 
critical frequencies are higher in winter than in summer (for the northern 
hemisphere). Figure 17-9 shows typical curves of the distribution of the 
ionization density N with height. The curves shown are for day and night 
conditions in both summer and winter for a mid-latitude region. The 
values of N are obtained from sweep-frequency virtual-height measure¬ 
ments through the relation 

jV = 6)2 m€v 
er 

The maximum value of N for any layer is given by 


(17-19) 
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Frequency in MHz Frequency in MHz 



Electrons per cu meter Electrons per cu. meter 


Frequency in MHz Frequency in MHz 



Electrons per cu. meter Electrons per cu. meter 

Figure 17-9. Distribution of ionization density with height for 
quiet conditions: (a) summer noon; ( b) winter noon; (c) summer 
midnight; (d) winter midnight 

where N is the number of electrons per cubic meter and f cr is the critical 
frequency in Hz for that layer. It will be observed from these curves that 
for daytime conditions the ionization density falls off very rapidly below 
about 100 kilometers. 

Irregular Variation of the Ionosphere. In addition to the regular or 
normal variation of ionospheric characteristics indicated by Fig. 17-8, 
there are also irregular variations that are often unpredictable and that 
sometimes have a marked influence on radio-wave propagation. One of 
these irregular variations is a sudden ionospheric disturbance, known as 
an S. I. D. (or sometimes as the Dellinger effect ), which produces a com¬ 
plete radio “fade out” lasting from a few minutes to an hour or more. 
The phenomenon is caused by sudden bright eruptions on the sun that 
produce a large increase in the ionizing radiations that reach the D layer. 
The resulting increase of ionization density in this layer results in a 
complete absorption of all sky-wave signals having a frequency greater 
than about 1 MHz. However, for the very low frequencies that are nor¬ 
mally reflected from this layer, the sky-wave signals will increase in 
intensity. This sudden ionospheric disturbance is often accompanied by 
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disturbances in terrestrial magnetism and earth currents. The effect never 
occurs at night. 

A second type of irregular variation is somewhat similar in origin 
and effect to the sudden disturbance mentioned, but its beginning and 
ending are more gradual and it may last for several hours. Usually the 
absorption of radio signals is not as complete and communication may 
be carried on at higher frequencies. 

In a third type of irregularity, known as ionospheric storms , the iono¬ 
sphere is turbulent and loses its normal stratification. The result is that 
radio-wave propagation becomes very erratic, and it is often necessary to 
lower the working frequency in order to maintain communication. The 
cause of the storm is thought to be the emission of a burst of electrified 
particles from the sun, and the fact that the storms tend to recur at 27- 
day intervals, the period of rotation of the sun, seems to indicate that 
there are active areas on the sun which produce the phenomenon. The 
effects of ionosphere storms may last for several days. 

A fourth type of irregularity occurring only in polar regions during a 
period of sunspot maximum is known as Polar Cap Absorption (P. C. A.). 

1 7.06 Attenuation Factor for Ionospheric Propagation. In sec. 17.03 
the equivalent conductivity cr and dielectric constant e of the ionosphere 
were obtained in terms of the ionization density iV and the collision fre¬ 
quency v. The attenuation factor a for wave propagation through this 
region will be given directly by eq. (5-54). It is 


where 


(V 1 0 

e = e g = e (\ _ _ Ne " \ 
M e v m(v> + co 2 )J 

_ Ne' 2 v 

a m{y l + co 2 ) 


(5-54) 
(17-21a) 
(17-2lb) 


and pb = jl v . 

Substituting (21a) and (21b) in (5-54), the expression for a may be written 


' T'/t'V ~~ f ') 


CO /I /*.[/, x 1 2 

= —V TV €r + (I—e r )— — 

C V ^ V Cl) 


£r 

2 


(17-22) 


For frequencies not too near the maximum usable frequency, and for 
the important practical case of a section of the ionosphere where the re- 
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lation a/coe <C 1 holds, eq. (5-54) for a reduces by use of the binomial 
expansion to 


_ (i_ Hi __ 607tcr _ 607tNe 2 v 

2 V e Ve~ r m(v 2 + co 2 ) 


(17-23) 


For the frequency range where a> 3> v, eq. (23) shows that the attenuation 
varies approximately as the inverse square of the frequency. Therefore it is 
desirable to use as high a frequency as possible without approaching too 
close to the maximum usable frequency. If the ionization density and 
collision frequency are known, the attenuation per unit length can be 
calculated by means of (21a) and (22), The total attenuation of the wave 
in the ionosphere would then be obtained by integrating a along the 
whole length of path through the ionosphere. In general, it is found that 
attenuation is negligibly small, except in the region near the lower edge 
of the ionosphere (the D region) and at the top of the path where the ray 
is being bent. The absorption that occurs in the region where the wave 
is bent is called deviative absorption , whereas that which occurs in the D 
region is known as nondeviative absorption. For high frequencies, where 
reflection takes place from the F layer, deviative absorption is usually 
small because the collision frequency in this layer is low. Exceptions to 
this occur for frequencies near the maximum usable frequency where the 
wave is abnormally retarded and appreciable absorption of energy may 
take place. 

Since it is known from theoretical considerations that the collision 
frequency v is high near the surface of the earth but decreases very rapidly 
with increasing height, it can be deduced through the use of eq. (23) that 
the main region of nondeviative absorption will be confined to a relatively 
narrow range of heights lying somewhere between 60 and 100 km. 

17.07 Sky-wave Transmission Calculations. Maximum Usable Fre¬ 
quency. For ionospheric transmission to be possible, the frequency used 
must lie between the maximum usable frequency (MUF) and the lowest 
useful high frequency (LUHF). The MUF was defined in sec. 17.04, and 
the LUHF will be discussed later in this section. 

The MUF for any given path at any time of day is calculated quite 
simply through use of convenient world contour charts obtainable from 
the Environmental Science Services Administration in Washington. These 
charts, an example of which appears in Fig. 17-10, show the world-wide 
variation of MUF with local time for all latitudes. The MUF figures 
predicted on these charts are the monthly median values of maximum 
usable frequency. Thus, communication at the MUF calculated from 
these charts should be effective approximately 50 per cent of the time 
during undisturbed periods. 
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Figure 17-10. Typical world contour MUF chart for the F 2 layer. Chart is for 
distances of 4000 km and summertime conditions. 


To calculate the MUF it is necessary to know the length of the trans¬ 
mission path and the location of certain “control” points on the path. 
The control points of a transmission path are points along the path, the 
ionospheric conditions of which seem to control transmission along the 
path. For paths shorter than 4000 kilometers (that is, single-hop paths) 
the control point is midway along the path, as would be expected. For 
longer paths the control points are taken as 2000 kilometers from each 
end for F 2 -layer reflection and 1000 kilometers from each end for F-layer 
reflection. Although the choice is empirical, it can be justified to some 
extent from a consideration of the probable paths in multi-hop trans¬ 
mission. 

To calculate the maximum usable frequency the appropriate MUF 
chart is used in conjunction with a world map and a great-circle chart 
of the same size. A sheet of transparent paper is placed over the world 
map, and on it are marked the location of the transmitting and receiving 
points and the equatorial line. The transparent paper is then placed on 
the great-circle chart. Keeping the equatorial lines on chart and paper 
lined up, the transparency is moved sideways until the transmitting and 
receiving points both lie on the same great-circle line, which is then 
sketched in. The transparency is then placed over the MUF chart, and 
the meridian whose local time is to be used for the calculation is lined 




684 Ionospheric Propagation § 17.07 

up with the appropriate time meridian on the MUF chart. Since 24 hours 
on the time scale of the MUF chart is drawn to the same scale as 360 
degrees of longitude on the world map, all points on the great-circle path 
will be lined up in their proper local time relationship. The maximum 
usable frequency at the control point or points can then be read off 
directly if the path length is the same as that for which the MUF chart is 
drawn. For F 2 -layer transmission over distances less than 4000 kilometers 
(single-hop transmission) the maximum usable frequencies are determined 
from zero-distance and 4000-kilometers-distance MUF charts; then the 
maximum usable frequency corresponding to the actual path length is 
obtained by interpolation with the aid of a suitable nomogram. For 
transmission via other layers and over greater distances the calculation 
procedure is slightly different. Details of these calculations, along with a 
complete set of sample charts and worked examples are given in an 
Environmental Science Services Administration publication.* MUF 
prediction charts are also available from the same source. 

The frequencies selected by the procedures above are for undisturbed 
periods. During periods of “ionospheric storms” the critical frequencies 
are lower than usual, and it may be necessary to lower the working fre¬ 
quency in order to insure communication. As the frequency is lowered 
the absorption of the wave increases. If it is necessary to lower the 
operating frequency below the lowest useful high frequency, communi¬ 
cation becomes impossible. Since the “ionospheric storm” type of disturb¬ 
ance is most severe in the polar regions, with less severity toward the 
equator, communication can often be maintained during “storm” periods 
by relaying through points closer to the equator. This last statement does 
not apply in the case of “sudden ionospheric disturbances” or “radio 
fadeouts” (Dellinger effect). During radio fadeouts high-frequency com¬ 
munication becomes impossible on all paths in the daylight side of the 
world. Fortunately this latter type of disturbance, which is unpredictable, 
rarely lasts more than two hours. 

Sky-wave Absorption and Lowest Useful High Frequency. As has already 
been pointed out, when the operating frequency is reduced from the 
maximum usable frequency the absorption of the wave in the ionosphere 
increases, and the received signal strength becomes less. The lowest 
useful high frequency (LUHF) for a given distance and given transmitter 
power is defined as the lowest frequency (in the high-frequency band) 
that will give satisfactory reception for that distance and power. Unlike 
the MUF, which depends only upon the state of the ionosphere and the 

* Ionospheric Radio Propagation, National Bureau of Standards Monograph 80, 
issued April 1, 1965, 
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distance between transmitting and receiving points, the LUHF depends 
upon the following factors: 

(a) The effective radiated power. 

(b) The absorption characteristics of the ionosphere for the paths 
between transmitter and receiver. 

(c) The required field strength, which in turn depends upon radio noise 
at the receiving location and the type of service involved. 

These factors will be considered in turn. 

(a) Effective Radiated Power and Unabsorbed Field Strength. The effec¬ 
tive radiated power is the power actually radiated by the antenna, multi¬ 
plied by the antenna gain in the direction of propagation. This second 
factor requires a knowledge of the vertical angle of radiation that is 
effective in producing a signal at the receiver. This angle depends upon 
the layer involved, the distance to the receiver, and the number of hops. 
The unabsorbed field strength of a sky-wave signal at a given distance for 
a transmitter is defined as the median incident field strength that would 
be observed by use of an antenna of fixed linear polarization if no ab¬ 
sorption were introduced by the ionosphere. The unabsorbed field strength 
is less than that which would result from inverse-distance attenuation 
alone because of (1) interference and polarization fading and (2) loss of 
energy upon reflection at the ground between hops. In practice the un¬ 
absorbed field strength for any distance is obtained from a graph that 
takes the above factors into account. 

(b) Absorption Characteristics of the Ionosphere . Absorption in the 
ionosphere can be classified as deviative or nondeviative absorption. 
Deviative Absorption occurs in that region of the ionosphere where the 
wave is bent back to earth. Except for frequencies near the critical fre¬ 
quency for the reflecting layer this type of absorption is small. During 
daylight hours a much greater absorption of the wave occurs in the D 
region, where the collision frequency is high. This latter absorption is 
called nondeviative because it is not associated with a bending of the wave. 
In the D region recombination is rapid and the ionization density, and 
hence the absorption, varies almost in synchronism with the elevation of 
the sun. D-layer absorption is a maximum at noon and decreases to 
negligibly small values within two hours after sunset. As is pointed out 
in the following sections, the absorption has a broad maximum in the 
neighborhood of the gyromagnetic (or cyclotron) frequency (1.2-1.4 MHz) 
for the electron in the earth’s magnetic field. As the frequency is increased 
above the resonance frequency, the absorption decreases steadily except 
for frequencies close to the critical frequency of each layer. 
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In addition to frequency and time of day, sky-wave absorption is also 
dependent upon the season of year and sunspot activity. When all of these 
factors have been taken into account, the absorption of the wave in the 
ionosphere, and hence the expected incident field strength, can be cal¬ 
culated. As in the case of the MUF, such calculations are greatlyfacilitated 
by the use of numerous charts and nomograms which have been prepared, 
and which are available.* 

(c) Required Field Strength. The field strength required for satisfactory 
reception for a given type of service depends among other things on the 
receiver sensitivity, the receiving-set noise, the radio noise level prevail¬ 
ing at the receiving location, and the type of modulation. Radio “noise” 
can be divided into man-made noise , that is, local electrical disturbances 
produced by electrical machinery, and atmospheric noise , or static. The 
latter noise depends upon the frequency, the time of day, the season of 
year, and location with respect to the sources of thunderstorms- Because 
most atmospheric noise has its origin in thunderstorms, those areas in 
which thunderstorms are most prevalent will have the highest atmo¬ 
spheric-noise level. The world can be divided into noise zones that cor¬ 
respond roughly to the zones showing the incidence of thunderstoms. The 
principal noise centers or active thunderstorm areas are located in Central 
Africa, Central America, and the East and West Indies. Areas of very low 
thunderstorm incidence are the north and south frigid zones. In general 
the temperate zones are areas of moderate thunderstorm incidence. The 
actual atmospheric noise at any location depends upon the local noise 
sources (thunderstorms) and also upon the sky-wave propagation charac¬ 
teristics between that location and the principal noise centers. It should 
be noted that the same factors that make for good transmission of radio 
signals from distant transmitters also provide good transmission of noise 
signals from distant noise sources. 

The distribution of noise intensities throughout the world has been 
plotted on world maps for each month of the year. Using these noise- 
grade charts in conjunction with curves that show required field strength 
vs. frequency for different times of day and different noise grades, it is a 
simple matter to figure the required field strength for any given set of 
conditions.! For any frequency less than the MUF, if the incident field 
strength calculated under ( b ) is greater than the required field strength 
calculated under ( c ), communication can be established. The lowest fre¬ 
quency for which this occurs is the lowest useful high frequency. 

♦Such charts are available in Bureau of Standards Monograph 80. 

fThe required field strength curves and noise-grade charts are available in the 
references already mentioned. 
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It is seen that the calculation of the probable received field strength 
at any point is an engineering problem that can be solved when sufficient 
data are given. The data required are the time of day, the season of year, 
the transmission path, the frequency, and the effective radiated power. 
Although the ionosphere is a complex natural phenomenon not under the 
control of man, by familiarizing himself with its characteristics man has 
learned to predict its behavior and so has been enabled to use it to 
serve his needs. 

17.08 vEffect of the Earth’s Magnetic Field. Electrons and ions in 
the ionosphere are influenced not only by the fields of a passing electro¬ 
magnetic wave but also by the earth’s magnetic field, which causes the 
charged particles to move in circular or spiral paths. It will be shown 
that the effects of the earth’s magnetic field may be taken into account 
by a suitable modification in the permittivity, in much the same way as 
for the case in which no external magnetic field is present (sec. 9.07). 
That ^s, Maxwell’s equations may be combined with the equation of 
motion in such a way as to give a new set of Maxwell’s equations with a 
permittivity different from that in free space. 

Assuming that the ions are stationary and that there is no steady drift 
velocity, the time-varying electron number density and electron current 
are given by 

n = A + Re [ne J<at ] (17-25) 

3 = Nev 

= Ne Re {ye j6>t } (17-26) 

Maxwell’s equations in phasor form for electrons in a vacuum are 


V X H — J<jO€u E -j- J 

V x E = — jcofi v ¥i 

V-E = — 

V-H = 0 

The equation of motion in time-varying form is 
my — e(£ + v x B) — mv\ 

in which 

£ = Re {Ee j< ° 1 } 

B = B 0 + Re 

= H 

In linearized phasor form, (31) becomes 

jcjmv — e(E + v x B 0 ) — mw 


(17-27) 

(17-28) 

(17-29) 

(17-30) 


(17-31) 


(17-32) 
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The objective now is to express v in terms of E and to substitute the ex¬ 
pression for v into the current density term in (27). Rearranging (32) 
gives 


eE = jcom(^ 1 — 7"“) v + x v 


(17-33) 


which expresses E in terms of v. At this point the introduction of the 
following notation simplifies the appearance of the equation of motion. 


Z — — 


U = 1 - jZ 




Y = 


Y _o> c _ 


(17-34) 


v ■=■ collision frequency 
co p = plasma frequency 


co c = cyclotron frequency 

Thus the equation of motion may be written in the form 

-jcoe v X E = UJ +JY x J (17-35) 

Equation (35) now must be inverted (or in other words, J must be ex¬ 
pressed in terms of E) but this procedure is complicated by the presence 
of the cross-product. If a vector is represented by a column matrix, the 
cross-product may be expressed as 

0 - Y z 7/1 [V/ 

Y x J = Y z 0 — Y x J y (17-36) 


Y x J 


0 — Y, 


For the case in which the magnetic field is in the z direction, that is 
Y = ±Y, the equation of motion becomes 

-E X 1 r U -JY 01 [W 

-jcoe v X Ey = JY U 0 Jy (17-37) 


L£J L 0 0 us UJ 

Expression of J in terms of E requires inversion of the coefficient matrix, 
which gives 

~J X 1 ^ r U 2 jUY 0 1 VE X ~ 

J y = UtfpZTT!) -J UY 0 Ey (17-38) 

_/J Loo xp—tcWe. 


The quantity multiplying the E vector must be the conductivity matrix, 
since (38) is of the form 



§ 17.09 


Ionospheric Propagation 
J = d-E 


689 


(17-39) 


in which a is the dyadic whose elements are taken from (38). The per¬ 
mittivity of the plasma may be obtained by substituting (38) into (27). 
This procedure gives, in matrix form, 

(17-40) 

in which 

** _ , _ UX „ _ , X _ —XY 

^ A jj'i y 2 1 jj -*'■ jj'2 y 2 

Equation (40) also may be written in dyadic form as 

V x H = jcoe v K'E (17-41) 

in which 

K = K f ±x + jK"± y - jK" yx + K'yy + K Q zz 


1 

o 

1_ 

i ^ 1 

_i 


i 

o 

^4 

1_ 

-—l 

& 

l 

1 

o 

HcS 

Hy 

= jcoe v 

o 

£4 

1 

Ey 

1 

1 

o 

L 

l 

1 


1 

^4 

0 

0 

i 

E z 


Gauss’s law (29) also may be rewritten using the relative permittivity 
dyadic K. The equation of continuity 

VJ =-jane (17-42) 

makes it possible to write (29) in the form 

V-K-E = 0 (17-43) 

Equations (43) and (41) show that the displacement density (electric flux 
density) D given by 

D = e B KE (17-44) 


is not parallel to E, indicating that the magnetized plasma is an anisotropic 
medium. 

17.09 Wave Propagation in the Ionosphere. Many types of wave 
motion can occur in an anisotropic plasma but for ionospheric propagation 
by far the most important type is the familiar uniform plane wave having 
the form 


E(r) = E 0 e~^* 
H(r) = Hoe" 7 ** 


(17-45) 


The principal properties of uniform plane waves in a plasma may be 
deduced by considering two special cases, propagation in a direction 
perpendicular to the magnetic field (fl = x) and propagation parallel to 
the magnetic field (fi = z). 
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Perpendicular Propagation . A uniform plane wave propagating in the a: 
direction has a spatial variation of the form e~ 7X . With this spatial variation, 
substitution of (45) into (40) gives 

0 = jo)€ v (K'E x + jK"E y ) 
ryH z =jcoe v {-jK"E x + K'E y ) 

— yH v = jcoevK^Ez 

(17-46) 

0 = — jo)fjj V H x 
cyE z = —j<X>fl v H y 
= —jcdth H z 


The above are six homogeneous equations in six unknowns and thus the ex¬ 
istence of a solution requires that the determinant of the coefficients be zero. 
This condition gives an equation for the propagation constant 7 . Writing a 
six-by-six determinant is unnecessary, however, because the equations in (46) 
are very simple. To begin with, it is clear that H x = 0 . H y and H z may be 
eliminated easily, giving 

0 = jcoe v (K' E x + jK" E y ) (17-47) 

7 % E V = -G> 2 E x + K'Ey) (17-48) 

cy*Ez = —C0 2 fLv€ v KoE z (17-49) 

The above equations may be simplified somewhat by introducing the refractive 
index n defined by 


7 = jco */fJit,€v n 

Thus (47), (48) and (49) may be written 


- K' 

jK" - 

~E X - 

-JK" 

n 2 - K'- 

-£ v - 


C n 2 - Kj)Ez = 0 


(17-50) 


(17-51) 

(17-52) 


If E z =£ 0, (52) indicates that one possible value for the refractive index 
is given by 


n\ = K* 


(17-53) 


This value of the refractive index does not in general make the determinant 
of the coefficient matrix in (51) equal to zero so that E x = E v — 0 and thus 
Hz = 0. What remains is the set of field quantities E z , H y . From (46) it may 
be shown that these are related by 


E z _ 1 Ffly 

H V n\y e v 


(17-54) 


Under lossless, propagating conditions (ni positive real) the wave is unaffected 
by the steady magnetic field, a situation which is not surprising when one 
realizes that the electric field is in the z direction and thus electrons ac¬ 
celerated by it are not deflected by B 0 . 
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If E x and E y are not zero, then setting the determinant of the coefficient 
matrix in (51) equal to zero gives 

* = ur - *"xr + n ( 17 - 55 ) 

Since in general n\ =£ Ko , the anisotropic plasma is doubly refracting or hire - 
fringent. Furthermore (52) indicates that E z = 0 and from (46), H y = 0. The 
remaining field quantities are E y , H z , E x , related by 

(17-56) 
(17-57) 

As one would expect, (56) indicates power flow in the direction of propagation 
(the x direction), provided nl is positive and real. Equation (57) indicates the 
existence of a longitudinal electric field 90 degrees out of phase with the 
transverse electric field (under lossless conditions). 

Summarizing, for wave propagation perpendicular to the earth’s magnetic 
field Bo, two distinctly different cases result for E parallel to or perpendicular 
to B 0 . In the former case the wave is unaffected by B 0 , and has the same 
phase velocity as without the earth’s magnetic field. This wave is called the 
ordinary wave , or ordinary ray . When E is perpendicular to B 0 , the effective 
refractive index and phase velocity are affected by the presence of the magnetic 
field; this latter wave is called the extraordinary wave , or extraordinary ray . 
In general a wave propagating perpendicular to B 0 will have components of 
E both parallel and perpendicular to B 0 . Such a wave will split into ordinary 
and extraordinary rays which travel different paths with different time delays. 
The extraordinary ray suffers greater absorption (at high frequencies), and has 
a slightly higher critical frequency than the ordinary ray. 

Parallel Propagation. A uniform plane wave propagating in the z direction 
has a spatial variation of the form e~ 7Z . Substitution into (40) gives 

yH y = jo>e 0 (K'E x + jK" E y ) 

-yH x = ja>e v ( —jK '' E x + K'E y ) 

0 = jcoe v KoE z 

(17-58) 

yE y ~ —jco{JhH x 
—yE x = —jcofi^Hy 
0 — —jcOpnj H z 

As in the case of perpendicular propagation, the above are six homogeneous 
equations in six unknowns and setting the determinant of the coefficient 
matrix equal to zero would give the required equation for the unknown 
propagation constant <y. It is simpler in this case, however, to carry out first 
some direct reduction of the size of the determinant. It is evident from (58) 
that E z and H z are both zero, that is, there are no field components in the 
direction of propagation. Elimination of H x and H y reduces (58) to 
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Y 2 £* = ~(o 2 p v e v (K'E x +jK"E y ) 
ry*E y = —a> 2 fj n> e v (.—jK" E x + K' E v ) 

With the refractive index as defined in (50), (59) reduces to 
rn*-*' -JK" ir£,l 0 
L JK" n 2 - K! J LeJ 

Setting the determinant of the coefficient matrix equal to zero gives 


(n 2 - KJ - K" 2 = 0 


(17-59) 


(17-60) 

(17-61) 


which gives the two refractive indices 

n\ = K' + K" 
n\ — K' — K n 


(17-62) 

(17-63) 


The polarization ratios are obtained from (60) and are 

Px = -j 

Pi — +y 

where the subscripts 1 and 2 denote right and left circular polarization, 
respectively. 


Problem 1 . For the wave whose refractive index is given by (55) calculate 
the real part of the complex Poynting vector and the time average of the 
instantaneous Poynting vector (consider the collisionless case only). 



Figure 17-11. The parameters for wave propagation in a collisionless 
plasma. The axes are X — a)- p /(D 2 oc Nja) 2 and T 2 = a) 2 c /a) 2 oc Bl/w 2 . 
Ion motion is not taken into account. 
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Problem 2. Fig. 17-11 shows several regions in the X-Y 1 plane. Classify 
each region as being a “cutoff” or a “propagating” region for a collisionless 
plasma. Refer to the refractive indices n\ and /i 2 in the classification and 
consider both perpendicular and parallel propagation. 

17.10 Faraday Rotation and the Measurement of Total Electron 
Content. Any linearly polarized wave may be regarded as the vector 
sum of two counter-rotating, circularly polarized waves. If such a wave 
propagates in the direction of the magnetic field in a lossless plasma, the 
two circularly polarized components will travel at different phase 
velocities and thus the plane of polarization will rotate with distance, a 
phenomenon known as Faraday rotation. 

The propagation of two equal-magnitude, circularly polarized waves 
in a lossless plasma may be represented by writing the electric field 
strength in the form 

t E == Re-**# + te-**# (17-64) 

A A* 

in which R and L are right-handed and left-handed rotating unit vectors 
and fi R and fi L are real. The complex polarization ratio, as defined in eq. 
(12-50) on page 460, gives 

Q = = e-Mi-*** (17-65) 

pR 

Because \Q\ = 1, the polarization is linear and from eq. (12-52) the tilt 
angle of the plane of polarization is given by 

^ = -jW l — Pr)z = y c (j1l ~ n ^ z (17-66) 

measured from the x axis. Under lossless conditions (62) and (63) show 
that the refractive indices are given by 

n > =l ~TTY (17 ' 67) 

*« = 1 - ( 17 - 68 ) 

If the signal frequency is high compared to the plasma and cyclotron 
frequencies, the binomial approximation gives 

n L — \ —%X{1 — Y) (17-69) 

n R =l-±X(l + Y) (17-70) 

and thus the tilt angle of the plane of polarization is 

ir = %-X>Yz= - ! e „ 3 l B \ Nz (17-71) 

2c nr co* 

That is, the rotation of the plane of polarization is proportional to the 
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distance z and also to electron density N. If the electron density varies 
with distance and if 2? 0 is approximately constant, the change in tilt 
angle is given by 

transmitted - f incident = f N(z) dz (17-72) 

z cm € v co j 

Equation (72) shows that the amount of Faraday rotation on a high- 
frequency signal passing through the ionosphere is proportional to the 
total electron content in a one-square-meter column extending through 
the most highly ionized part of the ionosphere. For signals at several 
hundred megahertz most of the Faraday rotation occurs in the 90-1000- 
km alitude range. Measurements of total electron content are made 
regularly using satellite-to-earth transmissions and signals reflected from 
the moon.* 

17.11 Other Ionospheric Phenomena. Whistlers. During World 
War I sensitive audio amplifiers were being used to eavesdrop on distant 
telephone conversations. In addition to the usual atmospheric noises the 
listeners frequently heard whistles of descending tone, and over the years 
it has been determined that these “atmospheric whistlers” are associated 
with electromagnetic pulses of audio frequency radiation propagating 
along the lines of the earth’s magnetic field between conjugate points in 
the northern and southern hemispheres.t Usually lightning discharges 
generate the pulses which may “bounce” back and forth between the 
northern and southern hemispheres several times before disappearing. 
This behavior is illustrated in Fig. 17-12 which shows idealized graphs 
of frequency as a function of time. Illustrated are the long whistlers origi¬ 
nating at the receiving point, the short whistlers originating at the 
conjugate point, and the nose whistlers which exhibit a minimum in 
propagation time (maximum in group velocity). 

The characteristics of a whistler are determined mainly by the 
properties of the ionosphere at the top of the pulse “trajectory,” at an 
alitude of two to ten earth radii. For this reason whistlers are used in the 
study of the composition of the upper ionosphere. 

*An excellent review of Faraday rotation theory and experiments is contained 
in R. S. Lawrence, C. G. Little and H. J. A. Chivers, “A Survey of Ionospheric Effects 
Upon Earth-Space Radio Propagation,” Proc. IEEE , 52, No. 1, PP- 4-27, January, 
1964. Plots of ionospheric Faraday rotation and electron content versus time are 
given by H. D. Webb, Atlas of Lunar Data , Vols. I to IV, 1961-1965, University of 
Illinois report prepared under Contract DA 36-039-AMC-0373(E). (Available through 
O. T. S.) 

fFor a detailed discussion, the reader is referred to the review by R. A. Helliwell 
and M. G. Morgan, “Atmospheric Whistlers,” Proc. IRE, 47, No. 2, pp. 200-208, 
February, 1959. See also, R. A. Helliwell, Whistlers and Related Ionospheric Phenomena , 
Stanford University Press, Stanford, Calif., 1965. 
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Figure 17-12. Whistler spectrograms: (a) long whistler with 
echoes ; (b) short whistler with echoes ; (c) nose whistler. 


The refractive indices in (67) and (68) are appropriate for propagation 
along the magnetic field lines under the near collisionless conditions 
prevailing far from the earth’s surface. At very low frequencies, X and Y 
are both large and thus the only propagating wave is the right-handed 
(extraordinary) wave whose refractive index (67) may be written in the 
form 


n 2 = 1 + 



(17-73) 


The above relation may be used to calculate the group velocity v Q which 
gives a useful measure of the time taken by an electromagnetic pulse in 
passing from one point to another through a lossless medium. The re¬ 
ciprocal of the group velocity is given by 
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£-£-=(?■) 




(17-74) 


_ri_ 

r 

(17-75) 


which defines n' as the group refractive index . From (74) it may be shown 
(problem 3) that the group velocity is 




1 + 


cn _ 

COpCOc 

2g)(co c — o >) 2 


(17-76) 


In the upper ionosphere for low-freqency propagation it is reasonable to 
make the approximation coco c co 2 v which allows (76) to be expressed as 




co p co c 


(17-77) 


At very low frequencies the group velocity decreases with decreasing 
frequency, thus corresponding to the decreasing tone observed on most 
whistlers. In addition it may be shown easily that (76) exhibits a maxi¬ 
mum at co = \ co Ci corresponding to minimum time delay observed with 
nose whistlers. 

Problem 3. Verify eq. (76). 

Problem 4. Using Fig. 17-1, calculate approximately the altitudes at which 
the plasma frequency is equal to the cyclotron frequency. Consider both day 
and night conditions and assume that the earth’s magnetic field has a flux 
density equal to 0.5 gauss (5 x 10" 5 webers/m 2 ). 

Problem 5. An incident electromagnetic wave causes an electron to oscillate, 
thus producing an electric dipole radiator. The ratio of the power radiated 
(or scattered) per unit solid angle, <I>, to the incident power density P = £7 77 , 
defines the “scattering cross section” a E of the electron. Using relations 
developed in chaps. 9 and 11, show that 


cr E 


_r^ 

47 tm 


sin 


e 


where e and-m are the charge and mass, respectively, of the electron. The 
scattered signal, known as Thomson scatter , is the subject of the remainder 
of this section. 


Incoherent Scatter {Thomson Scatter ). VHF radar backscatter from the 
ionsosphere can be used to deduce charged-particle densities and tempera- 




§ 17.11 


Ionospheric Propagation 


697 


tures, even above the F-region maximum in electron density.* An 
individual electron scatters an incident electromagnetic wave weakly 
and furthermore the thermal motion of the electron gives the scattered 
wave a Doppler frequency shift A/. Since the scattered wave frequency 
for each electron is not the same as the incident wave frequency and since 
the medium contains many electrons in random motion, the scattering is 
is said to be incoherent. To put it another way, the phases of the scattered 
waves vary randomly from electron to electron. Incoherent scattering 
predominates over coherent scattering if the wave frequency is greater 
than the plasma frequency and the spatial extent of the scattering 
electrons is large compared with the wavelength. Scattering may be re¬ 
garded as incoherent at altitudes above 100 km if /> 200 MHz (X < 
1.5 m). When the scattering from a cloud of electrons is incoherent, the 
total power in the scattered wave is the sum of the powers scattered from 
the individual electrons, making the total scattered power proportional 
to th4 electron density. Thus if the incident wave is a short pulse, the 
power in the received signal as a function of time gives directly the 
electron density as a function of altitude. 

The electron temperature may be deduced from the frequency spread 
of the received signal spectrum, a spread which would be of the order of 
100 kHz for ionospheric backscatter of an incident wave at 200 MHz. At 
this frequency it turns out that the frequency spread of the backscatter 
from the electrons can be associated with the ion temperature rather than 
the electron temperature, an effect due to the Coulomb interactions be¬ 
tween the the charged particles. The electrostatic field of an ion in free 
space is essentially that of a point charge, the electric field strength 
varying as r' 2 at all radii. In a plasma the ion is surrounded by electrons 
which tend to shield the plasma from the influence of the ion. This 
shielding is effective up to a distance from the ion of the order of a Debye 
length X D , given by 



in which T e is the electron temperature, A is the electron density, and k 
is Boltzmann’s constant. Within a distance X D from the ion the potential 
varies sharply and the electric field strength is stronger than for an ion 

*W. E. Gordon, “Incoherent Scattering of Radio Waves by Free Electrons with 
Applications to Space Exploration by Radar,” Prod IRE, 46, pp. 1824-1829, Novem¬ 
ber, 1958. 

W. E. Gordon, “Radar Backscatter from the Earth’s Ionosphere ” IEEE Trans¬ 
actions on Military Electronics, Vol. MIL-8, Nos. 3 and 4, pp. 206-210, July-October, 
1964. 
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in free space; beyond X D the potential is very nearly constant and the 
electric field strength is much smaller than it is in the free-space case. 
Within a distance X D from the ion the electron motion is strongly in¬ 
fluenced by the ion’s field so that the scattering may be thought of as 
occurring from fluctuations in electron density having dimensions of the 
order of X D . These fluctuations move with the ion velocity and thus when 
scattering from them predominates (i.e., when the wavelength is large 
compared to X D \ the frequency spread in the scattered wave is charac¬ 
teristic of the ion temperature. When the wavelength is small compared 
to X D the frequency spread in the scattered wave is characteristic of the 
electron temperature. In the ionosphere X D varies from about 2 cm at 
90 km altitude to about 3 mm at the F-region peak in electron density. 

The deduction of electron temperature (and electron density) from 
radar backscatter is further complicated by the fact that the electrons 
and ions are not in thermal equilibrium, that is, they have different tem¬ 
peratures (here temperature refers to kinetic temperature which is associ¬ 
ated with the mean thermal velocity of the particles). 

VLF Propagation. The efficacy of the very low frequencies (3-30 kHz) 
for long-distance communication has been known since the early days of 
radio. The advent of continuous-wave navigation systems such as OMEGA, 
the increasing need for accurate frequency comparison and transmission 
of timing signals, and the problems of (submerged) submarine communi¬ 
cations and nuclear explosion detection have all caused a resurgence of 
interest in this frequency band. The great size required for reasonably 
efficient transmitting antennas tends to restrict the usable part of the 
band to the upper end (10-30 kHz) where the wavelengths range from 
30,000 to 10,000 meters. Very long-distance propagation at these frequen¬ 
cies may be viewed (to a first approximation) as transmission within the 
earth-ionosphere wave guide. In this approach it is convenient to use the 
mode theory of VLF propagation which has been treated in detail by 
several authors.* Summaries of measured field-strength data indicate an 
average attenuation rate of 2 to 3 decibels per 1000 kilometers for very 
long-distance transoceanic propagation in the frequency range of 16-20 
kHz. Attenuation over a land path may be as much as 3 db higher com¬ 
pared with propagation over sea water and nonreciprocity (due to the 
earth’s magnetic field) causes about 1 db more attenuation for east-west 
propagation than for west-east propagation. 


*See references in the bibliography. 
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Chapter 18 


ELECTROMAGNETIC THEORY AND 
SPECIAL RELATIVITY 


18.01 Introduction. The electromagnetic theory of Maxwell, formu¬ 
lated during the period 1855 to 1865, was based upon the experimental 
laws of Coulomb, Ampere, and Faraday. The special theory of relativity 
was enunciated in 1904-1905. As long ago as 1912, L. Page pointed 
out that “if the principle of (special) relativity had been enunciated 
before the date of Oersted’s discovery (of the magnetic effects of electric 
currents), the fundamental relations of Maxwellian electrodynamics 
could have been predicted on theoretical grounds as a direct con¬ 
sequence of the fundamental laws of electrostatics, extended so as to 
apply to charges in relative motion as well as to charges at rest.”* 

It is the purpose of this chapter to demonstrate that the laws of 
Ampere and Faraday, and their generalization into Maxwell’s equations, 
do indeed follow directly from the fundamental law of electrostatics 
(Coulomb’s law) and the transformations of the special theory of 
relativity. The advantages of this approach are several: 

(1) What were originally thought to be unrelated experimental laws 
are shown to be different facets of a single comprehensive theory. 

(2) Correct solutions are indicated for certain problems which appear 
indeterminate or ambiguous using the conventional flux-cutting rules 
of electrodynamics. 

(3) The groundwork is laid for more advanced study of electro¬ 
magnetic effects in moving media. 

(4) By no means least, a deeper understanding of all aspects of 
electromagnetic theory is provided by viewing established concepts in 
an entirely new light. 

It is not our intent to study relativity theory in detail. A few of 
the many books which cover this subject at various levels are listed 
in the references. Nor shall we attempt to treat the electromagnetics 
of moving media. Admittedly, recently renewed interest in this topic 

♦Leigh Page, “A Derivation of the Fundamental Relations of Electrodynamics 
from those of Electrostatics,” Amer. J. of Sci 34, p. 57, 1912. 
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provides a major impetus for the study of relativity in relation to 
electromagnetic theory. However, an adequate treatment in anything 
less than a complete book seems to be hardly possible. Fortunately an 
excellent engineering treatment of this important subject is available.* 
1 8*02 Galileian Relativity* The notions of simple relativity as used 
in classical mechanics are so commonplace as to be employed almost 
without thinking. If a boat on a river moves downstream with a 
velocity v relative to the water, and the river has a velocity u , then 
the velocity of the boat relative to a stationary observer on the bank 
is v + u. To an observer in the boat the observer on the bank appears 
to be moving by with a velocity —(y + u). The position of the boat 
at any instant can be specified with respect to a fixed point on the 
bank, or with respect to a freely drifting buoy moving with the water. 
Mentally attaching a frame of reference or co-ordinate system S to a 
fixed point on the bank, and a second co-ordinate system S' to the 
drifting buoy (Fig. 18-1), we write 

x f — x — ut (18-la) 

where x' is the position of the boat in S' and x is the position in S. 
Equation (la) expresses the position of the boat relative to the buoy 
in terms of position and time as measured by an observer on the bank. 
We could equally well have written 

x^x' + ut', (t' = t) (18-lb) 

where now the position relative to the point on the bank is expressed 





Figure 18-1. Co-ordinate systems 5 and S'. 

*E. G. Cull wick, Electromagnetism and Relativity , With Particular Reference to 
Moving Media and Electromagnetic Induction (2nd ed.), John Wiley & Sons, Inc., 
New York, 1959. 
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in terms of position and time as measured by an observer moving with 
the buoy. 

The transformation from one co-ordinate system to the other as 
given by eq. (la) or (lb) is known as the Galileian transformation 
(after Galileo Galilei). In classical Newtonian mechanics it is a basic 
hypothesis that laws of motion hold equally in all rigid co-ordinate 
frames moving with uniform rectilinear velocity with respect to each 
other; in Fig. 18-1 the equations of motion will remain unchanged in 
the two systems by substitution of the appropriate Galileian trans¬ 
formation relations (eqs. la and b). This invariance of the laws of 
mechanics under a Galileian transformation is called the principle of 
Galileian relativity. 

Associated with this simple relativity principle and the “common- 
sense” transformation of eqs. (la and b) are certain other common- 
sense ideas. We expect the mass and dimensions of the anchor-weight 
carried in the moving boat to remain the same as they were when 
measured at rest on land, and we assume that time marches on at the 
same rate for both the “moving” and “fixed” observers. 

Most readers will be aware that these common-sense notions as¬ 
sociated with the Galileian relativity principles of classical mechanics 
are, in fact, only first approximations, valid for velocities, i where 
c is the velocity of light. For velocities attainable with macroscopic 
bodies they are extremely good approximations; so good that for such 
bodies no earthbound experiment of sufficient sensitivity has been yet 
performed to detect the error. The situation is different of course for 
the velocities associated with the high-speed microscopic particles of 
physics where “relativistic” effects can become important. 

18,03 Galileian Relativity and Electromagnetic Theory. In elec¬ 
tromagnetism some of the effects of relative motion are of first-order 
importance, so it was natural to incorporate into electromagnetic theory, 
as it developed, the principle of Galileian relativity which had proven 
>0 successful in mechanics. However, as will be seen, a conflict arose 
between the requirements of this simple relativity principle and those 
}f classical electromagnetic theory. Out of the attempts to resolve this 
;onflict came a bold new principle known as Special Relativity. Before 
mrsuing this interesting subject it is in order to recall some of the 
veil-known effects of relative motion in classical electromagnetic theory. 
To do this we shall examine electromagnetic relations in a particular 
egion from the two frames of reference shown in Fig. 18-1, where 
he primed system S' moves with a constant velocity u in the x 
irection with respect to the unprimed system S. 

Consider the region between two layers of electric charge parallel 
d the x-y plane as in Fig. 18-2. The electric charge is stationary in 
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Figure 18-2. Parallel layers of electric charge. 


S , so observer O at the origin of co-ordinate system S would measure 
an electric field given by E z = D z /e = p s /e, where p s is the surface 
charge density in coulombs per square meter. To observer O', stationary 
at thje origin of S\ the layers of charge are gliding by with a velocity 
— u. Hence O' sees two parallel current sheets of surface current 
density J' sx — Tp^w amperes per meter, and so would measure a magnetic 
field H' y = — J'sx — p s w and a magnetic flux density B' v = pH' y = peE z u 
= (u/c 2 )E z . In addition, of course, observer O' would measure an 
electric field E z — E z produced by the layers of charge. 

Conversely, consider the case (Fig. 18-3) where observer O, stationary 
in 5, detects a magnetic flux density B v — pH y which might be pro¬ 
duced, for example, by equal and opposite currents ±J SX flowing in a 
pair of conducting planes parallel to the x-y axis and stationary in O. 
(Whether observer O also sees an electric field E z depends on whether 
or not there is a voltage V x between the conducting planes. In this 
event E z = V x /d and there is a layer of unneutralized charge density 
of magnitude p s = eE z on each of the conducting planes. For the mo¬ 
ment assume E z = 0.) Now according to the familiar flux-cutting rules, 



Figure 18-3. Current sheets at the surface of parallel conducting 
planes. 
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if we consider a wire parallel to the z axis and fixed in S' (hence 
moving with a velocity u relative to the current-carrying conducting 
planes and the associated magnetic field), there will be induced in the 
wire of length /, a voltage V t = luB y . Because the wire is stationary 
with respect to his laboratory, observer O' will infer that this voltage 
is induced by an electric field E zi = uB y . In addition he can measure, 
for example with a rotating loop, a magnetic field B y = B y . Of course 
if there already exists an electric field E z in S , due to voltage between 
the conducting planes, O' will detect this field also and will therefore 
measure a total electric field E z — E z + E' zi = E z + uB y . Also in this 
latter case (where there exists an E z in S) when he comes to measure 
the magnetic field, O' will detect the presence of an additional small 
magnetic flux density equal to ( u/c~)E Zi and so will measure a total 
magnetic field B' y = B y + (i u/cr)E z . Summarizing, for the fields between 
parallel planes normal to the z axis, 

E'=E t + uB y B' y = By + E, 

By following the same reasoning for a pair of planes normal to 
the y axis it is easily demonstrated that the corresponding relations 
for this axis will be 


E'y — Ey — UB Z 


B' = 5,-4 Ey 


For field components in the x direction, that is, parallel to the 
direction of motion of S' relative to 5, there are no transverse field 
effects so that 


K =E* # y = B y 

Using superposition, the relations between field components in the 
primed and unprimed systems are 

E' x = E x E' y = E y — uB z E z = E z + uB y 

(18-2) 

c z ‘ - f**' 

It will be recognized at once that these relations can be combined in 
vector form as 

E'=E+uxB (18-3) 


B' x = B X B'y = By + 4 E z B' 2 =B 2 -±Ey 


B' = B-lux E 


(18-4) 


where u = xu x , u y = u z — 0. 

Finally, in the light of eq. (3), consider the force on a charge q 
noving with a velocity v = u in the co-ordinate system S in which 
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exist an electric field E and a magnetic field B. Because the charge 
is moving with respect to an observer O in S , he will expect to 
measure both an electric force and a magnetic force on the charge. 
From the point of view of an observer riding along in co-ordinate 
system S' in which q is stationary, the stationary charge will experi¬ 
ence only an electric force of value qE'. Of course, the force on q 
should be the same regardless of the point of view. From eq. (3) it is 
seen that the force on q will be 

F = qEJ = q(E + v x B) (18-5) 


which shows that an observer O stationary in frame S would measure 
an electric force qE and a magnetic force ^(v X B) on the moving 
charge. The force F in eq. (5) is the well-known Lorentz force, 

18*04 Transformation of Electric and Magnetic Fields* Relations 
(2) between electric and magnetic fields in systems having relative 
motion were developed using the principles of Newtonian mechanics, 
Galileian or “common-sense” relativity, and classical electromagnetics. 
Accdrding to these same principles the physical results obtained should 
be independent of whether system S or S' is regarded as the “fixed” 
system. That is, it is equally valid to regard S' as fixed, and S as 
moving in the x' direction with a velocity — u. Under these circum¬ 
stances the unprimed fields should be obtainable from the primed fields 
by a set of relations corresponding exactly to eqs. (2) but with primed 
and unprimed quantities interchanged, and u replaced by — u. Hence 
we should expect to find that eqs. (2) transform to 


E x = E' x E y = E' y + uB' z E z = E' z - uB' v 

B x = B' x B V = F V -^ E', B , = s; + £ E' y 


(18-6) 


Now the relations between unprimed and primed quantities are 
quite easily obtained by solving for the former in eqs. (2). When this 
is done it is discovered that instead of eqs. (6) the following set of 
relations results 

E x =E' X E v = $\E' y + uB' z ) E z = $\E' Z - uB ' y ) 

B X = B' X B y = t?(B' y - B t = p{B' t + $X^ ° 8 ' 7) 

where {3 1 = (1 — w 2 /c 2 )~ l . 

Problem 1. Solve eqs. (2) to obtain eqs. (7). 

It is evident that for conditions under which they were obtained eqs. 
(2) are not self-consistent in that they do not transform properly into a 
similar set when solved (with primed and unprimed quantities inter¬ 
changed and u replaced by — u). It is interesting to inquire at this point 
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what would constitute a self-consistent set, and this query is left as an 
exercise for the student to answer. 

Problem 2(a). Prove that j3 z irfc 2 = /3 2 — 1. 

Problem 2(b). Verify that a self-consistent set corresponding to (2) would 
be 

E' =E X E' y = j3(E y ~ uB z ) E' z = ${E Z + uB v ) 

K = B X B' v = &(b v + -Ja) B' z = /3(b z -±E v ) (18 ' 8a) 

which transforms to 


E x = E' X E v = A E' v + uB[) 

B X = B' X B y = /3(b' v - % A) 


A = A E' z - uB' y ) 
B x = /?(s; + E') 


(18-8b) 


where /S = (1 — u 2 /c 2 )~ l/i . 


The modifications set forth in eqs. (8), which make the electromagnetic 
relations self-consistent, were first proposed* by H. A. Lorentz in a study 
of electromagnetic phenomena in a moving system. 

The fact that eqs. (2) are not self-consistent suggests that there might 
be something wrong with the underlying principles, that is, with 
Newtonian mechanics and simple Galileian relativity, or classical 
electromagnetics or both. This inconsistency is symptomatic of a more 
general basic difficulty that confronted physicists toward the end of the 
nineteenth century. This general difficulty was pointed up by the un¬ 
certainty and controversy associated with the correct formulation of the 
velocity of light. According to Newtonian-Galileian principles, all 
inertial frames are equivalent and as far as the laws of mechanics are 
concerned uniform (unaccelerated) motion is indistinguishable from no 
motion. If these principles are assumed to apply also to the laws of 
physics and electromagnetics then it might be concluded that the 
velocity of light measured by observer O between two stationary points 
in S (Fig. 18-1) should be the same as that measured by O' between two 
points stationary in S'. However, in the Maxwellian theory, and as¬ 
suming light to be an electromagnetic phenomenon, the velocity of light 
given by c = \/\J~pk is characteristic of the medium, and presumably 
this velocity is measured relative to the medium . Under these circum¬ 
stances, if frame S is assumed to be stationary in the medium, frame S f 
will be moving through the medium with a velocity «. Then a light 
wave traveling through the medium in the x direction with a velocity 
c would have a velocity (c — u) relative to observer O' in S' using 


*H. A. Lorentz, “Electromagnetic Phenomena in a System Moving with any 
Velocity Less than that of Light,” Proc . Acad, of Sciences of Amsterdam , 6, 1904. 
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ordinary Galileian addition of velocities. This result conflicts with the 
above-mentioned conclusion. 

At the root of this conflict was the question of the existence of 
an “aether.” Because light waves can propagate through many kinds of 
media, including a vacuum, an all-pervasive aetherial substance called 
the aether was hypothesized to exist, and the velocity of light was con¬ 
sidered to be relative to this aether. Maxwell himself was a strong 
advocate of the aether theory and made it “a constant aim to construct 
a mental representation of all the details of its action.”* 

1 8.05 Michelson-Morley Experiment. The question of the existence 
of an aether, and more importantly the problem of the correct statement 
for the propagation velocity of light in moving systems, was the subject 
of many experiments, of which the Michelson-Morley experiment is 
perhaps the most famous. It was Maxwell who pointed out that under 
the aether hypothesis the round-trip time for propagation of light 
between two points stationary with respect to each other, but having a 
common velocity through the aether, would depend upon this velocity. 
The Michelson-Morley experiment was designed to use the earth’s ve¬ 
locity through space (the aether) to confirm the aether hypothesis. 

Using an extremely sensitive interferometer designed by Michelson, 
the experiment consisted of comparing the round-trip times for light to 
traverse two separate paths, one parallel and the other perpendicular to 
the earth’s velocity v. In terms of the geometry of Fig. 18-4 and using 
the arguments of classical physics and Galileian relativity the round-trip 
time for the path PM X P which is assumed to be parallel to v is 

, 1 = / (_L_ + 1 ■)= 2/ 

\C — V C + Vi c( 1 — v'/c-) 



Figure 18-4. Michelson-Morley experiment. 


*J. Clerk Maxwell, Electricity and Magnetism , Vol, II, Sec. 866 
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For the path perpendicular to v the distance traversed by the light beam 
will be 2V/ 2 + S 2 , where 8 is the distance traversed by P while the light 
travels from P to M 2 . Hence 8/V/ 2 + 8 2 = v/c. Therefore the round-trip 
time for path PM 2 P will be 

2 V/ 2 + S 2 21 1 

U - C - c vi - ¥J? 

This time is shorter by the factor V1 —~ t>Y?. By rotating the apparatus 
to interchange the paths and measuring the shift in the interference 
pattern a determination of v can be made. 

As is well known the results of this experiment were negative. Within 
the accuracy of the quite sensitive equipment no shift was observed and 
it was concluded that if there were a nonzero value for v it would have 
to be much less than the known velocity of the earth in its orbit about 
the sun. Several attempts followed to explain the results in a manner 
which would allow retention of the aether as a preferred frame. 
G. F. Fitzgerald pointed out that if lengths in the direction of motion 
were contracted by the factor Vl — v 2 /c 2 , this would account for the 
null results of the experiment. Lorentz extended this idea, showing that 
with a suitable modification in the measure of time for a system moving 
through the aether. Maxwell’s equations take the same form in the 
moving system as they do in a system stationary in the aether. From 
this it follows that the velocity of light (in a vacuum) would be the same 
in the two systems and hence the Michelson-Morley experiment could 
not be expected to yield a positive result. 

1 8,06 The Lorentz Transformation. The modifications proposed by 
Lorentz for the measures of length and time in a system moving with a 
velocity u in the * direction are given by eqs. (9). 

x'=/3(x-ut ) y 1 =y z' = z t’ = &{t - (18-9a) 

and the transformed set 

x = /3(x'+ut') y = y z = z' t = $(t'+ ^ (18-9b) 

where /9 — (1 — ir/c 2 )~ 1/2 

Equations (9) are known as the Lorentz transformation . 

Problem 3. By solving for x f y, z and t in terms of x',y', z', t' in eqs. (9a), 
show that the transformed set (9b) results. 

That the Lorentz transformation does indeed satisfy the requirement 
that the velocity of light be the same in two systems having uniform 
motion relative to one another is easily demonstrated. In Fig. (18-1) let 
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the origins of the primed and unprimed systems coincide at t = t r = 0. 
Assume that at this instant a light pulse is emitted from the coincident 
origins. An observer in the unprimed reference system will see a spherical 
wave front diverging from 0 and given by 

x 2 + y 2 + z 2 - St 2 = 0 (18-10) 

An observer moving with the primed system should also see a spherical 
wave front given by 

x' 2 + / 2 + z' 2 - cY 2 = 0 (18-11) 

Because of symmetry we may assume that y = y f , z =z' so that eqs. (10) 
and (11) require that 

x 2 - c 2 t l = x /2 - c 2 1’ 2 (18-12) 

Problem 4. Demonstrate that relation (12) will be satisfied under the 
Lorentz transformation (9). 

18.J)7 Theory of Special Relativity. Subsequent to the null results 
of the Michelson-Morley experiments (1881, 1887), various hypotheses 
were advanced and numerous experiments performed to try to resolve 
the impasse at which classical physics seemed to have arrived. However, 
in all cases the explanations proposed were contradicted by one or more 
experiments. This presented a most challenging problem which called 
forth the efforts of many of the best thinkers of the time. Among these 
Henri Poincare extended Lorentz’s work to derive a complete set of con¬ 
sistent relations for electromagnetic theory for systems in relative motion. 
In 1904 he proposed as a basic relativity principle that:* 

1. Physical laws, or the mathematical equations describing them, 
take the same general form in all reference systems which are in uniform 
rectilinear motion relative to each other. 

In 1905, working independently and from a fundamentally different 
viewpoint, Albert Einstein proposed that:t 

2(a). The laws of electrodynamics (including the velocity of propaga¬ 
tion of light in a vacuum), as well as the laws of mechanics, are the same 
in all reference systems having uniform rectilinear motion with respect 
to one another. 

2(b). It is impossible to devise an experiment defining a state of ab¬ 
solute motion, or to determine for any physical phenomenon a preferred 
reference frame. 

*H Poincare, Bull, des Sc. Math. (2) xxviii, p. 302, 1904. See also Sir Edmund 
Whittaker, History of Theories of Aether and Electricity ; 1900-1929 , Thomas Nelson 
& Sons, Camden, N. J., 1953. 

fA. Einstein, “Zur Elektrodynamik bewegter Korper” Ann. d. Phys. 17 p. 891, 
Sept., 1905. 
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The statements (1) and (2) are essentially equivalent. However, 
Einstein arrived at his postulates after a thorough study of the meaning 
of the measurements of time, length, and “simultaneity.” The trans¬ 
formations developed in the course of his analysis were just those of 
Lorentz, but his theory provided a rationale for their use. 

1 8.08 Einstein’s Definition of Simultaneity. Einstein’s approach to 
the new relativity principle was through a fundamental discussion and 
precise definition of simultaneity. An understanding of this definition 
(and of the need for it) leads at once to an understanding of Special 
Relativity. In this section simultaneity will be discussed briefly, but the 
reader surely can do no better than to read Einstein’s own presentation 
of the principle written for the layman.* 

Using the same simple example given in that presentation, let it 
be supposed that lightning strikes simultaneously at two widely separated 
points on the tracks of a straight railroad. The question arises as to how 
an observer should prove that two such widely separated events occurring 
at A and B are indeed simultaneous. A simple and reasonable method of 
doing this would be to measure the distance between A and B , and then 
to locate the observer at a point M exactly midway between A and B. By 
providing the observer with two mirrors inclined at an angle of 90°, so 
that he can look towards A and B at the same time, he is able to judge 
the relative time of events at A and B if these events are indicated, for 
example, by light flashes. If, stationed at M, he sees the light flashes at 
the same instant, he judges that the events at A and B occurred simul¬ 
taneously. This definition of simultaneity stipulates that the velocity of 
light in the direction A to M is the same as the velocity from B to M. 
Having thus provided a means for determining when two separated 
events are simultaneous we are led at once to a meaningful definition of 
“time.” For if now two clocks of identical construction (and assumed to 
run at exactly the same rate) are placed at points A and B , they can be 
set so the positions of their hands are simultaneously the same (where 
simultaneity is judged as defined above). Taking clocks in pairs, this 
same procedure of setting can be followed for any number of identical 
clocks located at specified positions. Hence the “time” of an event is 
the reading on that clock (assumed to be identical and set as above) in 
the immediate vicinity of the event. 

Having arrived at a definition of simultaneity and time for separated 
events, it is now in order to consider the effect of relative motion of 
)bservers on their measurements of time. For this purpose suppose a 
ong train to be traveling along the straight track. When the train is 

* Albert Einstein, Relativity , The Special and General Theory , Henry Holt & 
Company, New York, 1920. 
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stationary relative to the track, corresponding to points A, M and B along 
the track there are points A', M! and B f immediately above on the train. 
Now let the train be moving relative to the track with a velocity v. At 
the instant when an observer on the train occupying the position M is 
exactly above M let two flashes of light be emitted simultaneously (as 
judged by observer at M) from points A and B. The question arises as to 
whether the two flashes appear to be simultaneous to the observer on the 
train; the answer obviously is no. For if he remained fixed above the 
point M he would observe the flashes simultaneously, but because he is 
moving away from A and towards B with a velocity v, he will see the 
flash from B before thaFfrom A. Therefore events which are simultaneous 
to an observer on the embankment are not simultaneous to an observer 
moving relative to the embankment, and conversely. Hence two clocks 
at A and B } set to the same time as determined by an observer at M on 
the embankment appear to an observer on the moving train to be set to 
different times. Each observer has his own measure of time for an event 
depending upon the velocity of his co-ordinate system. It is noted at this 
point that this conclusion differs from the statement of Galileian rela¬ 
tivity [eqs. (la and b)] that t' = t, which says, that time is independent of 
the state of motion of the reference body or co-ordinate system. 

In addition to the dependence of time on an observer’s velocity, his 
measure of length is also a function of relative velocity. For suppose an 
observer on the train is set the task of determining the distance between 
points A and B on the track. The observer on the embankment can do 
this quite simply by measuring the distance with a measuring rod or 
tape. For the observer on the train the task is more involved. He can 
make his measurement by arranging to have two marks made simul¬ 
taneously on the train at points directly above points A and B , and then 
measuring off along the train the distance between these markings. Of 
course the result depends upon the markings having been made at the 
same instant of time, but as has been seen already, his judgment of 
simultaneity differs from that of an observer at M on the embankment. 
Hence his measurement of the length between points A and B can be 
expected to differ from that made by an observer on the embankment. It 
seems reasonable to conclude that the measurement made of the length 
of a body having motion relative to the observer will depend upon the 
relative velocity between observer and body, and this proves to be the 
case. 

From the above considerations it is evident that the measures of 
length and time between two events, made by two observers moving with 
a velocity v relative to each other, may be expected to depend upon v . 
With this as a starting point, and hypothesizing that physical laws (and 
in particular the velocity of light) should be the same for both observers, 
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Einstein derived the mathematical relationships required to attain the 
desired result. The resulting transformations proved to be just those 
already derived by Lorentz for moving systems. However, Lorentz con¬ 
sidered one system to be stationary in the aether and ascribed the ap¬ 
parent change in length of a moving body to a real contraction of the 
body. In Einstein’s view absolute motion is meaningless and only 
relative motion has significance. Observers having relative velocities v 
will obtain different measures for the length of a body, but there is no 
actual contraction or expansion of the body as one changes his point of 
view from that of one observer to the other. 

18*09 The Special and General Theories* The Poincare-Einstein 
hypotheses (1, 2 on page 709) form the basis of the Special Theory of 
Relativity . The term “Special” or “Restricted” theory is used to differ¬ 
entiate between this theory and the “General Theory” which deals with 
accelerated motion. An alternative statement of the Special Theory is: 

“There is no meaning in absolute velocity.” 

The corresponding statement for the General Theory is: 

“There is no meaning in absolute acceleration.” 

Surprisingly, the Special Theory is not just a special case of, and de- 
ducible from, the General Theory (except from a certain restricted 
mathematical viewpoint). The General Theory is not required for our 
present purposes and will not be considered further in this book. 

18*10 Transformation Relations for Systems in Relative Motion* 
Starting with the Special Theory of Relativity as a hypothesis it was 
demonstrated* by Einstein that the Lorentz transformation for length 
and time follows automatically. In addition, corresponding transforma¬ 
tions can be derived for mass, velocity, force, etc. These transformations 
are developed in detail in most of the references cited and will only be 
summarized here. 

A. Contraction of length . Suppose it is desired to measure the length 
of a rod lying parallel to the x axis and at rest in S' (Fig. 18-1 on page 
701). Observer O' who is at rest with respect to the rod measures a “rest 
length” L 0 = L' = x[ — x 2 . Observer O , who sees the rod moving with a 
velocity u can determine the length L (as he sees it) by making a simul¬ 
taneous observation (at t x ~ t 2 ) of the positions x x and x 2 of the ends of 
the rod. Using the Lorentz transformation (9), 

L 0 = — x! 2 = /3(x l — ut x ) — fi(x 2 — ut 2 ) = j3(x { — x 2 ) 

*A. Einstein, “Zur Elektrodynamik bewegter Korper,” Ann. der Phys. 17, 1905. 
This article has been translated by W. Perrett and G. B. Jeffery in The Principle 
’/ Relativity , Dover Publications, Inc., New York. 
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Therefore 


L = ( Xl -x t ) = 


L = VI - wJ?U (18-13) 

Thus to observer O , the rod moving with a velocity w appears to be con¬ 
tracted from its “rest length” by the factor V1 — ur/c 2 . Similarly a rod 
at rest in S (if parallel to the x axis) appears to observer O' to be con¬ 
tracted by the same factor. Since y } = y and z' — z, no contraction is 
observed for rods lying perpendicular to the direction of motion. 

In expressing relations between systems having relative uniform 
rectilinear motion it is the “generalized length,” L 0 V1 — u 2 /c 2 , that is 
involved in translating measurements from one reference system to the 
other. This generalized length is a function of the relative velocity 
between systems, but as pointed out earlier there is no physical contrac¬ 
tion of the rod when we change our mental standard of rest from one 
system to the other. 

B. Time Dilation . Let observer O' send two light signals from a fixed 
point in S' at times t\ and t\ to observer 0 stationary in S. The time 
interval in O' will be t' — t\ — t 2 . The corresponding time interval as 
determined by O will be 




(18-14) 


Thus observer O measures a time interval A t that is greater than A t' by 
the factor 1/Vl — u 2 /c 2 . 

C. Transformation of Velocity, If a body moves with a velocity v f 
relative to O' it can be shown that the velocity as determined by O will 
be 

v ~ _ FL v — V v v —_ Hi _ (18-15) 

D. Variation of Mass with Velocity. If m 0 is the “rest mass” of a body 
as measured by an observer relative to whom the mass is stationary, its 
“apparent mass” when moving with velocity v relative to an observer is 

«= ( 18 - 16 ) 


E. Transformation of Force . If a particle moving with a velocity v' 
in S' experiences a force F the relation F< = d{mv)/dt can be used to cal- 
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ciilate the components of force as determined by O in S. These com¬ 
ponents are 


F* = K + 


VyU 

c % + uv x 


Fy + 


v z u vf 
C 1 + uv f x tz 


f _ _ EL _ F' 

v ~ p{c 2 + uv f x y y 

TP _ C 2 jpr 

'*-j3i<r+-uvT z 

The corresponding transformed relations are 


(18-17) 


fl = f t - 


VyU 


uv x 


■ F v — 


v 2 u 


uv x 


^ F y 

P(c- — uv x ) 


(18-18) 


F' z = -- F z 

/%C - uv x ) 

where v x , v yi v 2 are the velocity components referred to S . 

18.11 Derivation of Electromagnetic Relations from Theory of 
Special Relativity. As was stated earlier, the purpose of this chapter 
is to demonstrate that if we assume the validity of Coulomb’s law and 
the viewpoint of Special Relativity as expressed through the Lorentz 
transformation, many of the relations of classical electromagnetic theory, 
including the experimental laws of Biot-Savart, Ampere, and Faraday, 
as well as Maxwell’s equations, can be shown to follow.* To illustrate 
how “magnetic” forces on moving charges can be derived from “elec¬ 
trostatic” forces (in a different reference frame) and the appropriate 
Lorentz transformations, consider the following elementary, and rather 
special, example shown in Fig. 18-5. 

An infinitely long line-charge p L coulombs per meter moving in the 
x direction with a velocity u constitutes a current I = p L u in the labora¬ 
tory frame S . A test-charge q ti stationary in this frame at the position 
shown [Fig. 18-5(n)] experiences an electric force given by 


F 0 


= q t E z = 


qtDz _ q t pL 

e 27T€Z 


t is desired to determine the additional velocity-dependent force on q t 
vhen the test-charge has the velocity v x , where for simplicity v x is made 
qual to u in this example [Fig. 18-5(6)]. This determination is readily 
lade by considering the same problem in the reference frame S', where 


*This elementary treatment is based on uniform relative motion. When accelera- 
on of charges is being considered, at least one other postulate (that of “causality”) 
required. 
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Figure IB-5. A test charge q t experiences a force due to a line charge pl* 

S' has the x directed velocity u with respect to S. In S' [Fig. 18-5(c)] 
both the line-charge and test-charge are stationary, so the force on q t is 
given by 

ft — gj ?l 
Inez 1 

Now the assumption is made (and found to be justified by consistent ex¬ 
perimental results) that the magnitude of charge Q , and the total dis¬ 
placement '4 r = Q, are invariant under the Lorentz transformation.* 
Therefore we may put q' t = q ty and of course the transverse length z' = z. 
However, a length x' in S' contracts to x = xW 1 — u 2 /c 2 = x'/ft in 5, 
so the line-charge density p L is greater than p L by the same factor, f3. 
That is, p L = fip L or p' L = p L /fi. Then we have 

*For a discussion of this point, see Edward M. Purcell, Electricity and Magnetism , 
Berkeley Physics Course, Vol. 2, p. 153, McGraw-Hill Book Company, New York, 1963. 
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ff _ <hPL 
(Shtez 

This is the force measured in S'. Using the transformation relation in 
eq. (17) for v' x = 0 shows that the force on the particle as measured by 
observer O in S would be 

F — — F f — 

z /3 z J3*27cez 

= J = F,(l -K)=F a -F m 

It is observed that for a test-charge moving with velocity v x = u the 
force on the test-charge has been modified by an amount 

F = "LWjl 

m c 1 Inez 


which may be written as 

V _ OhVxXfhu) _ fiI(q t Vx) 
2nezc 2 2 xz 


Putting B = pH — pl/lnz shows that the “magnetic” force on a test- 
charge moving with velocity v x — u should be F m = q t v x B. In the next 
section it is demonstrated that this relation continues to hold for v x ^ w, 
and that for an arbitrary particle velocity the expression for force be¬ 
comes F m — q t y X B. 

18.12 Coulomb’s Law and the Lorentz Force. Coulomb’s law, ex¬ 
pressing the force between two charges q' 0 and q\ in S' may be written as 


•pf _ 

47ter /2 


(18-19) 


vhere q' 0 is at rest in S', and q\ has an arbitrary velocity v f with respect 
:o S'. If the primed system is moving with a velocity u with respect to 
the force as observed by 0 , at rest in S, will be given by eqs. (17). It 
s possible* to start with (19) and (17), and derive the Lorentz force, the 
aw of Biot-Savart, and Ampere’s law. However, it is also possible to 
tchieve this same end more simply and directly, by considering the force 
>n q\ due to the particular distribution of stationary charge consisting of 
wo parallel planes of surface charge density ip*, as shown in Fig. 18-2 
m page 703, except that now the charge density p' s is stationary in S'. 
lecalling that the flux density of a point charge q' 0 is given by 


* Leigh Page, “A Derivation of the Fundamental Relations of Electrodynamics 
rom those of Electrostatics,” Amer. J. of Sci 34, p. 57, 1912. Also see R. S. Elliott, 
7 ectromagnetics, McGraw-Hill Book Company, New York, 1966. 
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Equation (19) may be written 

F' = (18-20) 

e 

Now the displacement density between the parallel layers of charge 
is D' = z D' z where D' z = p s . Then F z = q\p' s /e. From eqs. (18) it is found 
that in the general case the force observed by O will be 


IT — IT' JL i f' 

1 X 1 X I x V 1 ^2 x Z 

F v = |r (c 2 - uv x )F' y (18-21) 

F, = £ (c 2 - « Vx )F; 


For the charge distribution of (revised) Fig. 18-2 the force on q\ as ob¬ 
served by O reduces to 
) 1 


F x = 


: F' = 


fiq\uv,D' z 


F y = 0 (18-22) 

F _ /3gi(c 2 - wJZX 
ec 2 


In eqs. (22) all quantities are referred to the unprimed system S except 
the charge magnitude q[ and the displacement density D\ Using invari¬ 
ance of charge, we may write directly q\ = <gq. For the surface charge 
density p s — AQ'/Ax' Ay' it is noted that AQ = A Q', Ay= Ay', but 
Ax = Ax'/ft = AxV 1 — u 2 /c 2 , so that 


P. 


A Q 

Ax Ay 


= pp". 


and consequently 


D z = 0 D' z 


Then relations (22) become 


(18-23) 


|-r a 

Fx ~ q 'c r e 


v z D z 


Fy = 0 


F z 




(18-24) 


For a geometry similar to that of Fig. 18-2 but with the two layers of 
charge density parallel to the x-z plane the corresponding relations 
would be found to be 
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r u r\ 

F x = qx-r e V y D y 

f v = ^{t~ 1 ?1 Dv ) (18 ' 25) 

f 2 = 0 

and for two layers of charge density parallel to the y-z plane 

F x = <h — 

e 

F y = F z = 0 

All of these cases may be combined in the vector statement 

f _„(! + £x,.x d ) 

where v 0 = ±u is the ^-directed velocity of S' with respect to S. 

Recall that 

D = eE and -i- = ll, 
c 2 e 

and define 

B — [i H = JjLVo X D (18-28) 

Then (27) becomes 

F = qi (E + v x B) (18-29) 

It is interesting to note that this expression for the Lorentz force follows 
automatically from Coulomb’s law, the Lorentz transformation and the 
definition of B without need for an additional postulate as required in 
the classical development of electromagnetic theory. 

The Lorentz force (29) is a fundamental relation of major significance. 
Using it as the starting point it is possible to develop a complete theory 
of electromagnetics and electrodynamics. From the development in the 
foregoing sections, and the vector expression (27), we see that the 
magnetic field vectors are definable in terms of the electric field (E, D) 
and the force on a moving (with respect to the observer) charge in the 
electric field of other charges which are also in motion with respect to 
the observer. Thus it should be possible to develop a complete “electro¬ 
magnetic” theory in terms of forces between moving sets of charges 
without reference to a magnetic field; however, such a procedure, in¬ 
volving expressions of the form of (27), is much too unwieldy to be 
useful. There is, of course, no justification for believing the magnetic 
field to be any less fundamental or important than the electric field. The 
former expresses the force on a moving charge whereas the latter ex¬ 
presses the force on a stationary charge. But the terms “moving” and 
‘stationary” depend upon one’s frame of reference, and what is an 


(18-26) 


(18-27) 
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electric field to one observer can be a magnetic field to another, and vice 
versa, as was pointed out in secs. 18.03 and 18.04. 

18.13 Biot-Savart Law. The law of Biot-Savart (or Ampere’s law for 
the magnetic field of a current element) can be shown to follow directly 
from the definition for B and H used in the Lorentz force law (29). The 
Biot-Savart law expresses the magnetic field in terms of electric current , 
which is related to the flow of charge by the relation 

J = pv amp/m 2 (18-30) 

At this point it is desirable to digress briefly to discuss current flow. In 
eq. (30) charge density p coulombs/cubic meter flowing with velocity v 
meters/second gives rise to a current density J amperes/square meter. 
When this current flows as a convection current of charges of a single 
sign, as for example in an electron beam, both electric and magnetic 
forces exist on a nearby moving charge q x as indicated by the Lorentz 
force (29). When the velocities of q x and of the electron beam are small 
compared with the velocity of light, as is usually the case, the electric 
force on q x will be much greater than the magnetic force and the latter 
can often be neglected. However, when the current flows in a conductor 
the negative charge of the electrons is compensated by an equal positive 
charge (the positive atomic lattice of the metal through which the 
electrons drift) so that, in the absence of a surface charge on the con¬ 
ductor, the electric force is zero, and there is left only a magnetic force 
due to the velocities of the charges. With this cancellation of electric 
force resulting from the coexistence of equal numbers of positive and 
negative charges, the charge densities can be increased to very high 
values (for example p e ^ 10 29 electrons/m 3 ^ 1.6 x 10 10 coulombs/m 3 ) in 
a conductor. Such high charge densities would be quite impossible in an 
electron beam owing to the tremendous electrostatic forces that would 
tend to blow the beam apart. The velocities associated with current flow 
in a metal are very low (ordinarily less than 1 cm per second) but with 
the high charge densities possible the resultant magnetic forces are far 
from negligible as evidenced by the fact that they account for the opera¬ 
tion of nearly all practical electric motors. 

Returning to discussion of the Biot-Savart law, recall the definition 
of B and H in the Lorentz force relation, viz., B = pH = pv 0 x D. Now 
consider the magnetic field strength H produced by an infinitely long 
line-charge p L coulombs per meter moving along a conducting wire with 
a velocity v 0 meters per second. For this case I = v 0 p L , and D = p L /27tR 
in the radial direction, so that (28) gives 

* = '•" = ik < 18 - 31) 

which is the Biot-Savart law expressed for a current in a very long wire. 





/ Z.\J 


Electromagnetic Theory and Special Relativity 


§ 18.16 


On integrating (31) around any closed path circling the current there 
results the usual form of Ampere’s work law 

<J> Hds = I (4-1) 

The corresponding vector point relation is 

V X H = J (4-2) 

18.14 Ampere’s Law for a Current Element. When applied to a 
current element I ds = J dV = pv 0 dV , where 

j-*_. dQ r __ p dV r 

- 4^R2 

the definition of B and H results in 


n j t .. -pv up d V Vo X r 

_ filds x f 
” 4tcR 2 


(18-32) 


which is Ampere’s law for a current element. 

18.15 Ampere’s Force Law. The force between two current elements 
I ds u and I ds 2 follows directly from (29) and (32). Writing 


I dsi = q x v and 


▼j ihl dso X r 

B = 


there results 


ip __ fildsi x (Ids, x t) 
4 tzR 2 


(18-33) 


which is Ampere’s law of force between current elements. 

18.16 Faraday’s Law. In sec. 18.03 it was noted that a uniform elec¬ 
trostatic field (for which d/dx’ = 0) in system S' gives rise to an addi¬ 
tional uniform and constant (non-time-varying) magnetic field to observer 
O in S (and vice versa). A little throught suggests that a non-uniform 
electrostatic field in S' should appear as a nonuniform time-varying 
magnetic field in S. Indeed, from the transformation relations (9) it is at 
once evident that a function of x' in S' becomes a function of f3(x — ut) 
in S , so that a static distribution in S' becomes a traveling wave in S . 

Before deriving the general relationships between fields in S and S' it 
is instructive to work through a simple particular case for which 
f(x') = sin bx'. Assume that we have in S' a charge-free region in which 
exists a two-dimensional electrostatic field having no variation in the y' 
direction. For an electrostatic field, V' x E' = 0, so E must be the 
gradient of a scalar potential and we may write E' = — V'K'. For a 
charge-free region V'*E' = 0 so that we have 
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V'-(V'K') = V /2 V f = 0 

which says simply that the field must satisfy Laplace’s equation. The 
first step, then, must be to determine a two-dimensional field f(x', z') 
satisfying Laplace’s equation, for which the variation in the x’ direction 
is given by sin bx ’. 

Recalling that for a two-dimensional problem any function of a com¬ 
plex variable w — u + jv satisfies Laplace’s equation, let us choose to 
represent the potential function V' by the imaginary part of where 
we let 

/(w) = sinh b(z' + jx') 

so that there results 

V' = sin bx! cosh bz' 

This result produces the desired sinusoidal variation with x\ and from 
E' = I— V'V' we obtain 

E' = — b cos bx' cosh bz' 

(18-34) 

E' z = —b sin bx' sinh bz' 

Using the transformation relations (8b and 9a) the fields in S as seen 
by observer 0 are 

E x = —b cos b/3(x — ut) cosh bz B x = 0 

E y = 0 B y = ^ b sin b(3(x — ut) sinh bz 

E z = — fib sin bfi(x — ut) sinh bz B z = 0 

(18-35) 

The fields appear to observer O in S as traveling waves with a phase 
velocity equal to u . 

Problem 5. Verify that the relations (35) satisfy Faraday’s law or Maxwell’s 
equation in the form V X E = —8B/8t. 

In the above example it was seen that a particular electrostatic field 
distribution in S' which satisfied Laplace’s equation gave rise to time- 
'/arying electric and magnetic fields in S which satisfy Faraday’s law. It 
will now be shown that this follows for the general case. To do this start 
with the Lorentz transformation (9) and note that 


8x __ o 3t __ f3u 8t _ n 

dx' P dx' c- dt‘ ~ P 




so that 


Electromagnetic Theory and Special Relativity 


3 _ 3__ dx . 3 3t_ __ n ( 3 , u 3 

3x' 3x3x l 3t 3x' ^ \3x c 2 3t 

3 _ d ox 3 3t _ n(3__ , _ 5 _\ 

dt' ~ dxdt' ^ dt dt' ~ p \dt' u dx) 


(18-36) 


J_ = ± 

dy' d y 

Applying these results to 
yields 


_a_ s_ 

dz' d z 


V'xE' = 0 


8E' 2 _ dE' y 


(18-37) 


oE 2 _ a(8E' z u dE\ _ n 
3z P V37 + F"3T/~ U 

a(SE' y , u_ 3 K\ _ 8E' X _ „ 
P \Bx c 4 3t / dy~ 


Introducing relations (8a) into the above results in 






3E X _ 3E Z i ,1 _ o2\ < 

dz ax^ v 


02 VE-'v 


L dx dy H 'dx 

'low use the fact that for static fields in S' 

w = ° 


§_[udE, 

_ /3V 

dBJ 

c l dt 

c 4 

dt J 

tfudE, 

_ /3 V 

dB y l 

c 2 dt 

c 2 

dt J 

’v _ Fu 2 

3B z 

8E X ] 

t c 1 

3t 

dy - 

/3 2 u dE v 


3b; 

C 4 dt 

c z 

dt J 


3 that from (36) there results 


(18-38) 


id the above equations simplify to 
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— lEv + M* + u v-b 

a v dz ^ dt ^ . 


_ dr 


3E Z dBy 
dx dt . 


3 b ; = 

arj 


Assuming that we may put V-B = 0 (see problem 6 at the end of this 
section), these equations become 




(18-39) 


which is the statement of Faraday’s law or Maxwell’s emf equation in 
point vector form. Integration over a surface and application of Stokes’ 
theorem leads to the integral form 


E-^s = -- 


(18-40) 


Problem 6. Using the Lorentz transformation and the fact that d/dt' = 0 
for static fields, show that V-B = 0 if V'-B' = 0. 

18.17 Maxwell’s Assumption and the Generalized Mmf Law. If, 

instead of an electrostatic field in S', we start with a static, source-free 
(/ = 0) magnetic field in a given region in S' then instead of eq. (37) we 
have 


V' x H' = 0 


(18-41) 


Carrying through the derivation as in the preceding section one obtains 
for the fields in S the relation 


VxH=f 


(18-42) 


Eq. (42) will be recognized as Maxwell’s assumption (p. 102) that a time 
changing displacement density dD/dt is equivalent to an electric current 
density in producing a magnetic field. Combining with Ampere’s work 
law [eq. (3-6), page 84] or the Biot-Savart law already derived, we have 
Maxwell’s first equation 


or in the integral form 


V x H = J + 


H-^s = f (D +J). 

J s 


(18-43) 


(18-44) 


In the preceding sections it has been demonstrated under rather special 
conditions that electrostatic and magnetostatic fields in one reference 
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frame give rise to or are, in another frame, time-changing fields which 
satisfy Maxwell’s equations. The elementary analysis was purposely 
restricted to source-free regions in which p = 0, and J— 0. The more 
general analysis for regions containing charge and current densities 
requires consideration of how these quantities transform from one re¬ 
ference frame to another. 

The above analysis was also restricted in that one started with a very 
special set of fields, namely those fields which are static in a given 
reference frame. However, it is easily shown that this restriction is not 
severe. For the static fields in S' can be transformed to yet another 
reference frame S " moving relative to S' with a velocity u x ^ u . Now if 
the resultant time-varying fields in S", satisfying Maxwell’s equations, 
are transformed to 5, they should produce the same set of time-varying 
fields in 5 as was obtained by direct transformation from S'. Hence a set 
of time-varying fields satisfying Maxwell’s equations in one frame result 
in a different set of time-varying fields which also satisfy Maxwell’s 
equations in another frame.* The general analysis, including transforma¬ 
tion of current and charge densities as well as Maxwell’s equations, is 
required for any consideration of electromagnetic effects in moving 
media. Because it is not our intent to treat this subject here, the more 
general analysis has not been included. The interested student is referred 
to the several references listed on this topic. The treatments of Cullwick 
and Elliott are particularly suitable. 

18.18 Summary. In this chapter the interrelationships between elec¬ 
tromagnetic theory and Special Relativity have been explained. We saw 
that the original conflict between Maxwellian electrodynamics and sim¬ 
ple Galileian relativity was resolved by the introduction of the Special 
Theory of Poincare and Einstein. Using the Special Theory and the 
Lorentz transformation the effects of relative motion in electromagnetic 
theory were examined, and it was seen that stationary charges and the 
accompanying electrostatic field in one reference frame appeared as 
currents and a magnetic field in another. By assuming the validity of 
Coulomb’s law and applying the Lorentz transformation to these rela¬ 
tively moving frames, we were led directly to the hypotheses and the 
seemingly unrelated experimental laws of electromagnetics, including 
the Lorentz force and the laws of Biot-Savart, Ampere and Faraday, as 
well as Maxwell’s assumption; that is, the foundation was laid for 
Maxwellian electromagnetic theory. 

Finally, it was shown that, in the words of Einstein, “—the electro¬ 
dynamics of Maxwell-Lorentz in no way opposes the (Special) theory of 

*See R. S. Elliott, Electromagnetics, Appendix F, McGraw-Hill Book Company, 
New York, 1966. 
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relativity. Rather, the latter has been developed from electrodynamics as 
an astoundingly simple combination and generalization of the hypotheses, 
formerly independent of each other, on which electrodynamics was 
built.”* 
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VELOCITIES OF PROPAGATION 


Group Velocity and Phase Velocity . Ia the discussion of wave 
propagation between parallel planes and in wave guides two different 
velocities were encountered. The first of these was the phase velocity v, 
which represented the velocity of propagation of equiphase surfaces 
along the guide. The second velocity was the group velocity v g , which in 
those particular cases, could be considered as the velocity of energy 
propagation in the direction of the axis of the guide. For wave-guide 
propagation the phase velocity is always greater than v 0 = 1/V/Ie, 
whereas the group velocity is always less than v 0 . The term group velocity 
has a more general significance than was indicated in that discussion. 

In order to convey intelligence it is always necessary to modulate by 
some means or other the carrier frequency being transmitted. When this 
is done, there is a group of frequencies, usually centered about the 
carrier, that must be propagated along the guide or transmission line. If 
the phase velocity is a function of frequency, the waves of different fre¬ 
quencies in the group will be transmitted with slightly different veloci¬ 
ties. The component waves combine to form a “modulation envelope,” 
which is propagated as a wave having the group velocity v Q defined by 


da > 



The frequency spread of the group is assumed to be small compared with 
the mean frequency of the group, and the derivative is evaluated at this 
mean frequency. The significance of the definition is made clear by 
consideration of a simple and well-known example. 

Consider the case of a carrier E$ cos cat, amplitude-modulated by a 
modulation frequency A/ = kao/lx. Such a signal would be represented 
by 

E = E 0 (l + m cos Acof) cos cot 

where m is the modulation factor. This expression can be expanded in 
the usual manner to show the presence of the carrier and side-band 
frequencies. 
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E = E 0 cos cot + ~~~ [cos (co + Aa ))t + cos (co — Aco)t] 

If now such a signal is propagated in the z direction under conditions 
where the phase velocity varies with frequency, the resultant wave would 
be written as 

E = E 0 cos (cot — fiz) + {cos [(co + A co)t — (yS + Ay8)z] 

+ [cos (co — A co)t — (/3 — A£)z]} 

This expression can be recombined to show an amplitude-modulated 
wave progressing in the z direction 

E = ir 0 [l + m cos (Aco? — A^z)] cos (cot — /3z) 

The bracketed part of this expression represents the envelope of the 
wave. It is seen that the envelope progresses in the z direction with a 
velocity 

_ Aa) 

Vq ~ A/3 

If the frequency spread of the group is small enough that Ao/A/3 may be 
considered constant throughout the group, this may be written as the 
limit 


dco 



To simplify the evaluation of v Q , this may also be written as 

1 

V " dp/da 

The phenomenon of phase and group velocities can be illustrated by 
sketching the addition of the two side-band frequencies waves at a certain 
instant of time (the carrier frequency is omitted to simplify the discus¬ 
sion and the sketch). Figure A-l shows two waves of slightly different 



Figure A-l. 
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frequencies combining to form a single amplitude-modulated wave. If 
the component waves have the same velocity, the two crests a x and b x 
will move along together and the maximum of the modulation envelope 
will move along with them at the same velocity. Under these circum¬ 
stances, phase and group velocity are the same. If it is assumed that the 
lower frequency wave b with the longer wavelength has a velocity 
slightly greater than that of a, the crests a x and b x will move apart and 
the crests a 2 and b 2 will come together. Therefore, at some later instant 
of time the maximum of the envelope will occur at the point where a 2 
and b 2 are coincident, and at a still later instant where a z and b z are 
coincident. It is evident that the envelope is slipping backward with 
respect to the component waves. In other words, it is moving forward 
with the group velocity v g9 which is less than the phase velocity of either 
of the component waves. Visually, as, for example, in the case of water 
waves, it appears as though the envelope were slipping behind the com¬ 
ponent waves, or, on the other hand, as though the component waves 
were slipping forward through the envelope. Under those conditions, 
where the shorter wavelength (high frequency) wave has the greater 
phase velocity, the situation is reversed and the modulation envelope 
slips forward. The group velocity is then greater than the phase velocity 
of the component waves. If ft is plotted as a function of co , the phase 
velocity and group velocity may be determined directly from the graph. 
Figure A-2 shows such a plot for wave-guide propagation. It is observed 
that the slope of ft/co = l/v is always less than that of dft/dco = l/v g , so 
that v is always greater than v g , but both approach v 0 as co approaches 
infinity. 

Figure A-3 shows a typical plot of ft vs. co for a two-conductor trans¬ 
mission line having loss. For this case the slope of l/v is always greater 
than that of dft/dco = l/i? ff , so that the phase velocity is always less than 



Figure A-2. 
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the group velocity, but as the frequency is increased both velocities 
approach the velocity v 0 = l/^/LC, which applies in the lossless case. 

Signal Velocity . It is to be noted that both phase velocity and group 
velocity are terms that apply only under steady-state conditions. If a 
signal be impressed suddenly at one end of a transmission line or wave 
guide, the time required for the disturbance to reach the other end is a 
measure of what is sometimes called the signal velocity. However, it is 
difficult to state just what is the value of this signal velocity, because 
the signal at the other end builds up more or less gradually to a steady 
state as the initial transient condition dies out. The first impulse always 
reaches the receiving end with a velocity equal to the velocity of light, 
with other impulses arriving at later times. However, the amplitude of 
the first impulse is zero and the build-up to the steady-state condition is 
gradual, so the time required for the signal to reach (and be indicated 
by) the detector is dependent on the sensitivity of the detector. A 
thorough discussion of this rather complex phenomenon has been given 
by Brillouin.* 


*L. Brillouin, Congres international d’electricite, Vol II, Paris, 1932. See also, 
Leon Brillouin, Wave Propagation and Group Velocity . Academic Press Inc., New 
York, 1960. 
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BESSEL FUNCTIONS 


Bessel and Hankel functions have been discussed briefly in various 
parts of the text. In working electromagnetic problems the series expan¬ 
sions of the functions, and a knowledge of the differentiation and recur¬ 
rence formulas are often required. For convenience a few of these series 
and formulas are assembled together here. For a more detailed treatment 
of these functions, reference should be made to one of the standard texts 
on Bessel functions.* 

Bessel Functions and Hankel Functions . Bessel functions are solutions 
of the following differential equation, which is known as Bessel’s equa¬ 
tion 

z d? +z H + iz v)w=z0 (1) 

The order of the equation is given by the value of v . In general v will be 
nonintegral. For integral values of v the symbol n is usually used. 

For nonintegral values of v two linearly independent solutions of (1) 
are 


oo f _nm _v+2 m 

Jv ^ = m?o miro + v + l )T* tn 

( 2 ) 

j r~\ _ y 1 1 _ 

^ } m\r(m -v+ l)2~ l,+2m 

where J y (z) is Bessel function of the first kind, of order v. The function 
V{m + v + 1) = F(jO is the generalized factorial function known as the 
Gamma function. It is defined by 

r (p) = f x p ~ l e~ x dx 
J 0 

When v = n (an integer), the Gamma function becomes the factorial 

*In addition, an excellent summary treatment of Bessel functions is given by 
S. A. Schelkunoff, Electromagnetic Waves , Chapter III: also Applied Mathematics 
for Engineers and Scientists y Chapter XX. Where differences in definitions and nota¬ 
tion exist among various texts, those used by Schelkunoff have been followed here. 
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Y{m + n + 1) = (m + «)! The two solutions given by (2) are then no 
longer independent, but instead are related by 


where now 


/-»(*) = (-1 )V„(z) 


« / i\m r n + 2m 

= m?o 2 B+m m!(/n + n)! 


A second independent solution of (1) is defined by 

a r/-\ — /y(^) COS P7T — /„ y (z) 


where jVy(z) is known as a Neumann function or, more commonly, as a 
Bessel function of second kind , of order v. When is integral, N n (z) con¬ 
tinues to be a solution of Bessel’s equation, and is still defined* by (4). 
Foi integral values of v, a complete solution of (1) is 

w - AJJtz) + BN n (z) (5) 

Bessel functions of the second kind become infinite at z = 0, and so 
cannot be used to represent physical fields except in those problems in 
which the region z = 0 is excluded. 

Solutions to eq. (1) may also be written in terms of Hankel functions . 
Hankel functions are linear combinations of Bessel functions defined by 

Hf(z) = Jfz) + jN v (z) 

m\z) = JJLz) - JNfz) } 

Like the N functions, Hankel functions become infinite at z = 0, 
and so in physical problems are restricted to cases where z = 0 is 
excluded. 

Bessel Functions for Small and Large Arguments . For z<l, the J and 
N\ functions are given approximately by the expressions 


N V (Z) as - 


2\v - 1)! 


and in particular 


Jlz) ^ 1 


(In z -j - C — In 2) 


On the other hand for large values of z the asymptotic expressions 


* When v is an integer, n, N n (z) as defined by (4) is indeterminate. However, it 
can be evaluated by usual methods. 
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From these expansions it is apparent that the J and N functions cor¬ 
respond to cosine and sine functions and as such represent standing 
waves when used with the time factor e J “ l . On the other hand, the H {1) 
and H {2) functions correspond to exponential functions with imaginary 
exponents and, when used with the time factor e jwt , represent inward- 
and outward-traveling cylindrical waves. 

Differentiation and Integration of Bessel Functions . Using the series 
definition for J 0 (z), and differentiating term by term, shows that 

j z W/)] = -/,(*) 

Similarly it can be shown that the following relations are true: [In the 
expressions listed here Z v (z) may denote any of the functions / y (z), N v (z\ 
or H { f(z); also Z'(z) means (d/dz)Z v (z)\. 

z;(z) = -Zfz) 

Z'i(z) = Z 0 (z) - -1 Z,(z) 

zZ'(z) = vZ v (z) — zZ„ +1 (z) 

= zZ„_,(z) — vZ v (z ) 

^[z y Z„(z)] = z y Z„_,(z) 

^[z'“Z„(z)] = —z'"Z„ +1 (z) 

\ useful recurrence formula is 

2 z/Z v (z) = z[Z v .fz) + Z v+l (z)] (11) 

>ome integration formulas are 

J Z x (z)dz = —Z 0 (z) 

| z"Z„_[(z) <s?z = z y Z v (z) 

J z"“Z„ + i(z)rfz = —z _l, Z„(z) 




( 12 ) 
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Modified Bessel Functions. Modified Bessel functions of zero order 
were encountered in sec. 14.10. The modified Bessel equation of order v 


z2 ^F + z ^- (z2 + v2)w ^° (13) 

For nonintegral values of v two independent solutions are 

I v (z) and 7_ v (z) (14) 

where 

oo -v+2 m 

Iv ^ = Jo T^HnVTiy + m + 1) ^ 15 ' ) 

As in the case of the / functions, when v is integral, these two solutions 
are related by 

/-»(*) = /»(*) 

and it becomes necessary to seek another solution. Another solution is 
given by 

= < 16) 

For integral values of n this reduces to 

*-< z > = j5rs &"-§£) < 17 > 

and gives a second independent solution. 

For z<l, the I and K functions are given approximately by 

h{z) ^ 2^1 KHz) ^ *>’ (18) 

and in particular 

I Q (z) ^ 1 Klz) ^ -[In z + C - In 2] (19) 

Series expansions for the I and K functions are given by Schelkunoff.* As 
noted in sec. 14.10, the I and K functions are appropriate for dissipative 
media. For propagation in a lossless dielectric, the arguments of these 
functions would be pure imaginaries, and the functions would reduce to 
ordinary Bessel functions. For imaginary arguments the relations between 
modified and ordinary Bessel functions are 

40'z) = e^Uz) l 


UP) = f e- 


U(z)-jNXz)]\ 


— _ i)?c/2 


HP(z) 


* Electromagnetic Waves, pp. 50-51: Applied Mathematics for Engineers and 
Scientists , p. 396. 
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It is apparent that for imaginary arguments the I functions represent 
standing waves and the K functions represent outward traveling waves. 

Recurrence Formulas for I and K Functions. In general the differentia¬ 
tion and recurrence formulas for the modified Bessel functions are dif¬ 
ferent from those for Bessel and Hankel functions. For the modified 
functions the recurrence formulas corresponding to those of eqs. (10) are 


z/y(z) - I^/y(z) -j- zl v+ l(z\ 

zK'{z) = vK v (z) - zK v ^(z) 
zffz) = zl v _ l — vl v (z\ 
zK'fz) = —zK„-i(z) - vK v (z) 

A [z‘K v (z)] = —z' J K u _i(z) 

^ [z-"/„(z)] = z"7„ +1 (z), 

±[z-'’K v (z)]= -z-'K^lz) 

2 vl v {z) = 2[/„_,(z) - /„ +I (z)] 
2vK v (z) = -z[K„_lz) - *.+,(*)! 


( 21 ) 



LIST OF SYMBOLS 


(.See also pages 23-27) 


The following list contains those symbols that have been used con¬ 
sistently throughout the text. The symbols shown on pages 23-27 are 
not repeated here. Because of the large number of quantities to be repre¬ 
sented and the undesirability of using alphabets other than English and 
Greek, it has been necessary to use some symbols to reperesent different 
quaatities at different times and places. In every instance the symbol has 
been defined where introduced to avoid misinterpretation of its meaning. 

Two common symbols are the tilde (~), used to denote a time-varying 
quantity in those instances where it must be distinguished from a phasor 
quantity, and the circumflex (*), used to denote a unit vector. 


Symbol 

Quantity 

Page 

A 

Magnetic vector potential 

92 

A 

Effective area 

377 

C 

Euler’s constant (.5772157) 

332 

Ci(x) 

Cosine integral 

332 

C\y) 

Comb function 

452 

D 

Directivity 

375 

e 

Charge on electron or on singly-charged ion (negative 



for electron) 

282 

erfc 

Error function 

645 

F 

Electric vector potential 

468 

Fy 

Receiver noise figure 

419 

& 

Scalar magnetic potential 

468 

fc 

Cut-off frequency 

186 

G 

Green’s function 

39 

Ga 

Directive gain (db) 

375 

ga 

Directive gain 

375 

gp 

Power gain 

375 


Hankel function, first kind, order v 

558 

H?Xx) 

Hankel function, second kind, order v 

558 
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Symbol 

Quantity 

Page 

Ux) 

Modified Bessel function, first kind, order v 

571 

l{x) 

Modified Bessel function, half-order 

571 

J, 

Surface current density 

174 

Jv(x) 

Bessel function, first kind, order v 

571 

Jv(x) 

Bessel function, half-order 

571 

K 0 

Relative permittivity 

298 

K 

Magnetic current 

467 

K 

Relative permittivity dyadic 

689 

K v 

Modified Bessel function, second kind, order v 

559 

t 

Modified Bessel function, half-order 

571 

k 

Boltzmann’s constant 

697 

L 

Unit left-hand rotating vector 

460 

L’ 

Generalized inductance 

596 

M s 

Magnetic surface current density 

467 

Jl 

Magnetization 

303 

m 

Magnetic dipole moment 

303 

N, 

Electron number density 

673 

N v (x) 

Bessel function, second kind, order v 

255 

K(x) 

Bessel function, half-order 

571 

n 

Refractive index 

658 

n' 

Group refractive index 

696 

n 

Time-varying electron density 

687 

P 

Poynting vector 

164 

T)m 

1 n 

Legendre polynomial 

569 

p 

Polarization ratio 

457 

9 

Polarization 

299 

p 

Electric dipole moment 

298 

Q 

Quality factor 

272 

Q 

Polarization ratio 

480 

Sn 

Associated Legendre polynomial 

569 

R 

Unit right-hand rotating vector 

460 

V(y) 

Gating function, unit amplitude, width L 

449 

ii(x) 

Sine integral 

332 

h(x) 

Integral related to cosine integral 

332 

UX) 

Tchebyscheff polynomial, order n 

438 


Phase velocity 

239 

V 

Group velocity 

192 


Time-varying particle velocity 

687 

r 

Reactance 

154 

T 

Characteristic impedance 

231 

T 

Surface impedance 

654 
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Symbol 

Quantity 

Page 

a 

Attenuation factor 

128 

a* 

Electronic polarizability 

299 

P 

Phase factor 

128 

7 

Propagation constant 

154 

r 

Voltage reflection coefficient 

332 

r« 

Gamma function 

730 

s 

Penetration depth 

130 

S(x) 

Dirac delta 

18 

V 

Intrinsic impedance 

128 

X 

Wavelength 

135 

Xj) 

Debye length 

697 

V 

Collision frequency 

670 

n 

Stream function 

573 

p t 

a 

Standing-wave ratio 

224 

Conductivity dyadic 

689 

cr 

Scattering cross section 

420 


Radiation intensity 

375 

% 

Susceptibility 

299 

% 

Ellipticity angle 

462 

co c 

Cyclotron (gyro) frequency 

285 

C0p 

Plasma frequency 

671 

n 

Solid angle 

375 



INDEX 


A 

Abraham, M„ 326, 565 
Absorption: 
deviative, 682 
nondeviative, 682 
Admittance: 
characteristic, 234 
input, 234 
normalized, 235 
slot, 579 
transfer, 348 
\haroni, J., 568 
\ir, dielectric constant of, 657 
Vmpere, 25, 77, 700, 714 
Vmpere’s circuital law, 80, 305 
Ampere’s force law, 88, 720 
Vmpere’s law, 213 
a-c case, 320 
current element, 86, 720 
differential form, 82 
inconsistency of, 101 
impere’s work law, 720 
misotropic media, 32, 689 
mtenna, 327, 345f 

aperture, 378; see also Aperture an¬ 
tennas 

apparent length, 394 
application of network theorems, 348 
arrays, 359f, 422f; see also Array 
binomial, 372 
broadcast, 361 
broadside, 363 
end-fire, 363 

linear, 362, 422f; see Linear array 
three-element, 361 
two-element, 359 
uniform, 426 
uniform linear, 362f 
VHF, 408 

as opened transmission line, 388 
bandwidth, 383, 388, 602 


Antenna ( cont .): 
bi-cone, 384 
biconical, 572f, 603 
broadband, 60If 
center-fed, 357 

characteristic impedance, 384 
circularly polarized, 460 
current distribution, 326, 388f, 551 
cylindrical, 384; see also Cylindrical 
antenna 

average characteristic impedance, 
387 

slotted, 523 
dipole, 327, 390 

complementary (see Dipole) 
directional properties, 353 
radiation patterns, 355f 
directive gain, 375 
directivity, 375 
effective aperture, 377 
effective area, 377 
effect of feed, 357 
electric field on, 55If 
elliptically polarized, 462 
end effect, 394 
equiangular spiral, 603 
conical, 605 
planar, 605 

equivalence of effective lengths be¬ 
tween transmitter and receiver, 
351 

equivalent RLC circuit, 387 
feed methods, 399 
delta, 400 
end, 400 
shunt, 400 

filamentary current approximation, 556 
frequency-independent, 602 
properties of, 618 
gain, 353, 374, 376 
horn, 487, 503 
images, 369f 
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Antenna (cont .): 
impedance: 

effect of earth, 397 
input impedance, 390 
linear: 

charge distribution on, 322 
current distribution on, 322 
lobe principle, 364 
lobe width, 364 

log-periodic, 602, 606; see also Log- 
periodic antenna 
active regions, 613 
dipole array, 609 
directivity, 617 
impedance, 618 
nonplanar, 608 
other types, 619 
planar, 607 
properties of, 618 
reflection region, 614 
transmission-line region, 612 
long wire, 400 
methods of excitation, 397 
mutual impedance between, 333f 
near fields of, 332 
over plane earth, 635 
patterns of, 365f 
effect of earth, 369 
graphical method, 362 
power gain, 375 
power radiated, 374 
Q, 387 

radiation intensity, 375 
radiation pattern, 353 
reactance, 545f 
received terminal current, 352 
reciprocity of impedances between 
transmitter and receiver, 350 
reciprocity of patterns between trans¬ 
mitter and receiver, 349 
resonance, 384 
short, 392 

short-circuit current, 483 
signal-to-noise ratio, 412 
slot, 513f 

standing wave, 356 
static capacitance, 386 
synthesis, 431 

by inverse Fourier transforms, 451 
terminal impedance, 380 

lumped-constant representation, 380 


Antenna (cont.): 

terminal properties, 347 
temperature, 412f 
thick, 389 
thin, 386 
tower, 395 

transmission-line representation, 389 
transmission loss between, 410 
traveling wave, 356 
unsymmetrically fed, 357 
VHF and SHF, 409 
Yagi, 624 
Aperture: 

antennas, 378, 466f 

in absorbing screen, radiation through, 
493 

in conducting screen, radiation through, 
496 

Array; see also Antenna arrays 
bidirectional synthesized, 433 
dipole, around cylinder, 527 
directive log-periodic, 625 
directivity, 430 
four-element: 
broadside, 427 
end-fire, 429 
log-periodic dipole, 609 
slotted cylinders, 527 
superdirective, 443 
superdirective Tchebyscheff, 444 
supergain, 443 

theory for LP and FI structures, 611 
unidirectional, synthesis of, 434 
VHF, 408 
Attenuation: 

between parallel planes, 192 
transmission lines, 219 
Attenuation constant, wave guide, 248 
Attenuation factor, ground-wave, 646 
TE waves, 195 
TEM wave, 194 
TM wave, 196 
wave guides, 269, 270 

B 

Babinet’s principle, 519 
Backscattering cross section, 509 
Backscatter, ionospheric, 697 
Baiuns, 406f, 606 
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Index 


Deschamps, G. A., 464 
Determinant, 21 
Diamagnetic materials, 85 
Diamagnetism, 303 
Dielectric: 
boundary, 61 
constant, 30, 127, 210 
dispersion in, 308 
permittivity, plasma, 294 
polarization of, 297 
waves in, 128 

Dielectric materials, frequency response, 
306f 

Dielectric slab wave guide, 273 
Diffraction: 

Fraunhofer, 494, 498 
Fresnel, 498f 
geometrical theory, 506 
Dimensions, 26 

Diode, space-charge-limited, 289 
Dipole: 

antenna, 390 
definition, 327 
directional properties, 353f 
elevated above earth, 649f 
horizontal over conducting earth, 
643 

horizontal, surface wave, 648 
over conducting earth, 639 
radiation patterns, 355f 
vertical over conducting earth, 640 
array, around cylinder, 527 
complementary, 573 
current distribution on, 325 
cylindrical, 394 
duality with slot, 517 
electric, 19, 37 

electric, analogy to current element, 
321 

electric, oscillating, 317 
flat strip, 515 
folded, 401, 516 
half-wave, 328f 

half-wave radiation resistance, 397 
Hertzian, 321 
impedance, 519 

infinitesimal Dirac delta representa¬ 
tion, 71 
field of, 71 

magnetic, 94, 303, 470 
moment, 71 


Dipole ( cont .): 
antenna {cont.): 

polarization, 299 
radiation resistance of, 325, 544 
short, near cylinder, 529 
slot, 515 

spherical polar co-ordinates, 16 
stub-matched, 401 
Dirac delta, 18, 338, 452 

current volume distribution, 87 
cylindrical co-ordinates, 20 
infinitesimal dipole representation, 71 
point charge, 70 
properties, 19 

spherical polar co-ordinates, 21 
three-dimensional, 20, 71 
Direction cosines, 9, 133 
Directive gain, 375 
Directivity, 375 

Dirichlet boundary conditions, 68 
Dispersion, in dielectric, 308 
Displacement current, 210 
density, 102 

in wave guides, 265 
Displacement density, 24, 31, 32, 33 
dielectric polarization, 301 
Displacement, electric, 24, 31 
Dissipation factor, 127 
Distortionless line, 158 
Divergence, 8, 10 
average, 44 

cylindrical co-ordinates, 13 
integral definition, 44 
spherical polar co-ordinates, 15 
Divergence theorem, 17, 43 
Doppler shift, 697 
Dot product, 4 
Doublet, 37 

Doubly refracting medium, 691 
Duality, 469f 

between slot and dipole, 517 
Duct, propagation, 662 
Du Hamel, R. H., 606 
Dyadic, 689 
Dyson, J. D., 603 

E 

E x H, interpretation of, 169 
E waves, 180 
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Earth, conductivity, 630, 633f 
effect on antenna impedance, 397 
effect on patterns, 369 
reflections from, 629 
Effective aperture, 377 
Effective area, 377 
Effective length, 352 
Effective radius, of earth, 658 
Einstein, A., 709 
Electrets, 297 
Electric current sheet, 472 
Electric dipole, oscillating, 317 
Electric displacement, 24, 31 
Electric field, 593 
analogy to magnetic field, 96 
around conductor, 212 " 
boundary conditions, 105 
in conductor, 200 
p^asor representation, 307 
relativistic transformations, 705 
sources of, 90 
transverse, 139 
Electric field strength, 24, 30 
Electric flux, 31, 33 
Electric force, lines of, 33 
Electric image, 49 
Electric scalar potential, 467 
Electric vector potential, 467 
Electromotive force, induced, 535f 
Electrons, conduction, 41 
Electron density, in ionosphere, 668 
in plasma, 294 
Electron temperature, 698 
Electromagnetic relations, derived from 
special relativity, 714 
Electromagnetic theory, and special rela¬ 
tivity, 700f 

Electromotive force, 24 
Electrostatic energy, 57 

due to charge distribution, 58 
Electrostatics, 29 
Element factor, 449 
ELF, 601 
Elliott, R. S., 724 
End effect, 394 
Energy, 23 
electrostatic, 57 
kinetic, 283 

of charged particle, 282f 
stored in induction field, 320 
stored in magnetic field, 85 


Energy ( cont .): 
stored in radiation field, 320 
velocity of propagation, 189 
Energy density, 61, 164 
Equation of motion, 687 
charged particles, 278f 
Equiamplitude surface, 124 
for conductor, 204 
Equiphase points, 191 
Equiphase surface, 124, 133 
for conductor, 204 

Equipotential surface, 40, 50, 60, 214 
Equivalence theorem, 485 
Euler’s constant, 547 
Extraordinary wave, 679, 691 


F 

Fade-out, of radio signal, 680 
Fading, 664 

Faraday, 31, 33, 700, 714 
Faraday rotation, 419, 693 
Faraday’s law, 77f, 100, 720 
Far field: 

approximations, 341 
current distribution, 94 
Ferroelectric crystal, 297 
Ferromagnetic materials, 85 
Ferromagnetism, 303 
Fields: 

analogies between, 96 
conservative, 35, 36 

crossed, action on charged particle, 
286 

due to infinitely long wire, 559 
electric, sources of, 90 
electromagnetic, sources of, 29 
electrostatic, 29 
induction, 320 
irrotational, 105 
long straight wire, 89 
polarized, 519f 
potential, 37 
radiation, 320 
scalar, 37 
TEM, 215 

theory, relation to circuits, 589 
transverse electric, 139 
transverse magnetic, 139 
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Field equations, 103 
interpretation of, 104 
solution in cylindrical co-ordinates, 
257 

Field strength: 
electric, 24, 30 
magnetic, 24, 79 

Filter, high-pass, transmission line, 266 
Flux: 

electric, 31, 33 
lines of, 33 
magnetic, 24, 78 
Flux density, magnetic, 24, 79 
Force, 23 

between wires, 88 
centrifugal, 282 
Coriolis, 282 
electric, line, 33 
electromotive, 24 
lines of, 33 

magnetomotive, 24, 79f 
on charged conductor, 60 
on charged particle, 282f 
Fourier analysis, 158 
Fourier series, 524 
antenna synthesis, 432 
Fourier transform, 448 
Fraunhofer, diffraction, 494, 498 
Fresnel, diffraction, 498 
^resnel integrals, 500 
frequency, 23 
critical, 185 
cut-off, 186 
cyclotron, 685 
gyromagnetic, 685 
lowest useful high, LUHF, 682 
maximum usable, MUF, 682 
plasma, 293, 689 

G 

Jabor, D., 509 

ain, antenna, 353, 374 

aiilei, G„ 702 

alileian relativity, 701, 703 

alileian transformation, 702 

amma function, 730 

auge condition, Coulomb, 315 

Lorentz, 314, 317 


Gauss’s law, 33, 44, 102 
dyadic form, 689 
Gauss’s theorem, 43 
Gradient, 8, 10 

cylindrical co-ordinates, 13 
potential, 37 

spherical polar co-ordinates, 15 
Green’s function, 39, 71, 338 
general form, 340 
Green’s identity: 
first, 18 
second,18 
Green’s theorem, 18 
Ground, finitely conducting, 397 
Ground wave: 

attenuation factor, 646 
curvature, 659 
propagation, 628f 
Group velocity, 273, 726 
Guided waves, 177f 
Guide wavelength, 249, 263 


H 

H waves, 180 
HF, 601 

Half-wave section, 224 
Hallen, E., 395, 565 
Hankel functions, 525, 558, 730 
spherical, 575, 582 
Hansen, W. H., 443 
Harmonics: 
cylindrical, 63 
spherical, 63, 67 
zonal, 67 

Heaviside, O., 667 
Helmholtz equation, 124, 126 
plasma, 295 

Helmholtz equations in phasor form, 338 
Helmholtz theorem, 314 
Helmholtz wave equation, 316 
Hertzian dipole, 321 
Holography, 509 
Horns, radiation from, 503 
Howe, G. W. O., 54 
Huygens’ principle, 488 
in holography, 509 
Huygens’ source, 488 
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I 

Image: 
charge, 49 
electric, 49 
electric current, 470 
magnetic current, 470 
method of, 328 

Impedance, 535f 

antenna, effect of earth, 397 
characteristic, 119, 154, 157 
dipole, 519 
driving point, 536 
electric, 517 

external, of long wire, 560 
free space, 119 
induced emf method, 535f 
infinitely long wire, 557, 560 
in^ut for short circuited line, 226 
input, for transmission lines, 217, 219 
for VHF lines, 224 
internal, 596 
for long wire, 561 
intrinsic, 119, 128, 157,562 
conductor, 129 
magnetic, 517 
mutual, base, 537 

between antennas, 333f, 536 
calculation of, 537f 
circuit concept, 347 
loop, 537 

quarter-wave monopoles, 539 
normalized, 232 
outward radial, 560 
parallel-plane transmission line, 2Ilf 
Poynting vector method, 535 
radial, 576 
self, antenna, 536 
reciprocity derivation, 554f 
surface, 153, 211 
conductor, 154 
surface of dielectric slab, 274 
terminal of antenna, 380; see also An¬ 
tenna 

TE wave, 199 
TM wave, 199 
transfer, 348 
tuned line, 227 
wave, 196f 

Impedance inverter, 230 


Impedance matching, stub lines, 236f 
Impedance transformer, 230 
Impulse function; see Dirac delta 
Index of refraction, 148 
Induced-emf method, equivalence to 
Poynting vector method, 548f 
impedance calculation, 535f 
notes on, 55Of 

radiation resistance calculation, 540 
Inductance, 24 
distributed, 209 
external, for wire, 561 
generalized, 596 
magnetic, 78 
transmission line, 210 
Induction field, 320 
Induction theorem, 485 
Induction voltage, 211 
Inductive reactance, internal, for long 
wire, 562 
Insulator, 144 
Integral theorems, 16 
Interference, 505 
Intrinsic impedance, 157 
Inverse-square law, 90 
Ionization density, 668 
Ionized gas, critical frequency, 676 
maximum usable frequency (MUF), 
676 

optimum frequency, 676 
virtual height, 674 
Ionosphere, 668f 
electron density, 668 
ionization density, 668 
layers in, 668 
reflection from, 67If 
refraction in, 67 If 
variations in, 678 
Ionospheric noise, 685 
Ionospheric propagation: 
attenuation factor, 681 
magnetic field effects, 687 
Ionospheric storms, 681 
Isbell, D. E., 608 
Isotropic media, 32 
Isotropic radiator, 353 

J 

Joule’s law, 163 
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K 

Kennelly, K. E., 667 
Kinetic energy, 283 
King, R. W. P., 568 
Kraus, 568 

L 

La Paz, L., 443 

Laplace’s equation, 45, 213, 215, 721 
circular harmonics, 64 
cylindrical co-ordinates, 48 
cylindrical harmonics, 64 
rectangular co-ordinates, 47, 64 
spherical co-ordinates, 48 
spherical harmonics, 65 
Laplacian, 15 

spherical polar co-ordinates, 16 
Laser, 148 
Lavis, J. t 389 

Legendre equation, 66, 569 
Legendre function, 66, 69, 575 
Legendre polynomial, associated, 569 
Leith, E., 509 
Lenz’s law, 138 
LF, 601 

Linear antenna: 

charge distribution, 322 
current distribution, 322 
Linear array: 

apparent separation, 423 
binomial, 424 
equispaced, 422 
polynomial representation, 423 
space factor, 423 
triangular, 424 
two-element, 423 

Line source and conducting cylinder, 
527 

Lo, Y. T., 395 
Log-periodic antenna: 
as array, 625 
directive arrays, 624 
resonant V, 623 
trapezoidal, 622 
zig-zag, 621 
London, F., 296 
London, H., 296 
Loop, current, 303 


Lorentz, H. A., 592, 706 
Lorentz contraction, 77 
Lorentz force, 705, 718 
Coulomb’s law, 716 
Lorentz, gauge condition, 314 
Lorentz integral, 480 
Lorentz transformation, 708, 715 
Loss, in parallel-plane transmission line, 
211 

Lossless transmission lines, 210 
Loss tangent, 308 
LUHF, 682, 684 
factors affecting, 685f 
Luminous intensity, 23 

M 

Magnetic conductor, perfect, 521 
Magnetic current density, surface, 467 
Magnetic currents, 466 
as voltage source, 554 
boundary conditions, 469 
Magnetic current sheet, 472 
Magnetic dipole, 94, 96, 303, 470 
potential of, 304 
Magnetic flux, 24, 78 
density, 24, 79 
Magnetic field: 

action as charged particle, 284f 
analogy to electric field, 96 
around conductor, 212 
boundary conditions, 105 
lens action, 285 
long straight wire, 93 
of circular loop, 90 
relativistic transformations, 705 
steady, 76 
stored energy, 85 
straight parallel wires, 94 
strength, 24, 79f 
theories, 76 
transverse, 139 
Magnetic induction, 78 
Magnetic moment, 96, 303f 
polarization, 303 
Magnetic polarization, 303 
Magnetic potential, 266 
Magnetic scalar potential, 467 
Magnetic susceptibility, 303 
Magnetic vector potential, 90, 213 
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Magnetization, 303 
Megnetomotive force, 24, 79f 
Magnetron, 288f 
Marconi, G., 667 
Mapping, conformal, 233 
Maser, 418 

Matching, impedance, 236 
Material: 

macroscopic properties, 277 
microscopic properties, 277 
Matrix, 21 
adjoint, 21 
inverse, 21 
transpose, 21 

Maximum usable frequency, ionized gas, 
676 

Maxwell, J. C., 102, 592, 700, 707 
Maxwell’s equations, lOOf, 723f 
fcjr conductors, 202f 
free-space solution, 113 
integral form, 589 
phasor notation, 123 
sinusoidal time variations, 123 
solution for conducting media, 119 
Media: 

anisotropic, 32 
crystalline, 32 
homogenous, 32, 112 
isotropic, 33 
isotropic, 32, 112 
Meissner, 296 
MF, 601 

Michelson, A. A., 707 

Michelson-Morley experiment, 707 

Miller, G., 443 

MKS. units, 22 

Mmf law, 723 

Mode, 182 

Momentum, angular, 282 
Monopole, 327 
quarter-wave, 328f 
radiation resistance, 326 
Motion, of charged particle, 278f 
MUF, 676, 682f 

N 

Nabla, 7 

Network theorems, antenna applications, 
348 


Neumann, boundary conditions, 68 
Neumann’s formula, for inductance, 596 
Neumann’s function, 255, 731 
Neumann’s number, 529 
Noise: 

radio, 686 

thermal, in antenna, 416 
Noise power, 618 
Noise temperature, 415 
Norton, K. A., 635, 648 
Norton surface wave, 629 


O 

Ochsenfeld, 296 
Oersted, H. C-, 700 
Ohmic loss, 163 
Ohm’s law, 77, 120, 592 
OMEGA, 698 
Onnes, K., 296 

Optics, Babinet’s principle, 519 
geometric, 505 
physical, 505 

Optimum frequency, ionized gas, 676 
Ordinary wave, 679, 691 
Orthogonality, between E and H fields, 
212 


P 

Paramagnetic material, 85 
Paramagnetism, 303 
Page, L., 565, 700 
Patterns, multiplication of, 365 
Parallel planes: 
attenuation, 192 
planes, waves between, 177 
TEM waves, 188 
transmission line, loss in, 211 
Parallel-plane transmission lines, 207 
Penetration depth, 129, 201 
Perfect conductor, 107 
Permeability, 25, 79, 85 
concept, 305 
free space, 25 
relative, 25, 79, 85, 305 
vacuum, 25 

Permeability constant, 210 
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Permittivity, 24, 30 
complex, 308 
concept, 301 f 
dielectric, plasma, 294 
of ionized gas, 670 
relative, 25 

Phase constant, wave guide, 248 
Phase incoherence, 664 
Phase-shift angle, polarization, 150 
Phase-shift constant, 125 
Phase velocity, 124, 134, 149, 186, 191, 
273, 726 

cylindrical wave guide, 263 
Phasor, 121 

displacement, 307 
electric field, 307 
Photomultiplier, 288 
Plane wave, 124 

nonuniform, 119, 149, 205 
reflection, 136 
refraction of, 136 
uniform, 114, 116, 124 
Plasma, 292 

attenuation in, 295 
cut-off frequency, 295 
dielectric permittivity, 294 
electron content, 693 
electron density, 294, 693 
Helmholtz equation, 295 
magnetized, 689 
permittivity of, 689 
total reflection in, 295 
wave propagation in, 293 
Plasma, frequency, 293, 670 
Plasma oscillations, 292 
Plasma slab, infinite, 292 
Poincare, H., 709 
Poincare sphere, 457, 462f 
Point-source radiator, 361 
Poisson’s equation, 45, 339 
Polar cap absorption, 681 
Polarizability, electronic, 299 
3 olarization, 130, 456 
circular, 13If,,626, 692 
components, 460 
dielectrics, 297f 
dipole moment, 299 
electronic, 298, 306 
elliptical, 131, 133 
horizontal, 139, 146 
ionic, 298 


Polarization ( cont .): 
linear, 131 
magnetic, 303 
moment, 303 
magnetization, 303 
orientational, 298 
parallel, reflection factor, 632 
perpendicular, reflection factor, 630 
Poincare sphere, 462f 
reflection from earth, 399 
rotation of plane of, 693 
space charge, 298 
Stokes parameters, 462f 
tilt angle, 693 

transmission-line relations, 461 
vertical, 139, 146 
Polarization angle, 147 
Polarization current density, 305 
Polarization ellipse, 457 
Polarization ratio, 457f, 460, 693 
Polarized fields, 519f 
Potential, 36 
boundary conditions, 59 
due to charge distribution, 59 
electrostatic, 213 
of magnetic dipoles, 304 
magnetic, 213, 266 
vector, 90 
scalar, 36, 215, 284 
scalar magnetic, 467 
space-charge action, 291 
Potential difference, 284 
Potential distribution of line charge, 56 
Potential equations, general solution, 338 
Potential field, 37 
Potential functions, 35 
for EM field, 311 
heuristic approach, 311 
sinusoidal oscillations, 316 
solution by Maxwell’s equations, 313 
Potential gradient, 37, 291 
Potentials, retarded, 313, 315 
Power, 23, 162f 
average, 170 
complex, 171 

radiated from current element, 323 
reactive, 170 

Power dissipated, instantaneous, 163 
Power factor, 127 
Power flow: 

concentric cable, 165 
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Power flow ( cont .): 

plane wave, 164 
Power gain, antenna, 375 
Power loss: 

in plane conductor, 173 
in resonator, 174 
radiated, 175 

Power theorem, maximum transfer, 346 
Poynting’s theorem, 162 
complex form, 172 
Poynting vector, 162f, 323 
a-c lines, 168 
average, 170 
complex, 170 
instantaneous, 170 
Poynting vector method: 
equivalence to induced-emf method, 
548f 

radiation resistance, 550 
Primary wave, 528 
Principle wave, 187, 576 
Propagation constant, 126, 185 
complex, 177 
TM waves, 248 
Propagation: 
ducted, 662 

in anisotropic medium, 689 
in dielectric slab, 273 
ionospheric, 667f, 689 
attenuation factor, 681 
effect of magnetic field on, 687 
modes of, 628 
over spherical earth, 655 
tropospheric, forward-scatter, 664 
velocity, 158, 189, 726 
VHF, 653 
VLF, 698 


Q 

Q, 272, 382 
of antenna, 387 
of wave guide, 269 
for line sections, 228 
loaded, 388 
unloaded, 388 

Q function, spherical wave, 578 
Quality factor, 272 
Quarter-wave section, 224 
Quarter-wave transformer, 23Of 


R 

Radar backscatter, 696 
Radar cross section, 509 
Radiated power, 175 
Radiation, 31 If 
radiation field, 320 
Radiation intensity, 375 
Radiation pattern: 
antennas, 353 
£-plane, 354 
//-plane, 354 

measurement directions, 354 
Radiation resistance, 325, 596 
base, 544 
dipole, 325,544 
frequency dependence, 384 
induced-emf method, 540 
loop, 544 
monopole, 326 
Radiosonde, 658 
Rayleigh, 347 
Rayleigh criterion, 629 
Rayleigh distribution, 664 
Reactance: 
antenna, 545f 

internal inductive for long wire, 562 
Reaction, 480 
Reactive power, 170 
Receiver, for long-range reception, 664 
Reciprocity, 479f 
between antennas, 481 
calculation of self-impedance, 554 
circuit, 347, 480 
Reciprocity theorem, 346 
Recurrence formulas, for I and K func 
tions, 735 
Reflection: 

abnormalities in troposphere, 661 
by insulator, 144 
effect on polarization, 63Of 
from earth, 398 
from flat conductor, 506 
from ionosphere, 668, 67 If 
from plane earth, 629 
high-frequency ionospheric, 672 
perfect conductor, 133, 139 
plane wave, 136 

surface of coductive medium, 150 
transmission lines, 216 
total in plasma, 295 
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Reflection ( cont .): 
total internal, 148 

Reflection coefficient, 147, 149, 151, 232 
in transmission lines, 216 
Reflection factor, 398, 63Of 
Reflector, perfect, 152 
Refraction, 62 

abnormalities in troposphere, 661 
angle of, 145 
by ionosphere, 67If 
of plane wave, 136 
of radio wave, 657 
high-frequency ionospheric, 672 
modified index of, 662 
Refractive index, 148, 658 
gradient, 658 
group, 696 
in plasmas, 690, 693 
Refractivity, 658 
Relative bandwidth, 382 
Relative permeability, 302, 305, 308 
Relativity, Galileian, 701, 703 
general, 712 
special, 700f 

electromagnetic relations, 714 
theory of, 707 
Resistance, 24 
of long wire, 562 
radiation, 325, 596 
dipole, 325 
monopole, 326 
surface, 154 
Resistivity, 24 

Resonance, in line sections, 226 
in transmission lines, 225f 
Q of lines, 228 

Resonance frequency, dielectric, 308 
Retarded potentials, 315; see Potential 
Light-hand rule, 80 
Lotation sense, polarization, 132 
owland, 76 

umsey, V. H., 462, 602 
yder, R. M., 565 


S 

itellite: 

communication, 417 
synchronous relay, 417 


Scalar field, 37 
multiplication, 4 
potential, 36,215, 284, 313 
Scatter, incoherent (Thomson), 696 
Scattering: 

by a conductor, 479 
coherent, 697 
from a grating, 451 
ionospheric, 629 
of electromagnetic fields, 477f 
scattering cross section, 419, 509 
tropospheric, 663 
Schelkunoff, S. A., 423, 568, 581 
Schrieffer, J. R., 296 
Screens, complementary, 573f 
Secondary wave, 528 
Sense, rotation, 132 
SHF, 601 

Sidelobe ratio, uniform array, 363 
Siegel, E., 389 

Signal-to-noise ratio, antenna, 412 
Signal velocity, 729 
Simple harmonic motion, 293 
Simultaneity, 71 Of 
Sinclair, G., 462 
Sine integral, 332 
Sines, law of, 145 
Sinusoidal time variations, 121 
Skin depth, 154f, 202; see also Penetra¬ 
tion depth 

superconductor, 296 
Skin effect, 214 
Skip distance, 677 
Sky, absorption and LUHF, 684 
Sky wave, 667 

transmission calculations, 682 
Slit, infinitely long, 563 
Slot: 

admittance, 519 
antenna, 513f 

arrays, around cylinders, 527 
duality with dipole, 517 
folded, 516 
in cylinder, 523 

applications in cylinders, 532 
infinitely long, 563 
transverse, 526 
Slow wave, 205 
Slow-wave structure, 620 
Smith chart, 234f 

polarization calculations, 462 
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Snell’s law, 145 
Sommerfeld, A., 635 
Source: 

conjugate, 520 

line source near conducting cylinder, 
527 

voltage, 554 

Space-charge-limited diode, 289 
Space factor, 449 
of array, 423 
Space wave, 635f 
Special relativity, theory of, 709 
Spheres, concentric, 48 
Spherical waves, 568f 
biconical antenna, 572f 
TE, 573 
TEM, 574 
TM, 573 

Spin, electron, 303 
Starring wave, 118, 124, 137 
Standing-wave ratio, 224 
current, 221 
voltage, 221 

Stokes parameters, 457, 462f 
Stokes’ theorem, 17, 84, 103 
Stored energy: 

electrostatic field, 57 
in capacitor, 57 
in magnetic field, 85 
time average, 172 
Stratosphere, 657 
Stratton, J. A., 565 
Stream function, 573 
Stub matching, 236f 
double, 240 
Superconductivity, 296 
Superconductors, 296 
Superposition theorem, 345 
Surface, boundary conditions at, 105 
Surface, equipotential, 40, 50, 214 
Surface charge, 42 
density, 60 

plasma slab, 292 
Surface impedance, 153 
conductor, 154 
Surface resistance, 154 
Surface wave, 635f, 644f 
wave tilt, 654 
Susceptibility, 299, 308 
magnetic, 303 
SWR; see VSWR, 221 


T 

Tchebyscheff distribution, 438 
Tchebyscheff polynomial, 438 
TE, 180 

spherical wave, 573 
wave, 190 

characteristics of, 185 
circular wave guides, 259f 
in rectangular guides, 245 
rectangular wave guide, 249f 
TEM, 187 
fields, 215 

mode, transmission line, 215 
spherical wave, 574, 576 
wave, transmission line, 206 
velocity, 188 
Termination: 

complex, transmission line, 221 
transmission line, 220 
Thevenin’s theorem, 346 
Thomson scatter, 696 
Three-halves-power law, 292 
TM, 180, 183 
spherical wave, 573, 576 
wave, characteristics of, 185 

wave, circular wave guides, 259f 
in rectangular guides, 245f 
Torque, 282 

Transformation, Lorentz, 708 
Transformation relations: 
for relative motion, 713 
length, 713 

Transformer, quarter-wave, 23Of 
Transmission, beyond horizon, 664 * 

Transmission coefficient, 151 
Transmission line, 114, 206f 
analogy, 155f 

analogy to wave guides, 264 
attenuation, 219 
biconical, 384 
bi-cylindrical, 386 
capacitance, 210, 212 
characteristic impedance, 216, 263 
conductance, 212 
current distribution, 220f 
cut-off frequency, 263 
data for UHF, 238 
distortionless, 158 
equivalent circuit, 211, 266 
impedance of parallel-plane, 21 If 
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Transmission line ( cont .): 
inductance, 210 
input impedance, 217, 219 
loaded, 266 

loss in parallel planes, 211 
lossless, 210 
low-loss, 218 

parallel-plane circuit representation, 
207 

Q of sections, 228 
reflection coefficient, 216 
reflection in, 216 
short-circuit impedance, 226 
TEM mode, 215 
terminations, 220 

termination, complex, 221 
transformers, use as, 230 
UHF, 218 

input impedance, 224 
uniform, 158 

velocity of propagation, 209 
voltage, 210 

distribution, 220f 
Transmission-line charts, 232 
Transmission-line equations, 212 
differential form, 215 
exponential form, 216 
hyperbolic form, 216 
Transmission-line theory, 215 
Transmission loss: 
between antennas, 410 
frequency dependence, 411 
Transverse electric field, 139, 180 
Transverse electromagnetic waves, 187 
Transverse magnetic field, 139, 180, 183 
Traveling wave, 118, 124 
Traveling-wave antennas, 356; see An¬ 
tennas 
Yochoid, 287 
'roposphere, 657 
Yopospheric scattering, 663 
waves, 657 

uned line, impedance of, 227 


U 

HF transmission lines, 218, 224 

data for, 238 

liform plane wave, 124 


Uniform plane wave ( cont .): 

in plasma, 689 
Units, 22 

conversion factors (back cover) 
derived, 23 
elemental, 23 
international system, 23 
Uniqueness theorem: 
electromagnetic, 534 
electrostatic, 67 
Upatnieks, J., 509 


V 

Vector: 
analysis, 2 
components, 4 
differential operation, 7 
differentiation, 7 
equation, 4 
identities, 8 
multiplication, 3, 6 
sum, 3 

Vector potential, 92, 304, 313 
current element, 91 
electric, 467 
long straight wire, 93 
magnetic, 90, 213 
Velocity: 
angular, 12 
group, 726 
in dielectric, 128 
light, 30, 187 
phase, 124, 189, 726 
propagation, 158, 189 
transmission line, 209 
signal, 729 
TEM wave, 188 
wave, 189 
VHF, 601 

Virtual height, ionized gas layer, 674 
Visible region, 425 
VLF, 601 
Voltage, 266, 592 
generator, 594 
induction, 211 
transmission line, 210 
Vortices, 12 
VSWR, 221 
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W 

Wave, 114 

between parallel planes, 177 
E, 180 

equations, 114 

conducting media, 119 
for wave guides, 244 
Helmholtz, 316 
phasor form, 123 
spherical co-ordinates, 576 
extraordinary, 679, 691 
ground, 628 
guided, 177 
H, 180 

impedance, 196f; see also Impedance 
of wave guide, 262 
ionospheric, 628 
normal to, 134- 
ordinary, 179, 691 
principle, 187 

propagation in conducting medium, 
125 

in conductors, 129 
in dielectrics, 128 
in nonconducting medium, 558 
in plasma, 293 
lossless medium, 124 
sky, 628 
slow, 149 
space, 628, 635f 
spherical, 568f 
surface, 149, 629, 635f 
transverse electric, 180 
transverse electromagnetic, 187 
transverse magnetic, 180, 183 
tropospheric, 628, 657 
uniform plane, in plasma, 689 


Wave ( cont .): 
velocity, 186 
whistler, 694 
Wave guide, 190, 244f 

analogy to transmission lines, 264 
attenuation constant, 248 
attenuation factor, 269 
characteristic impedances, 262, 264 
circular, 257, 259 
cut-off frequency, TE, 251 
cut-off frequency, TM, 247 
cut-off wavelength, 249 
dielectric slab, 273 
discontinuities in, 267 
dominant mode, 250, 253 
leaky, 663 
losses in, 269 
Maxwell’s equations, 244 
parallel plane, 181 
phase constant, 248 
power lost, 270 
power transmitted, 270 
propagation constant, 248 
Q, 289 

radiation from, 495 
rectangular, 244 
TE waves, 249f 
validity of TEM mode, 253 
wave impedance, 262 
Wavelength, 125, 134, 186, 191 
Whistler waves, 694 
Woodyard, J. R., 443 


Y 

Yagi, antenna, 624 
Young, T., 505 





